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PERIODICITIES IN THE THEORY OF PARTITIONS. 


By E. T. BELL. 


I. Definitions and Fundamental Identities. 

1. Introduction. If in the analysis of partitions we use theta funetions, 
not merely theta constants as customary, we enter an extensive region of 
the theory of partitions which has not been worked hitherto. and which 
abounds in remarkable relations between Euler's ?(), the total number of 
partitions of #, and six other denumerants introduced naturally by this ex- 
tension. There is great flexibility in the method owing to the presence of 
continuous variables in the fundamental identities which are finite expressions 
containing denumerants. This is in sharp contrast to the usual analysis in 
Which all relations between denumerants and funetions of a continuous para- 
meter involve infinite series or products. 

The relations between denumerants fall into classes aecording to the 
periodicity of the coefficients. Two kinds of periodicity are encountered: the 
first is that familiar in analysis, the second is of the kind peculiar to the 
theory of numbers in which functions whose arguments differ by positive 
integral multiples of the period are not equal but are congruent with respect 
to certain moduli. Let us call the first of these ordinary periodicity and the 
second numerical. The type of numerical periodicity occurring in connection 
with partitions is that which appears in the integers defined by recurring 
series having scales of relation with integral coefficients the first of which is 
unity, or, What is equivalent, the algebraic numbers associated with the series 
are algebraic integers. This type was noticed by Lagrange. considered in 
detail for second order series by Lucas, and recently extended to the general 
case by Carmichael*. 

In one class of relations some of the coetticients have ordinary periodicity 
and the rest are aperiodic; in the second only numerical periodicity appears; 
ina third some of the coefficients exhibit ordinary periodicity and the rest 
numerical, so that in a sense this class is doubly periodic: in a fourth class 
all of the coefficients are aperiodic. On account of their greater simplicity 
and interest we treat only linear relations; the non-linear are given by 


* Quarterly Journal, vol. 48 (1920), pp. 343-372. 
| 
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a parallel development starting from the addition theorems tor the theta 
fund dions. 

Fhe entire subject is interconnected with that of Lucas’ tunetions a. cy 
md with evelotomy, so that we have here a link between the division of the : 
circle into equal parts and the theory of partitions of numbers. The division 
of the circle has already entered indirectly into partitions through Svlvester’s 
theory of waves. The present application is distinet from this. [It will be 





evident also that the subjeet is closely related to the transtormation theory 
of the elliptic theta tunetions, particularly to that) part which gives the 
formulas for the division of the argument: but we do not discuss this, 
2. A-. “-. U-partitions. We consider those partitions of the positive 
integer w in each of which precisely + parts occur only onee and noe part : 
appears more than twice, designating the number of such partitions by .f, (0) 
if the parts may be odd or even, by /).(4) if all the parts are restricted to be 
even, and by Y, Qa) it all the parts are restricted to be odd: + is called the 
rank of each partition enumerated in wt, G0. By tia or O, Gel. The total 
number of partitions of w is denoted by 7G). and the whole umber of 
partitions of w into parts none of Which appears more than twice is written 
At) it the parts may be odd or even, AQ) it all the parts are even, Oli) it 
all the parts are odd, 


Hence 
Ata) a i Hon) > Ey). (00) ey Pr (dt). 
the swumation extending to , Oobo2iees. Clearly ¢ ean not exceed 
] r J dt. 


By convention the value of each of the seven denumerants A, (i). bowie: 
Yin), Pla) is 1 when w (), 


Me eh tne Salty 2 


From the definitions 4 
| 
Kien +) Ooy(2n + 1) MM, (2 2) (), : 
and it is easily seen (at once from the generators in $3. or from first 
principles) that £).(2) A,(w). It is therefore tnnecessary although some- 
times convenient to retain both the A and /D functions. We need also the 
following in which .. is a parameter, ' 
’ v ” ’ ‘ . ’ 
Ay (sr) > Ayn). hy Gr) > Bn), O(a) DVO, 0, 
Y . . 
the = as before referring to + a2.3."**, ; 
By convention Ag (+) Kits) Oia) 1. and trom the definitions 
Ay, (1) = An), Bi) Kin), Od) On). 
’ 
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Of the seven functions POa,- +. OG). only Ade) and Euler’s PO) seem 
to have been defined previously*. 

A(n) was introduced, discussed. and generalized by Glaishery. 

The remaining five ean also be generalized in several ways immediately 
suggested by the torms of their generators, but as these extensions have no 
simple connection with the elliptic theta functions we leave them aside, 

3. Generators. Indicate that the part « occurs precisely @ times in a given 
partition by writing «. Then if @,, B.°°*. 7. is a partition of 1. 


aaethB---w-s bey H. 


and «, B,°°*.y are all different. If no part is to appear more than twice. 


each of a. b.--++. cis one of the numbers 0. 1.2. We may write a - 1% = ng. 
and hence 

1 - ry" : g* q" -* ag” - g 
Whenee the generators 
(1) | Ju rag + ” Be Sy" Na a 

, ’ aA ‘ *” , 

(:?) | Ju . ry + y Sy" Ele) Set Ns ). 
(33) | Ju ¢ re oy) Sy"). 


in Which the respective produets extend to all integers n> O. to all even 
integers /--0, to all odd integers we -O. and the summations to all integers 
nw -- QO As obviously is permissible it is assumed that v. y both different from 
zero are such as to render the series and products absolutely convergent. 

4. Notation. For brevity /.4. 0.4. wv unless otherwise indicated represent 
integers of the following kinds: /. 4 are even. aw. a odd. nu. av odd or even, 


i>, 4=@; moO wey UO: nthe 0. 


The a" triangular number. zero being counted the first. is written /,: 
ta 3a(t-— 1), a -0. Phe product sign | | extends to all integers except 
zero of the type indicated. the summation D2 to all integers of the indicated 
type. zero included. Departures from these conventions will be specifically 
noted where they apply. When the letter r occnrs under a bal the summation 
w with respect lo + only, aud refers tod Oo. 4, 2.7%: somilarly for a, thi 
summation in thes case ertending toa 12.3.°+++. Krom the nature of the 


funetions all sueh sums are finite. Sums of denumerants whose arguments 


“Cf. Dickson, History of the Theory of Numbers, vol. 2, chap. HL: MacMahon, Combinatory 
Analysis, vol. 2 
; Messenyver of Mathematics, vol. 12 (1883), p. 166. 












4 E. T. BELL. 


are functions of A, « ory are extended only to all those values of 4, 4 or » con- 
sistent with their definitions whieh render the arguments of the summands — 0. 
The significance of any formula can be seen at once by referring to. this 
paragraph. 
5, The fundamental identities. In the usual notation of the elliptic 
theta functions 
, 


’ 
Fy (27) = uo | Ja + 2q”™ COS 2 uw qe’) BS y cos?» 96, 


Jo do (q) | |: ] 4), q l Sy?" P(n), 


and hence by (3), 


¥. 


’ 
7" Oy, (2 Cos.) 


| Mayhwn) 


Reealling that 0,0) QO when vow are not both even or both odd we 
equate coefficients of like powers of g in the last identity distinguishing the 


. eases i l. 2 == wi: 


’ ’ / 
(4) D220, cos?’ a > Pi Ps 


~ Dies *-'% As. ta ’ vi 
(0) Pap "A Pie 7 on) COS" * *y 2, Pi 


Y : 
COSAG, 


2 
" 
} CCS Ft. 
») ‘ 


In the same way from 
1 ue 
, ’ 
Aor) = 2yyq* coss | Ja 2 yy! COS? qe’) >! COS Mr, 


we find, on dividing through by q and using (2), 


2 
’ . ae ] ’ ye il 
>» EK, | 4 cos’ 24 e2 /’| : } CON Ma 


(t)) Pa COS 
When and only when mw I mod. &. These three can be written also 
is : ’ iS 
(4-3) D> 220, (2n) cos?” a Pin) ’ 2>'Pin Par) cosPar, 


’ 
(5.1) S22" +10, 


0 ’ 
ane vy +1(2n+ 1) eos*? >! 2 > Pin $/,) cos(2a 1)w, 


= 


’ 7 
(6.1) cox. > 2” A, (nm) cos? 2u =>'Pin f,) cos(2a lL). 





Where in the last we have replaced £.(2) by A,00. Multiply (6.1) through- 
out by cos, and replace « by dy, 

’ 
(6.2) 2 Ag (n) + > 2* [Aa (mn) + 2 Aa (wd) cos4r 


’ 
2 Pin) 3 2 > TPin ti) + Pin i =) CosSar, 


et DE ER RO 
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In (4.1) — (6.1) change x into «+ 44, 


’ » ° Oe i v r; 8 
(4.11) > 2? 0.,(2n) sin?” = Pin) + 22> (— 1)* Pin — 2a*) cos2ax, 


a ~ 


,_ ae — ee 
(BAL) S227 10e,4 (2 + 1) sin 


‘ . 
= - 2» 1) Pin — 4g) sin(2a — 1)s. 


. . i, “iy ‘ iat 
(O11) simon ( 1)” 2” A, (2) cos’ 2u 
’ . 
> 1) Poa — ta) sin(2a — 1) ax; 
and in (6.2) change «into ao, 
‘ 
2 ly (ne) > 1)" 24@[ AG 16) + 2 Ag ind] cos*s 


(6.21) = 
2 Pin) 4+ 22(— 114 [P(r — ta) + Pl(n — ta-1)] cosas. 


i. Introduction of Lucas’ functions®. It follows trom De Moivre’s 
theorem that if py are real and is the real or imaginary angle such that 


o 


(7) a | q cosa iz » | q sin / | 44 -  p’, 44 | iu # 


then for all values —- O of a. 


” 


(8) 2y" cose Gas 2q° SIM dis unt ty p. 


where m#,, ¢, 1s that pair of linearly independent solutions of the difference 
equation 
(f4) Yn-2 PYn wd Yin 


which is defined by the initial values 


(10) Mo O. 4; |, to a, tt j). 
When p. g are integers > QO. m,, r, are the singly periodic numerical 


functions of Lueas, the implied periodicity in this definition being numerical 


i. Lueas, (1) American Journal of Mathematics, vol. 1 (A878) pp. 184 258, 289 3521: 
(2) Theorie des Nombres, chap. 18, ef. also Bachmann, Niedere Zahlentheorie, vol. 2, chap. 3; 
Dickson, loc. cit. vol. 1, chap. 17, also papers of Cipolla, ibid. p. 218 for properties relating to 
the periodicity. Note that in (2) Lucas abandons the restriction that p,q be relatively prime 
in the definition of ms, r. while Bachmann retains it. The implications of this distinction 
do not concern us here; ef. Carmichael, loc. cit. § 2. 


+1f4q 


p? the results are developed otherwise, cf. $ 18. 
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as defined in $1 and independent of the period 27 7 of the cireular functions 
In (8). For assigned values of p. yg the moduli with respect to whieh this perio- 
dicity obtains are determinate, as also are the sequences m,. 6, Ge = O. 1...) 
The particular sequences detined by p == 4. q — hb (a,b constants) are ealled 
the wr sequences for (a4). To eight of the most interesting Lueas gave the 
following names: (1. —- 1). Fibonacei: (2, 1), Pell: (2, —- 3) conjugate Pell: 
(3.2) Fermat. As will be seen later thes? cases play an important in the 
theory of partitions. The Fibonacei v-sequence OQ, 1. 1, 2, 3,5... . is usually 
called Fibonacei’s mmmbers. although Bachmann gives this name to. the 
resequence 2. 1,3, 4. 7. 11.2... calling the tirst Lame’s. He also names 
Pell’s sequences after Dupré. When yp. g are integers we shall eall a. 0, 
(4 = 0.1. 2....) the Lueas’ wv. + sequences for (p,q). 

In what immediately follows p. q ave arbitrary real quantities. Write 
0 bp? —4y. so that 


) ra) 
6_ = p, ue 2, 
P a7 | 
and hence trom (7). 8): 
a . Orn 
(ih) - = —«WNM Wty 4, 
Op q 
(On) Aid, 
(12) 0 : we iar 0 : ‘n! We 
7 y 
(13) | “udp | Wt * tn | Wn dy ] (» Te 1s 
(14) d-Jr, Od yp Loe Mn. dor, ddy 1 (a1): my 
and the explicit values of w,. 7, are given by 
(15) 2 On, po oy ates Ov", 2" i'n (po ay tp ay, 


these being a pair of fundamental solutions of (9). 

7. Ordinary periodicity. This oceurs in connection with partitions as 
follows. Let @(n) be a function whieh takes a single integral value for each 
value +0 of the integer ». Then if there exists a finite integer n'-- 0 such 
that for / an arbitrary integer —~ 0, @in-+ kn’) cel) (n Se eee § 


mois a period of @(w): and if m is the least period of @(n) the values of @tn) 
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‘ 
; recur in eveles of # and in no smaller cycle, Let us call this least cycle of 
values the recurrence of @(a) and indicate it thus, 
u & ®@ Se 1.0 mod. m. 
c(i) ce(1), @(2), @(3), °° +. elim —1). (0), 
rr giving In any specific case the actual values of @(1), @(2),->++, @(O) This kind 
of periodicity appears in sums of the forms 
’ - ’ 
ied SS eiay Pin 2 a. Sin Pur (tah =e i 3 


Such sums are not periodic functions of mw or of w: the periodicity is only in 
the evelic reeurrence of the coefficients. When a is the period of @t) it is 
convenient to say that each of these sums is of period mw, 





To see more clearly the nature of relations involving «() funetions con- 
sider the sum of period 5, 


Pin 1) » Pin 3) Pin 6) Pin ?1) 





2 Pin DS) Pin Bb) Pin — 66) 


Which will be shown equal to 


AL a) hot) 2 5 (mi ae ee > A. (9a ¢ SA, (00) 1 As (00) 
the coettielents 11.2. 3.5. 8.-°* being Fibonaeei’s w. The arguments of the 


Ps are of the form a f, and decrease; the argument 2 of the 1's is con- 
stant, and the rank variable. Thus the periodic (ordinary) sum is reduced to 
a linear function of Jf-partitions of w# alone. the coefficients in which are 
numerically periodic. The relation can be written 





‘ ’ 
> «tay Pla &. ba LY a; AyAgr. 
ee a 
where #, is the" Fibonacel number, and the reeurrenee ot @ G7) is 


“ l. 0; %; $, ©. mod.o. 


cela) (), ‘. 2 i, 


| 
} 
| 


ne te 


Fibonaceis v7, . has already appeared in the theory of partitions, Mae Mahon 
(loc. eit. p. 46) having introdueed it from other considerations to enumerate 
the whole number of partitions of ali numbers having no sequences, no repeti- 


tions and no part greater than +. It may be possible therefore to interpret 
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the foregoing sum of A-funections in terms of partitions of # of one particular 
kind. The like applies to sums involving binomial coefficients ($ 1s), for the 
latter also have assigned meanings as denumerants by MacMahon (ibid. p. 48). 


1]. Relations in which Lucas’ Numerically Periodic 
Coefficients Occur. 


x. General relations. The »,.7,, in (1)-(VIIT) are any solutions of (9) 
determined by the initial conditions (10). Substitute im (4.1)-(6.21) the 
values of cos 7, cos oor trom (7), (8): to get (IV). (VILE) add and subtract the 
pair thus found trom (6.2), (6.21): write out the others directly from the sub- 


stitution: 
ae VU 26 e 
(1) Sp? p02, (2n) = Paw) oe i Pin — 2a*), 
( 
(11) Voy? yO, (2-1) Im ' Pin- +f), 
(ITI) pop q— 2) Ayo) y> — Pin ty) 
q* 
(IV) 2 Ag (nh As Pits q ‘(. og te 2 Aen] 
2 Pin) [Pin fog) Pin log i 
q 
(Vj at Pp gv Os, (2) Pin) > 12-7" Pin > a~) 
qo 
- ’ ’ Mes, 
(VI) Des— p? gyre Qn + 1) = ~- gd — 1988" Pin — 4tad, 
q" 
, ye d) ny y’ , Nea —1 
(VII) ie — pig) Ay(n) at ei 5} A Pin fa). 


(VIII) Pp [Aza »() 4-2 tog (0) 


"U4, ] 
SS PO tea + Pin toad 


Each of these generates an infinite chain of results of the same general 
type upon repeated application of (11) (14) in any order. At the n'® step 
there are possible 8 ~ 7“ ~~! different relations deduced trom any one. For at 
each step may be applied any one of the eight processes in (11) (14) exeept 
the inverse of that last used. Thus the p-derivative of (1) is 


Ss 


’ 
al pe gy O22 n) 


\" Ailog P 
) Fe (yi - 


Lome 


2a): 


4 
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multiply this by 0, take again the p-derivative and multiply by 0, 


‘ ” ) — ‘ ” ¢ VA V4 ‘ » 
> (p" gq) + 2r(2r — 1) (—w*/q)’ YO, (20) D i Pin — 24a*), 


and so on. 

4, Relations with Lucas’ Functions. Thus far p. q are arbitrary real 
quantities, When p,q are integers, the «, ¢ in all of the above relations are 
Lucas’ functions. For the specially named sequences in § 6 the results are 
particularly simple and interesting, but we need not write them out. 

In the case of arbitrary p. 4 it is clear that in any of the relations 


coefficients of p®. qg” can be equated after # + have been replaced by their 


explicit forms (15) and expanded, The result is a chain of aperiodic relations. 
Some of the more important of these are obtained otherwise in $ 18. 


I11. Ordinary Periodicity of Odd Prime Period ». 


10. Preliminary reductions of cyclotomic sums. This class ot 


relations depends upon the « 3(p — 1) binomial periods 
, A } 
Wk = 19 +r 4 Zeosg’ 4, \O<—h- _@) 
appertaining to the p-section ot the cirele . pan odd prime, 4, == 24 p.g == a 


primitive root ot py. In what follows it is immaterial which v be selected, but 
the ehoiee onee made is to be permanent, and likewise for the period 7 chosen 
presently. As j runs through all integers 0. 9’ takes only the e distinet 
values yi (0 he), 

The values of 2eosa4,(0—a—e) are all different. and it @ is the least 
positive index of @ to the base y, 


, 


Na » ‘ON A), 2eosty HVA), “<a e) 


It follows that Zeosa@,(0— ae) is a permutation of a ho), 


Write xf, Ha, SO that the e binomial periods are 


Wa PCOSMHA,, 2eostp- 4)9,,. (Q—a-e) 
/ } 


af - = 


By convention x (net one of the periods) las the value 2.) Redueed forms ot 


‘ 
four sums will be required. 


Let y be a particular one of the binomial periods and 4,007 O, 1. 2.007) 


single valued functions real for all values -> 0 of the integer 2. 


* Cf. Mathews, Theory of Numbers, chap. 7; Bachmann, Kreistheilung, chap. 6. There is no 


corresponding class based on the /- nomial periods when f—> 2. 
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Then 
e ’ " 
(16) hint = > rd, 
is uniquely reducible to 
(17) Ain) == Ag (nd -+ Ly Gaba, + Le ids + 0 + Le re. 


in Whieh Leo <9 s<—ehare veal. The appropriate reduction ot /..00) being 
rather long we first state the result for clearness. Sinee y is a partieda 
period, one and only one set of e(e — 1) integers ¢;, is defined by the identities 


(1s) ? i Uy + Cpe hs ie a Le 7p (O<- je) 


obtained by expressing each of yoy°.ce. 6) | asa linear homogeneous function 
of all the periods: moreover the © periods are the roots of an irreducible 
equation 

(19) 3° “, a Dad ‘l, of ie ee ayy, hy 

with integral coefficients, The °° integers 

(20) ee YA | | <i oe | Pe | De a 


together with the recurrence relation of order + 


(P]) Fue at t, + flippin e 1) a, ” flute 2) i 3 Ay Pde), 


Whose associated algebraic equation is the equation (19) of the periods, deter- 
nine Loin) for all values > 0 of the integer 7. For it will be shown that 


(22) Ltn be Li (WVU, (Q<" 8. e) 
ae 

the smmation by $4 being with respect to a 2.3.00. where mga 70) 

is that solution of (21) which is given by the « 1 initial values 

(23) (7) = cj s(O- , i. wy, 


Th prove this reduce (16) hy (19) to 
(243 AA) Ay ld Ay, foinia* +: fe sluone 
in Which the “s and 4, are independent of 4. and write 


Spa ] ‘ ’ 
(25) a" Ge ylnye -Ge—2lnby” - +9 6 = Gale), 
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the q’s being integers. Multiply (25) throughout by 4, reduce the right of this 
result by the right of (19, observe that by (25) the left of the identity so 
obtamed is 


Yo slam De! Ge sleet Det *4 ++ °-+- gels + Th, 


and equate coetticients of like powers of 4, getting 


(20) Gayla 1) QoGqe itn), gj(n-4 1) Ge) + Vj)... O< y<e) 


From (26) it tollows that 


24) Go lit). rei **, Go ne) 


is that set of © linearly independent solutions of (21) which is detined by the 
system of initial values 


(2) gl )= 1 (() — )* @). { (Jy) i) ge i | | Je): 


that is, (27) is the fundamental set of solutions of (21). Substitute in (16) the 


values (25) of 7, 4°, °° + and compare with (24): 

+. 
(29) ttn) Sian) g(a), (0 j<“e) 
the S by $4 referring to « ho2.d.e-+. In (24) substitute for 4; G0) from 
(2H, g ty P2oceeye- 1) from (ES), and compare with (17). The coefficient 
of Act) in Leta). that is wc). is 

t 1 

’ 

(350) Wel) rr4% (a): 

—_ . 


whence by comparing (30), (28) we have the stated initial conditions (25), 
Which completes the veritication of (22). 

With this is a complementary reduction obtained from the preceeding by 
changing the sign of each period. The constants (20) are as before. and we 
tind immediately that 


’ ’ 
(16.1) ede) bx 1) 4/4, My (Dd) i. >" Dia gd) 
ean be reduced to 
(17.1) win) Mo (ne) My (0) gy —- Me (n) 4g —- + + + ~ - Me (00) Ge. 


where now 


’ 
(22.1) Myc) ‘ Na (Mi Us (A), WI BS) 





TT 


\ 
} 
; 











1? E. T. BELL. 


and ».(a) is that solution of 


— 
> (—1)/4, hin ei 
1 


(21.1) (ute) 


which is detined by the ¢ —1 initial values 
(23.1) ry) (—1)/—! ej; (O< p< e) 


the formulas being numbered correspondingly to those in the first reduetion. 

The next type of sum, depending on the values of 2 cos a@,, (a 1,2.3,-°°), 
introduces the p+ 1 elementary periodic tunctions upon which the relations 
of period p are based. Write |] for the greatest integer not greater than, 


hence ¢ (Sp). and define «+ 1 periodic tunctions @(«) (0 — hk <— e) by 
(ty, (Ml) t. 7 } y mod. yp. ae Hak 

(31) (2, (4) i. a + |} mod. yp, ipl: J « = on 
@(a)=—1, a O mod. p, 


the values of «(7 in all eases except these being zero. Then it is easy to 
verity that 

(32) 2 cos 204, = @K (a) 4; @--k>=e) 
for all values —- O of the integer a. We reeall that 4, has the conventional 
value 2. In the same way «- 1 periodie functions 2,(a) (Ok ¢) are 


detined by 


B.;-;(a4) = 1, a 2 ymodkyp, 0 ) - [itp 1)]: 
(33) BpoojilM=—1, a f1—ymodyp. [opt] —7 — pl; 
By (a) ' (per di mod, p, 


the values of 2,47) in all other eases being zero: and for all values of the 
integer a0, 


(34) 2eos(20—1)4 Bila). (Q-k>e) 


/ 


Let". Z be real quantities, (a), 76a) functions which are single valued 
and real for each integer ¢—- 0.) Then by (52) the sum 


et ’ 

(3D) rr} »™S (a) cos2a4 
ee o ] 

is reduced to 


ue P TT, ' sge oer 
(5b) Y, - yf Yit+ iq, ++ y, Nes 
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in Which the @’s are real, and 
’ ete ’ = 
(4) ys, Uy, + 2 > ey (a) wa), Pa) =u, (a) u'(a), (Om j =e) 


Similarly by (34), 


’ a ' ‘ a 
(38) Zot 244 cos (2a 1) 4, Xo 1 >" X54, 
j=l 
(30) , Yo 2 "2, (a) x(a). JX; Ba) x(a). O<j =e) 





11. Systems of « relations each of odd prime ordinary period ». 
Take y ¥, In (LR), Hees firing the actegers ¢, in (20). These values are under- 


stood in the rest of this section. The a, in (20) are the same for all choices 
of 4. In each of (IN)-(XII) below , is defined by O0< 7 <— «, so that each 


Pe 4 er 





equality represents ¢ }(p—1) relations in which the funetions «', 2’, 7’ 
are ordinary periodic of odd prime period p, and by Carmichael’s work cited 
in $ 1. the funetions #. ¢ have numerical periodicity, 
In (4.1) put . 4,. henee 2eos.  4,, and reduce the result by (17), (36) 
2 
’ 
amd 2% l to ; 
/ 1 
4 
‘ ‘ 4 
PR (2H) Su (2a) Onn (20) ay, f 
/ 1 ; 
f 
‘ ’ . 
Zz - Pin) + > bee: (at) YP «(| Pin 2a*)] 4). 
1 i 
Write @(a)— Peta) (a) and inthe preceeding equate ecoetticients of 7): 
: ’ a is 
(IN) (21) Su (20) Org 20) - Pin) D> alia) Pin Par), 
in Which, from (31), «),.(a@) = 0 (0< ih ~ ©) except in the eases 
a t ) mod. | O< |< |" p|. (a) — 2 i 
(40) a + pmod. p. ipl: J< [) pp). (tp » (a) = 1, 
a Omod. p, O~< s;< (Fp. “(ay = 2. 





The u-coefficients are integers determined by (21), (23). 
For the same ews, (5.1) compared with (37)-(39) yields the system 





- ’ Vay 
(N) Sia 1)Oog (2 +1) Bia Pin 41,): 


omar 








; 
} 
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Bria) — WO e) exeept in the cases 


a ds l — mod. p. 0 < }- [itp 1}. 3, 100) l. 
(41) a- 7. 1— mod. p. [itp + dopa [dp 3 ten I. 
“tl Lp + Limod. p. | aan [3 pl. 3 ua) A 
In (6.2) puto 4, and get for the same ts the system 


’ 
(ND) 2 bate [Aa 1 2 Aad] 


‘ 
2 Pins >; wif Pir /) Pin f.. | 


yi (a) Qin he #) except in the cases 
a ~ y mod, p. pe [Fd pl. yila & 
(4? $ 
‘ at mod. yp. () < j« Lo ffs d ‘a as 


Comparing (6.21) with (16.1) we tind tor the same 7° the system 


’ 
(NI) 2 A, 0) >" i) [Au plain 2A, (| 
’ 
2? Pin >" li yta[P 7 tay Pian la if. 
ATE ' 


where the ¢s are integers determined by (21.1), (25.1). 


13. The reeurrence ($7) of each of the periodic tunetions @) 6a), 86a), 75 6a) 
consists of » terms one of whieh is — 2 and of the remaining » 1 terms two 
are units (> 1) and the rest zeros. In the reeurrences of «@') (a). 70a) the 


terms, the last which is 2 being omitted, read the same baekwards and 
forwards; the recurrence of 3/(@) is svmmetrieal about its middle term rH 
Rach of the svstems (IN)-(NT1) determines a relation in which the recurrence 
for the periodic function consists of [by] arbitrary constants /, and retains 
its svmmetry as above. In these the coetticients ore on the left are again 
given by the recurring series (21) or (21.1) but with sets ot 1 initial 


values depending linearly on the /;. Tf the constants Aj are integers the a, 


a 
are, by Carmichael’s work as before, numerically periodic. Tt will be suftieient 
to write out the relation of this type deduced trom (INi: the remaining three 
are found in the same way. 

In (IX) replace y by 2,. multiply by do; and (glancing at (40)) put in tiarn 
for; each of the integers O-— 7 -- [ip], in (IN) replace y by po 2) and let, 


range [i pl< y— |i p): add all the relations thus obtained. Write /;, Yih, 
hese ed) Then it @ (a) is the periodie function whose recurrence. is 
a J oe eae Dep ze 1. Oomod. yp. 
(45) 


(a) Roa Mes Re, ** y feu, Ree Be 4 





eo ey 








See eee 
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and wr) (y 1.2.3,°°°) is that solution of (21) whieh is determined by the 
initial values 

’ 
(44) “dn hej yr =< et, 
j 1 


we have for the sum just constructed 


: ’ ‘ ” 
(NI) i Oi2nr— Suen On2n — ky Pow —- Met Pin — 24°, 


IV. Relations Involving the Numbers of Fibonacci, 
Pell, Fermat and Lucas. 


14. Dependence upon quadratic integers. In section I] the Lucas 
numbers appear as coefticients of the P functions: in the class to be con- 
sidered next these numbers are coefficients of the A. 0 functions and the 
coefficients of the P's are ordinary-periodic, Let d. po. go. preg) be vational 
integers. of Which /—-- 1 has no square divisor > 1: po. go are arbitrary. and 
yy Mod. 2. All integers &,. ¢, of the corpus ACL) fall into the classes* 


(45) 7 2.5 mod, 4. so Po > qo 4 a; 
. m ) 7 ¢ | d 

(405) df lL mod. 4. + ” " ; 
Let My. eye O.1.+--) be the Lucas sequenees (§ 6) for 

(45.1) (pq) (2 pop) Ape: 

then it follows that 

( boo?) » gn i» Jo | dt,,: 

and it Wy. eye = Ode are the Luteas sequences for 


pi dqi) 


(46.1) (p), q) von - 
then 
(46.2) 2 ts aor | ity. 


Considering tiist the primitive intergers of A(T) we take qo. gq, | 0. and 
find in What cases a costhg,. a sino bg; ave quadratic integers, a. ). ¢. h being 


rational integers > O and q;, t/h. fq org 0. we take so Or S1 


Ct. Bachmann, Allgemeine Arithmetik, chap. 5; Reid, Algebraic Numbers, chap. 10. 





OIE pe REF 


| 
| 
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instead of So or , in (45.2), (46.2): and it jo dor p, = d we take Gy bd, 
o/b od atter having made where necessary the foregoing change of sign. 
These changes give the essentially simplest Lucas sequences: otherwise we 
get finally a different but equivalent set of relations between denumerants *. 
We tind the following eight cases, classified according to the sequences 
involved, 
(py) ' 1) Fvbonaces tr: 


1 egos” Yo pen-l sine” Py ‘, 
cos” gg = 2"! sin” Bau 
I COS"" 3g 19 2 ‘| Sin 
cos" 2y. lla sin” Gro 


1): Pell, 


1 


cos" Ge Fa ** ar” Se, 
won l COs 3H = : si " Ys 


(peg) (4. Ll): Litcas Bae hike 


TT Gay?! (fy y 1 sin’ ee 


(49) 


Den ~] COS: 


bye 2 sine” g, 

The last ease. (p,q) (4.1). has been named atter Lucas for convenience. 
These three cases correspond to the division of the cirele into 10 or 20, 16, 24 
parts: and tor the divisions inte 2.4.6.8. 12 parts we have cos" g, [ary 
sin’ S 


i 


Zn Con S i sin’ y, Is 


(rtp) pn COs gy | y Ae sng, { | 


7 


2" COS" Ge 2" sin'y (J 
In the Fermat case (p. y) (3.2), 


(}, 4) (3. vA Fermat oe: go": 


la foros” Y, +! |)" cosy | 


2” (sin” g@, + sin” ¢,) 


* In checking the next list the table in Hobson's Trigonometry (Cambridge, 1807), p. 72 
will be found useful. 
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Recapitulating: when & = 1, 2,3, 4, 5,6, %, 10, 12. we can choose rational 
integers a,b,c, > UO so that a cos*hg,, a sin’ bg, are quadratic integers, and 
the values of these functions then are given by (47) — (51). 

The generalization to the case of algebraic integers of degree > 2 is suffi- 
ciently obvious. We do not consider this now, as clearly the associated «, + 
are not Lucas’ sequences, 

15. Periodic functions. ‘T's have readily accessible the data for a com- 
plete discussion of the relations in which the associated algebraic integers 
are of the second degree we assemble here all the ordinary periodic functions 
oecarring first. From these, which form a sort of fundamental set, all remai- 
ning periodic functions belonging to this ease are constructed as in the deri- 
vations in § 16. To save space we adopt an abridged notation. Write the 
elements in the recurrence of a periodie function «@(@ in the order in which 
they occur, beginning with the element which gives the value of the funetion 
When the argument is congruent to 1 for the given modulus ma, If any element, 

a, is negative, write the minus sign above it, a: and if an element «@ (or /) 
ix repeated ; times in succession, write it a; (or 4;), and similarly for repeated 
sequences of elements; thus (¢/) means ababab-+-++ to 7 terms ah, Finally 
enclose the result in ( ),,the suffix indieating the modulus. and write @(7)— (*),,. 
the *« denoting the elements written as above described. For example the 
recurrence 

a 12,3o.4.0 5, 6, 7,8, 9, 0 mod. 10, 


Tata) 1. 0. O. O, — 1, 1.0.0.0. 1 


is abridged to @ta) (1 Og 1. Oy Ti y. The following can be veritied by inspection. 


40s dq, «(ay > «ey layl 5, 
ss 4 coosPag, — «(a+ Mab 5, 
(47.1) 
4ceos(2 a Liq, «(ay-+ «hob od, 
sin(2a—1)y, «(a sing, + «(a sin? y.: 
(e, (4) (0 ee ee 9 (1, 1,0 1, te Ode. 
ania) = (1, 4, Wa (1 ly 10), 
(ey (Ut) (1, 4 Ly). ce (a) (LLOU Ts. 
uy) (1 Oy 1), eyla) HO LOTO,. 
4 COS UG yy «a, (a) L ctiayl d+ 5 (A) COS Yio L ee (A) COS3BY yo. 
(47.2) cos(2a — l)gyy — eg) Cos gyy + Eh) COS3 Gyo. 


4dsin(Pa— Vigy > «(a+ atta 5: 



































Fiat 2 eee & 






















* 
o~ 
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5 (a) = (010 1),04(010 1), 0 4)oo, 51a) = (O11 O C1 OW Og LOK C1 Ody O)oo, 
«S(a) = (4 0, 404 0, 4 Oho, a" (a) = (Os 4 Os 4.05 4 Os 4 Os boo, 
5 () — (1 Us l, Os Lio. (a) — (O l U ] O, ] 0 ] Obi. 
«e- (AQ) (11401 1k 41 1)p0. “t(a) = (1, 01g 1y O Leho. 
It is important to observe that AC} 5), Aleosqy), Alcos3 gio) are all 
different. and henee in a linear relation with rational coefficients between 
1 5, cosgy. Cos3 qi. Coefficients of these, and the rational terms, may be ‘qi 
separately equated. Similarly for Atsing,), A(sin2q4,;) For the reduction of ; 
non-linear functions of these irrationals the following will he found sufficient, 
b DeOS gig = 2CO83 gi + COS Gio. b dsing, Ysin2y, — silgs. 
For the Pell case we find 
: 
2COS qs = B, (a) T Byia)) 2+ By (a) cosgs + Bia) COS 3 ga, 
(48.1) cos(2a— ligs = Bet cosgs > Ba) cos3gs. 
sin(2 — ligs == By (@ sings + Bla) sin 3 qx: 
B, (a) = (0, 2 O; Zhe, Bila) —= (O01 Og 1 Og 1 Ogre. 
Bila) = (20,2020; 206. BY ta) = 10, 2 0 2 0; 2 O02 Oshe. 
Bia) (1. Ly Os Dis, B(a) = (0110, 1 1 Ob, 
B,(a) = (1 Og 11 O. Ts, Bila) Wy Os 1, OW. 
K( 1 2). Kicosgs), Atcos3 yg) are distinet, also A tsing.). Asin 3 gy). 
For the Lucas case 
4008 Ag ey (MtyHabl 2+y/tob 8} yond 6, 
(49.1)  t4eos(Pa—l1)qy, = yell 2P+ysial 6, 
iy 4 sin (24—1) 9 y(Ob 2+ ysial 6: 
71 (4) = (0s 2 Og 2 Og 4 O04 2 Og 2 O, 4),,, 
yila) (O20101T02101,0201 010201 0),,, 
71 (a) (0 2 0; 2 Os 2 0; 2 Ogdes. 
yi (a) = (1 0, 101 0,101 0410105 1 On, 
¥e(a) = (121121,2112 1), yola) (OTTOLOLILO Is, ; 
y,(a) = (12 1,2112 1,2 Ihe, ys(4) ~ TOLOLILOLO NS. 
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(D1.1) cosag, (— 1, ecos(2a— 1g, 0, sin(2a-—l)g, = (—I1"-), 
For the Fermat and miscellaneous cases 


2cosags 0, (a) = (11211 2%, 
2eos2Aq, — dy(a) = (le Og, 
2 cos(2 a — 1g, = Os(4) = (1 2 Ig, 
2sin(2a—l)g, — 0,layl 3, b,(4) = LOD). 


2PCOSUAG, e,(ay+eplayb 2. 4, (a) (0; 20, 12h. «1(@) (10101 0,, 


Zeos(2a—-lhg, — #stayb 2, fo (@) = (1 1, 1%, 
2sin(2a— ly, é,(ab 2, &,(@) (lo 1g). 
Peosags — bar Spal 3. 

Lu) (OLOLO201 01 0 2hs. Sha) (10,1010, 1 Obs, 
2cos(2a—lige = Slab 3, f(a) — (101,014, 
Ysinita lige = f,(ayl 3, <3 (a) (121121. 


It is possible to state «@, B.-++, Sas explicit functions of their arguments 
by means of Legendre-Jacobi symbols; in all but a few cases the results are 
too complicated to be of interest. 

16, Fibonacci relations. These are written out by applying (47), (47.1) 
(47.2) to the identities in § 5 for 2 — gs or gis. For these values (4.1) gives 
XIV) rr Oo l2n) = 2 P(n\ + das (a) Pin — 20°), 

dun, (2) > es(a) Pin —?a°*), 


’ A ’ 9 
D' [re Op, (2 0) + tly 1 Opry. (2nd) = 2 Part Dea) Pin — 20), 


es ‘ee, 9 
D'S" [nay Oy, (20) + roy 41 Ogr42(2n)] = > a} (a) Pin —2 a"), 
Similarly from (5.1), 


Vor. 1 Oor41(2n4+ 1) Dees (a) Pin — 4%), 

Uey 1 Ooys (2n+ 1) == es (a) Pin — 4fa), 

>)" [te, 41 Og 22+ DA vee 2 Ore l(2n4 1) —= >"eg(a) Pin — 4%), 

> [vars 1 Ogr a (2 + 1) 4+ toy 4 1 Og, 3(2n 4+ 1] — > 'ek(a) Pin — 41a). 
tg(a) == (10 1305 Iho, eg) = (1202 1p 202 Iho. 


(XV) 


ae 


- o* 



























SE BN 


i 





20 


From (6.1). 
“X\' 
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’ 
( 1)’ tty Ay (re) ey ia) Pin fa 


hw if vy caetn) Siiay Pin fad, 


(XVI) (ea (Ay (MOLPTORK, cea) (23232), 
i Aytn) eata) Pin — ta), 
Si Ap Seta) Pin ty), 
Ceyol) (2101 20101 2p. 


From (6.2), 


‘ = ’ 
Ap (na) S24 > Vag) Aad) y Pin) 5 cg, (a) Pin ~ fo41), 
-{- ' ’ > 
INVID Ay (0) +> (2a + ta 1) te Ge) Pin) Sees (a) Pin ae 
(Cy, (4) (Os, Ty Og Ty dio. (e4y (40) (2 Oy 1. 2 Og le)10: 
write for brevity. Bo (ia) Aya). Bala) Ag stm) + PALO): 
’ 
4 By(n) D5* [rea Bran) 4 Mog 1 Bya 2nd] 
’ 
4 Pin) + ea,. (a) Pin bed, 
a be 
i ~. 














’ 
2,5" [\ o~! Dea 1) Bya 
NTs 
Pa | a + Pee 1 uf 
(Cyl = le ], +, 1, I, 1 | 
(ey (a) (2 06 24 6 23 )y 


From (4.11), 


Ss 





i. Se Sane ee eee) yo | 


a - 
D5" [rer Orr (20) + 5, 
"5" | . 
ie OD Tite, Oy, (20) + Vey 
(AVE sails oo 
’ 
Dior Oo, (2m) = 2 Pn 


’ 
eter Oey lt2n) = — 


, 
, 
By. (ny dehy) Pin fi. 2h 


(Mea —2 Tt tha \Bia | 
’ 
2 Pin) - vel (ay Pon Ria 1M 
ce - 
’ 

Bra a) = Daiz (a) Pin — tas, 

, 

@ ty Jou. (649 (4) (1, 14 Os 1g 14 Oe )o0, 


ey) (a) @ 1g Oy be: Gy By De bg Oy)oc. 


~19%;, .y(2n)] 
» P(n) , > Lye (a) Pin Dat). 
1, .9(2n)] 
nt L)“ahia) Pin Dat): 
2 Ila Pin 20°), 


’ 
Dl litajia Pin — 20°), 


ee aS ae 





me 


A wm Mili eh elylty g0FIe yt 











ne eee eS 











PERIODICITIES IN THE 








THEORY OF PARIITIONS. 2] 
From (5.11). 


’ ' 
DF [ter Os, (20 4 ror 1 Oe ps 2nt+ DI 


2(- 1)“ ala) Pin — 4 ta). 


> ° i - ! 
> [rs, Oy. 1 (24+ 1+ DMo rg 1 gr 3(2 + 1)] 


(XIX) >'(— 1)% a3 (a) Pin — 4 t,), 
(¢y3(@) = (1e O 1y)s5; 
> tor Oars (2n+1) = Ds 1)*@,; (a) Pin — 4 tad, 
’ I 
Dar On, +1(2m 4-1) = a (— 1)¢«@3(a) Pin — 4 fq). 


Freon (6.11), 


’ ~ 
Sy Ap) = » >'- 1)* asia) Pin wy 


‘ ’ a 
Ra A,(n) 2 >\ 1) ce14(a) Pin — tal, yg fa) = (1202 Dds: 
-ar ¥ ’ 
(NN) > (—1¥ vr, Ar (a > 1)? ej, (a) Pin — tad. 
’ ~ 
> Ly, Aye > 1) c¢y,(a) Pin — ta). 
(y5,(@) (POZOTLTO2Z OD, 35(@) = (322233 222 Sho. 


(6.21) gives nothing new. 

17. Pell, Lucas, Fermat relations. Similarly to § 16 the Pell relations 
are written out from (48), (48.1): the Lucas from (49), (49.1) and the Fermat 
from (50), (51), (51.1). To save space we omit the results. 

1x. Miscellaneous and aperiodic relations. On account of their sim- 
plicity we include a few relations found by applying certain of the formulas 
in (D0), (51.1) to the fundamental identities. In (4.1), (5.1) put « —= qs, and 
in (6.1) 6 = ga: 

O2n) = Pin) +> 6,(a) Pn — 24°), 


(XXT) O(2n-4 1) = > d,(a) Pin 4 ta), 


’ 
Ai = > Stay Pin — tad, 


which express the O, A funetions in terms of P's. 

The next are found in a wholly different way from any of the preceding. 
In the fundamental identities (4)46.21) reduce all powers of cosines or sines 
on the left to functions of multiple angles and in the results equate coefficients 
of cosines or sines having equal arguments; or express all cosines or sines of 
multiple angles on the right of the original identities in terms of powers ot 
cosa, sin, and in these results equate coefficients of like powers of cos. 
or sinw. 























A es OE 4 eT an 
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Equating first coefficients of cos2sv then of cos’, s = 0, in (4.1) we find 


(XXID) = 


2) sta [PYstu , 
Oy A2n) = Pn—28+2> (— 14 “ee | i | P(n 2is-+ ay), 
28 


2 ) ,-) “ 
Pin) = > il ued (eer Le a 


The first expresses Pin) linearly in terms of (-partitions of ranks 2s, 
Yis+ 1), 2is+2),-++ of the tixed integer 2-4 4587: the second gives the 
Q-partitions of 2 of fixed rank 2s in terms of all the partitions of 2 —— 28°, j 
n-— 2is—1), xn — 2ts— 2)?, ++. From their derivations these are valid 
for s 20. Similarly from (5.1), 





[De 2» + 
Pini = s 2e+2) ies d041@e ri2s-4 11), 


— 7 
(NNIID) : 
’ 2s T 2a l a ae ae | : 
ind i — yp 282 (25+) po — 4) 

ose 1(Zn 1) ita 1¥ Ista a | I n 41, al. ‘ 

We omit the corresponding pair for Agod, Pow found in the same way 

from (6.2). By combining Euler's expansion of ] Ju ry with the simplest 
identities between the theta funetions it is easy to derive recurrences for ; 


A(n), Oi) in which the arguments decrease by multiples of the successive 
triangular numbers, 


UNIVERSITY OF WASHINGTON. 
December, 1921. 











FUNCTIONALS OF SUMMABLE FUNCTIONS.* 


By WILLIAM L. HART. 


Introduction. Let H represent the class of all real valued functions w(x), 
defined on an interval a<— 2 <— b which, together with their squares «*(7), are 
summable in the Lebesgue sense on (a, l). In the present paper we shall 
obtain certain results concerning functionals whose arguments are functions 
wiv) of H. Funetionals of this type have been considered previously but 
the main results of the present paper are new and the point of view through- 
out is different from that of previous authors. In many instances below, the 
Riesz-Fischer theoremt concerning the Fourier constants of a summable 
function is appealed to in order to reduce questions coneernipg functionals 
detined in #7 to related questions concerning functions of infinitely many 
Variables detined in Hilbert space. 

In Part I of the paper we shall consider functionals F'[w| which are 
continuous and possess differentials according to customary definitions. For 
the general linear functional, a representation by means of an infinite series 
is obtained. A mean value theorem is established for F'lw| and an infinite 
system of functional equations is solved in which the functionals involved 
are of type F'[u]. 

In Part I of the paper we shall discuss functionals G[u, s| which. tor every 
wot H, are summable functions of s defined on an interval e< s< d. In 
reference to Glu. s], appropriate definitions are given for the terms cont/nurty 
and differential, A representation for the general linear functional is obtained 
Which involves an infinite series converging in the mean. The functions of 
infinitely many variables related to functionals @[v.s]| are shown to have 
partial pseado-derivatives with respect to their arguments in the sense 
previously detinedS by the author. A mean value theorem for functionals 
(ilu,s| is obtained and a type of implicit functional equations is solved. 
A differential-functional equation is also considered where the derivative 
entering is a pseudo-derivative. 


* Presented to the American Mathematical Society at Chicago, Dec. 30, 1920. 

+ Lévy, Bulletin de la Société Mathématique de France, vol. XLVI (1920), p. 13. 

} Cf. Plancherel, Rendiconti del Cireolo Matematico di Palermo, vol. 30 (1910), p. 296. 

$ Bulletin of the American Mathematical Society, vol. XXVIT (1921), p. 202. Referred to 
in the future as Paper I. 
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All integrals below are taken in the sense of Lebesgue, A function /() 
will be termed snfegrable if both 7 and f? ave summable in the Lebesgue le 
sense, All funetions and variables will be supposed real valued. The phrase 
ilmost everywhere will mean eith thi crception at mostofia set of points of 
measure zero. In the discussion below two tunetions /, (0) and /, (7), detined { 
ona set A. well be called the same if they are equal almost everywhere on £. 
In all equations, as for example /, (7) Moto), it will be understood that the 
equality may fail to hold on some sub-set of / of measure zero. 

It wii is a function of H we shall denote the positive square root of 
J Wield Dy Mie and shall call it the modulus of wir. We shall have 


tal) 
eceasion many times to refer to a funetion wr) ot Has the port wie, and 


we may think of the modulus of ar) as representing the distanee of (0) from 
the origin, # — O,in H, 























Let 7 represent a sequence of integrable functions [piles ¢ Oe tee * 
‘ Which are unitary and orthogonal on the interval (7. d) and which, moreover, 
form a complete set for the class 7/7. That is, there doés not exist in 77 any 
function wi) ¢ O for which 2, - 9 Ot 1, 2.°-°). where 
(1) fled plorde. 
‘abi 


We shall eall the numbers 2, the Fourar coefficonts of ute) and shall term 
C agieee the Fourier rector corresponding to wir) It is well known 


that (Mi? "2? and, accordingly, we shall call the positive square root of 
1 

this infinite sum the modulus of ¢ and shall represent it by Mg. Sinee ME 

exists, the vector ¢ may be considered as representing a point in real Hilbert 

space of infinitely many dimensions. Moreover, as a consequence of the Riesz- 

Fischer theorem, it is known that a one te one correspondence exists between 


points w(7) in H and points Cin Hilbert space. It ¢ is the point corresponding 








to a function #(7) we shall denote this fact by the notation © ate. 
It will be useful later to reeall that. if w,, i. i + *°° + 20 fn, Chem eo 
° » - . 9 
(2) lim M*ta,-- 10) = lim >? ) (2 = u(e)) | 
nt x n oO 2 n 1 





Moreover, if (i, (0): 1,2.) is a sequence of 77 satistying F 


(3) lim Mii, — ww) 0, 


at -— 


it is easily verified that 
(4) lim A/(c,,—) 0. (g 


ao 
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When a sequence (7) satisfies (3) it is customary to say that wis the /éin/t 
mn the mean™ of the sequence (,) We shall use the notation 


(D) lun. v7, ", 


| 


to denote such convergence, Similarly, we shall abbreviate the convergence 





x 
‘ . = ° . ¢ . . Y 
in (4) by the notation Lm.g, — ¢. If the partial sums S,,(/) of a series > w(v) 
u=F i=] 
of functions of 77 satisfy the equation lem. S,(2) > Str, we shall say that 


7 tx 
the series converges in the mean to Si) and we shall indicate this faet by 
the notation, 





ee 
(t)) Ss mr de(ar) Nia x 
om . 


PART I. 
Functionals without a Parameter. 


1. Definitions and theorems on linear functionals. Let Fu] be 
a functional operation which, for every «in H, vields a real number. Then 
we shall say that Fe] is continuous; at « if. whenever equation (5) is satis- 
fied. it tollows that lim F'{7,,] Flu). It is seen immediately that. if % (”) 


n x 


vo(r) almost everywhere, then F'ja,| — F'{v.). In the future all functionals 
considered will be supposed continuous, 

A funetional [+ is linear if, for every pair of points wu, and w in #, 
L[u, -+- ws] Liwy;|-- Lia). It is easily verified that. for every real con- 
stant «and tor every of 77. Lea! Liu). 

Definition 1.4 Suppose that. corresponding toa port uy nH, there exists 
a linear functional Llu .el. defined for all functions ¢(a0) in Hand satistyay 














he equation 


(4) Flu| I|1,| T LM, r| i (Miye (Mg. ). 





et eee 


4 where ai Me and where (My, a approaches 2000 wath Me. Then, we shall 
call L|ato, r] his differential of F at the pol ly. 
It ix obvious that the differential is unique, if it exists, because, as a con- 





sequence of (7). 
: KF TP di| lu | 
Ny, ¢] = lim | re 
d 0 d 


L 





————EEE 


Cf. Plancherel, loc. cit., p. 292. 
ti 7 Cf. Lévy, loe. eit. p. 21. 


+ Cf. Lévy, loc. cit., p. 21. 
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Let (2) be a funetion whose value, for every ¢ in Hilbert space, is defined 
by the equation tS) Ful where + Cc. We shall say that fW) corresponds 
tu Flu| and shall denote this fact by the notation f(y) Flu|. In view of 
equations (3) and (4) it is seen that /(2) is continuous in the weak” sense at 
every point in Hilbert space. 

THEOREM 1. If Liu] és a linear functional, then 


. 
> Li pil 
ida | pile 
‘ 


4} 


‘ 


(8) L\u| 
As a consequence of the linearity and the continuity of Z[e). it follows that 


Liu bm L424 Ho + cap lim POF. i 
% s. ‘ a ! 
Which establishes the theorem. 
Since (8) must converge for all points 5 in Hilbert space. we may state as 
an immediate corollary that the series 


~. 
(9) > (hl ‘a 
‘ 1 

converges.; Moreover, it is seen that the function /(f), corresponding to L{e, 
ix given by the right member of (8) and henee is a linear form in intinitels 
many variables. 

Curollary i It Lijul is linear, there verists a constant KO O sich that, Jo 
aluof H. Liu) <WMu. 


It we apply the Sehwarz inequality for sums in (S) we obtain 


L 





f 
’ 
u) <i(Mmn, » CL | pil? 
. 1 


‘ 


from Which the corollary follows with an obvious definition for AY 
It we insert expressions (1) in (%), we immediately obtain the equation 


L 





“| lim J Ky (ayuda (Kile) — pol[ py 


n= ah) 


tpl) L| pal) 


It should be noted that the functions (K,,) do not depend On MM, 


* Cf. Hart. Transactions of the American Mathematical Society. vel. XXTIL (922), p. 32. 
This paper will be referred to in the future as Paper IT. 
v Cf. Riesz, Equationes Linéuires, p. 47. 
H Cf. Lévy, loc. cit., p- 20. 
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THEOREM 2. Suppose that Flu} POSSESSES differential Lu, | at the pou u 
ay H. Then. if fy I “|, it follows that, at the pore ¢ ny) Hilhert Space 


corresponding to, there erist partial derivatives 





Bf (S) | 
(10) os Liu, pil. (i = 1,2,+*+) 


0 2; 


Moi COON, the following sere S COMCOTYECS - 
Lx ¢ 
NY OS ts) 


> 


i 1 Ox; 


(11) 
In order to establish (10) tor the ease ¢ = 1, for example. we start from 
the equation 
SI (ai + dy 29, 23, °°°) — SEE) Flu dp.) — Fle, 
Liu dy) d (Wp elu dy). 
AL, 





My py | +] (Mp, pe(, dy Ne 


Hence, since lim Wid p,) 0. it follows that (10) is true for ¢-— 1. A similar 
proot osteibllalain the result tor all values of 7. The convergence of (11) is 
a direct consequence of (9). 

The conclusions of Theorem (1). applied to the differential |: ¢|, permit 
Us to state a corresponding result for F'[). 

THEOREM 3.0 Under the hypotheses of Theorem 2. tt follows that 


st 
MT] ’ 
I \a'| I lal + > (2 — illu, pil L (VMWare (urd 
1 
where o u’ — ti aid where ue tg (z. ¢! ea 


ae 
”, A mean value theorem and the solution of functional 
equations. With the aid of the results of the previous section we may 
obtain several theorems in regard to functionals by the use of theorems pre- 
viously proved by the author® for functions defined in Hilbert space. 
Let Tlaor| be a functional defined for all Gar) in 77. We shall say that 7’is 
continuous simultaneously in its arguments if the equations 


lm. tM, u, lm. ey r 
n” S. “a o #) 
Where (a. ey. care in #7. imply that lim 7'[. ey] T \u. e). 
n tf. 


"Cf. Paper IL. 
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THEOREM 4. Left Flt] possess a differential Lue for all win Hand SUppost 


that FE is cont MUMOUS s/multanecously “he its lheepitrice hits Son all (i, dene HH. Assam ; 


WOLCOLED, that a constant A> -O erists such that. for all daw), 
3) Lin. 1) <= KMe. 


Then it folloivs that. pie, WM) aren i. 


(14) Fie | FF \ i) 5. Liu : ris / dt (rr ul wm) 
— bs 
(1d) > (2; A Lin re df, tt Sa! ) 


Since Lis linear in 7. we know that, for every a a constant Ae exists 
satistving (13). The force of the assumption (15) lies in the supposition that 
Kiwis AW tor all. By virtue of (15) since ZL is a linear form in the quantities 


(zj— ah a Well known theorem* permits Us to state that. fon every 
oe 
(16) DL le. pls KR. 


Suppose. ow, that two points Ge. cin 77 are assigned and let us establish 
(14), Tt is seen that. for a given pair ec) the funetion of + detined by 
Str) Flare} is continuous and has a continuous derivative L larry ef 
for O-7 eT, Consequently, the mean value theorem in integral form, applied 
to the difference S(1)-— S(O), establishes (14). 


In considering (15) we first note that, beeause of (16). the series 


a 
(17) > (2 7) Le tr. py! 
it 


converges uniformly for 0 #1. Since the integrand in (14) is equal to 17). 
it follows that the right member of (15) exists and is equal to that of (14). 
The theorem could also have been proved by an application of the mean 
value theorem for functions in Hilbert space} 
Let us consider the infinite system of equations 


(]%) Fk 





u, t| (), (4 == 1, 9 ++") 
Where, for every fon an interval ¢-<~ 1< d, F; lu. /| is a funetional of the 
tvpe F’ treated previously, Suppose that. for every ft, Fy lua t possesses 


“Cf, Hellinger and Toeplitz, Mathematische Annalen, vol. LXLIX (1910). p. 245 
+ Paper If, Theorem IT. 
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a differential L, [v.73 fat every point win H, and assume that both Fyand L, 
are continuous in their arguments simultaneously. That is, suppose that the 
equations 

Jan. My=— 0, Li t,2= &; lim (¢,—?) == 0, 


a fr a” x “” F2 


Where (tn, U, 7) are in Hf and where (f,, f) are on (¢, @), imply that 


lim Fy [t,, fal Fi lu. A, lim Lj (tn. tins fn] = Lilwer: t). 
L tr 


a a” 


Under these assumptions it is seen that. if /i(C. 7) File. dt) and Ji(loes 
Lilwors ft, then 





AAAS - 
(14) Lilu. pj; | HS. pis fl (Wy 1,2,°°+5 5 =w) 
0 2 


Therefore, the derivatives (19) are continuous in their arguments simultane- 
ously, in the weak sense with respeet to ¢ and in the ordinary sense with 
respect to /, 

The previous theorems of this paper together with the theorem* on implicit 
funetions for Hilbert space applied to the system 


FH = 0, (§G=1,2,°°°) 


permit us to state the tollowing theorem without further proof, 
THEOREM Dd. Assrone that the serves 


St s S- 
(20) P 2 FP lu. f). ba Li |v, yy fl. > hile. pa; t] — 1%, 
i 1 ! i 1 


‘J 


t | 


COMLENYE uniformly Jal adil uw Ah H and force. e a. df, NU ppose, WOVCOVET, that 


the infinite determinant 


(21) A Lites 3 ij—t.2 
ww not Z0TO, Thi M, sf He, / /,) wa solution of | 1S) We COM St lect ia prrrpnade i 
> Oso small that, for { - t, <= Pr the i erists nniquely uf function ata, /) 
satisfying (VR). For eve ryton | t—t|<r the function tha, th as in H. Th 
coordinates 240) of the point Ot) wor, Aare continuous functions of t and 
(22) lim Wo) limi Weta. A) Mu,. 

¢=—64 (= 


* Of. Paper Il, Theorem V. 
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PART I. 
Functionals Containing a Parameter. 


|, Definitions and theorems on linear functionals. [et W represent 
the elass of all funetions wr) which are integrable on an interval 


I (<< y- 0 A, Suppose that Gres] is a tunetional operation whieh, for 


every of A, vields a function of s belonging to the class W, 
Definition E: Th father hional (; uf. sv] as CODEAIUMOMS atu “f, whe Mere? l. ll. 


Uy i, it follows that rT x 
(23) lm. (rlity. (rin, s 
vie 
The functional is linear of G |i s| > Oi. s| (ilu, 4%... 8) for all (M0), Me) 
di H. 
It should be recalled that the statement (25) implies that 
lim hiatu ,s (lu, sl ds (). 
n= E 


All functionals considered below will be stipposed continuous. Tt is seen 
that. if yt) ui) almost everywhere. then G[7, (f{us.s|. Moreover, 
it Llu. s| is a linear tunetional, it is easily established that Liew. s| cLiu,s| 
for every constant «and for win Af. Tt is knowny that, tor every linear 
functional L |. s|, there exists a constant AD ~~ O such that 





ML|n. +] | fLeluslds — W Mu. 
| 


THEOREM 1, I} Lius| isa linear functional, then, for erery umin H, 


» i : 

(24) Lu. s| (mM) 2; Li yi. s, (< “) 
i=] 

Or , a» 

{25)) lm. PVG s) ery de, 


where Vi,(7.s) melo L 





[eS] hee pil Lp. s}. 


The proof of (24) would make use of the continuity of L and would be 
similar in method to the proof of Theorem (1), Part I, with “limit in the 
mean” replacing “limit” as met in Partl. Equation (25) is obtained from (24) 
by inserting the expressions (1) for the z;. It should be noted that Va(a,s) Is 
independent of u(x). Moreover, from a known property of convergence in 
" Cf. Lévy, loc. cit., p. 20. 

+ Cf. Lévy, loc. cit., p. 20. 
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1,2,-:-) can be selected 


~ 
~ 


the mean,” it follows that a sub-sequence (Vp, ; 
from the sequenee (V,,) so that 


h 
° ” ey ‘ ’ 
Jim | Vi (r,s) “ulrydar lim >t Ll pis} = [,[",s], 
7] Ziahy nm Fi i 


almost evervwhere on /. 
Let L[uy:r.s], where wu is a point in H, be a linear functional defined for + 
in Hf and for s on F#. 


Definition 2.4 Suppose that the functional @ satisfies the equation 
(26) (i|u, s| — Glu. s| Lit: res] t+ CWrjelity, G87, (rs = U— Mo) 


where Melt rvs) approaches zevo with Mv. Then, Ltt: ys] és defined as the 
Aifthe rential of Guys] at the pom Uo. 

The uniqueness of the differential 1, if it exists, is easily established by use 
of the notion of a pseudo-derivative as previously defined by the author? 
Let Rr s) be integrable on / for every + on an interval 7. Then, the 
pseudo-derivative of 2 with respeet to 7 at the point + == rp is the integrable 
funetion A, (vo. s) Which satisties the equation 

Sh 


(27) lm. ] I, ()'. 8), [4k Rr +h,s) R(ro.8)] 
h t / 


provided that the limit exists. It should be recalled that (27) implies that 


R AR 
lim | { 1,-(ro. 8) = lds — 0. 
h 


h ve 

E 

Moreover, when the pseudo-derivative at a point 7» exists, it is unique up to 
its values at a set of points s of measure zero, 

THEOREM 2. Suppose that G possesses a differential Lat all pots im H. 

Let Rorys) Glutres} where 0 r< 1. Then, for every value of r there 





evists a pseudo-devivative I, (i, 8) L lv Ot, s}. 
In order to establish the theorem let us first note that, if limy+, = r, then 
Lm.wbry,r = u+irev. Consider the expression peakdens 
n a . 
, epee . . 
= Liu A eg hs} L =< a“) e(utrr he.s). {4 R= Riv+h.s)— Rr. s)] 
Llustereirs)|+ (Wrye(ut rehes). 





* Cf. Plancherel, loc. cit., p. 294. 
Cf. Lévy, loc. cit., p. 21. 
Paper I, Definition (3). 


t 
++ = 
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Consequently, as a result of the properties of er r,s), it follows that 





‘(AR 
lim | { Liu t rriors|)ds (), 
hi Oe hi 
E 
which establishes the theorem. 
When we place + 0 in Theorem 2 we obtaim /?, (O.s) Llwere sl. 


Henee. since the pseudo-derivative is unique, it follows that the differential 


Liu. ees) is unique, if It exists, 


”», Expressions for (;|u,.| in terms of its differential. The mean value 


theorem® for a funetion possessing a pseudo-derivative, 


applied to ARirs) 


enables us to obtain a mean value theorem for G@ without further proof, 


THEOREM os L f (ria, S| satisfy all conditions of Thi aren 


lim JiLluterypesecs| — Lie rece |rds 


‘4 


fo all rales of hoon (0), ] g [ssvepiie that, fol rev pa (i, 
is inteqrabl with Ve spect hi 7.8) th th reetanyl ee) ee Bit 


it follows that, for every (2¢,, 0) ce HH. 


(2) Glu os (; M", 3] 


Since L{w:r,s| is linear in rv, there exists, for every a, 


statistving the equation 


MiLlusresh)- Ko Mer, 


Corollary 1. Assnome that the huypothese sof Theorem 3 are 


J Lint reser sldr. 
"1 


2 and SM p pose that 


oh, Liu revs 
: ae dl), Thi i 


a constant A (1) 


satisfied and that 


a constant K > 0 exists such that Ka) — KW for allu of He. Then, if Uy ly: 


4. 


t . ’ 
(i [uy.s|-— G@[n, s| > (mi) (251 
i 


2) | Llu rripsldr, 


Since J is linear. we know that 


bd ” 


L 


éa@—arre 








fis 


where i, Apt Zn pn Moreover, 


(29) Llu + rU; v, s] — L\{u os oe: Mn 8 





* Paper I. Theorem IX. 


u . e ) 
’ 

(2; 1 2s) 
ne So 
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Consequently, for a fixed value of 7, the modulus of the left member of (20) 







in at most 


(30) KM (- 


“Und, 










and henee approaches zero for 1 
In view of (28) it follows that Corollary (1) will be established if we show 

that 

(31) lin | fiLiu rrese,s]—bL 


dl 


w#, uniformly tor O< ¢<— 1. ! 



















os resty spar ite = @. i 





By an application of the Sehwarz inequality to the inner integral in (31), it 
is seen that. for a given value of a, the integral in (31) is at most f 





4 . 

(32) | j i * C-sa- rere - ry. sldr ds 
kD 
3 | dj | L2{n ~ go> a - tn, 8] ds< Kd —') Mrs I»). } 

0,1 Hy N 
4 Phe interchange of integrations made in obtaining (82) was permissible® 


under our present hypotheses, The inequality in (32) is a result of (30). From 
(32) it is evident that (31) is true. 








3. The Fourier coefficients of (|i, s). Let (yj(s);¢ — 1.2,°°") be 
a system of functions, unitary and orthogonal on #£ and complete for the 
4 class W. Fora given funetion « of //, G1. s| will possess Fourier coefficients : 
; (ful: — 1, 2,°°+), where i 
: 
(33) Fu! {Glu sl yi(s) ds, 
Which satisty the equation 
: x 
4 ” v ” 
JCF lus} ds > F; ae 
| i=1 
7 It ix obvious that. if Glas] is a linear tunetional, then /) is linear in the 
\ 3 sense of Part 1. Further properties of the (7) ave considered in the next 
theorem. 


THEOREM 4.0 The frnetionals (Fj) are continuous inthe sense of Part J. 
Furthermore, if G\u.s| possesses a differential at ug in H, the functionals (F;) 
possess differentials at uy in the sense of Part 1. 

As a consequence of (33), it is seen that 


(34) [Gla |— Gln sds — UE [ed — Fi led. 
E 1 


é 


* Cf. de la Vallée Poussin, Zntégrales de Lebesque, p. 53. 
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If a sequence (7,) satisties Lm. 4, the whole expression (34), and, there- 
“ tr 
fore, every term in the infinite series, approaches zero tor x »~. This 
establishes the continuity of the (F%). 
If G possesses a differential at %, it is seen from equation (26) that 


(3D) Fy hu) Fy [uy] Fg 1a: Mi |, (My. ee shy lsdds, 
BE 


where LZ; is the sth Fourier coetticient of L. The equation (35) shows that L, 
is the ditferential of /) provided that the integral entering in (35) approaches 
zero with Me. This faet is easily established hy use of the properties of 


PUM a. 51 SRy hbeeause 


|, (ior slbyjlsbds | fy ixbils| bem. eo sds. 


E BE i 
This completes the proof of Theorem 4. 

4. The functions in Hilbert space corresponding to (/{w, x}. Let 
us define a funetion g(g.s) in whieh ¢ is in Hilbert space, by the equation 
qis.s) = @[u,s], where 1 -. We shall say that y(g.s) corresponds to G [7 s| 
and shall denote this fact by the notation g (<.s) Gi lu.s). With the aid ot 
equations(3) and (4) it is verified that, if lim.s, == 5. then Lim. y(cy.) YSes). 

n «@ n- 2 
If Lf{w,s| is linear, its corresponding funetion /|S.s] is given by the right 
member of (24) and henee is a linear form in the variables (2,, 2.,°°*) ¢on- 
verging in the mean. 

THEOREM 5. Af the port inan HI suppose HhatG lv. s| possesses the differential 
L, [a i s], and let Y (f, s) (; lv, s}. Thi n, oat th pod ¢ “, there exist 
partial pst Adou-derivatirves 4>,| Cc, x) given hy thie equations 


gz,(b.8) = 183 pay 8) (5: p.9) — Las py ads i = 12,009. 


For simplicity consider only the ease , 1. Let ,-- u+t-Ap,. With the 
ald of (26) we obtain 


Af; Y 2; ny ike, bee ” * 5 Hy yl. s)” (F [aty, s| = Cr [u, s| 
I h )) 

L [vs py, e(M, lpi. s), 
Where use has been made of the fact that Wp, 1. As a consequence of the 
properties Of e (r,s) itis seen that 


lim | | “9 Liv: py. ih de ), 


h Oe 


Which establishes the theorem. 
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5, An implicit functional equation. (Consider the funetional equation 


(.34)) (i lass, #| (), 

where, for every fon an interval /-- fy ~~ ky the funetional Ga; s. f] is of 
the type considered previously in this part of the paper. Suppose that 
" ‘2 /, satisties (36). Then. we shall seek to determine a function 
wir, ?) which, tor every f, is a function of 47 and which has the property that 
(ilu(*, ft); sf. when fis fixed, is zero almost everywhere on ZY The argument 
rin vr. f) was replaced here by “*” in order to emphasize the character 
of the dependence of Gonw. The Riesz-Fischer theorem shows that the 
problem proposed is equivalent to the problem solved in Theorem 5, Part 1, 
for the system 


(37) Bila. f| (), (i 12.°°+: Bila, f] fG {u; s, ft] yi (s) ds) 
Dy 


In regard to (36) we shall make the following assumptions: 
(a) For every 1, G fis. f] possesses a differential Lia: e.s,f) at all points 


win HM, 


(hb) If lem. a, as = rand lim 4, /. then 
a” 4 a” f. uu st 
loam, (r [iy : se ‘a (i {a 8, f], 
n 


Lm. Zits: tn % Cel Lilusrys. tf. 
Sy 

(c) The series (20), formed for the system (37), converge uniformly tor ¢ 
in H and for f—* < hk. 

From (a), with the assistanee of Theorem 4, it it seen that #y in (37) 
possesses the differential 


L; 





wives. tT] ys) ds. 





5, f| ~ fL 
i 
With the aid of (b) an application of the Sehwarz inequality shows that 


(Fy ltr. trl F(a, ¢)/)? = [OG [re sy ty] — Glass. A) yils) ds", 
BE 


{(Glu: xe tl (a3 s, fF ds, 
BE 


Which approaches zero for n = 2%. Hence, Fy has the continuity property 
postulated for system (18) of Part 1. It may be shown in a similar fashion 
that the differential 1; of the present section has the continuity assumed for 
the ZL; of that system, 
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In (e) it should be somarked that the first series of (20) always converges 
for a system (37) since the Fj are the Fourier coefticients of @. The force of 
the condition (¢) lies in the assumption of uniformity for this convergence, 
The uniform convergence of the third series of (20) tor system (387) would be 
insured if we should postulate uniform convergence for the series 





4 . 
o WL [ue pes. t mis)Pds, 
1k 


The consequences we have just derived trom the assumptions (a), Cb), and Cc) 
permit us to state the next theorem without further proof. 

THEOREM 6, Sippose that (36) satisfies (a), b). and (0), and that the infinit ; 
determinant (21), formed for the system (37) is different from zero. Then, thi 
hijpotheses of Theorem 5, Part 1. ave satistiod by (30). and thie concluding 





statement of that theorem im veqard to the eristence of a solution wlrt) applies 
to (36). 

i, A pseudo-differential equation. Forevery value of fon ft, - A 

suppose that the funetion wor.f) is a funetion of /Z on the interval (7,4). 
Consider the equation . 
: 


(Bx) Meat) Glace tard, 

where for every A.@[a.torlis a funetional operation of the type defined im 
$1. with the interval / replaced by the interval (a4). In (38) a represents 
the pseudo-derivative of « with respect to f, and it should be remembered 
that, by the definition of the pseudo-derivative. wr.) is required to be 
a function of # for every value of 4. The “*" is used in (38) to emphasize 
the taet that G is a functional of a. 

Let P represent the class of all functions #(..f) whieh possess pseudo- 
derivatives w(r,/) for some values of f. Then, we wish to state hypotheses 
under which (3%) will have a solution wor.f) belonging to P and. satisfying 
a given initial condition wir.0) — aC), where aCe) is in 

sefore discussing (38) let us recall certain facts about: pseudo-derivatives 


previously established by the author*®. Let (4) [z, (7). 200%), ° +] and aff) 


lity A) do f+] belong to Hilbert space for every f, and let # and aw be 
tunetions OL (x. ?) satisfy ing the relations C(t) mir. ft), 7, (7) we (ir, f). It 
ii mhryt) m(r.f) then dz; dt Ky and, moreover, 


. Oy z(t Ih) 7; (1) : 
(39) lim 2| J My (t)) 0) 
t d7 


~ Paper I, Theorems VIT and VITL. 
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for every value of 4. Conversely, if O(/) and (1) satisfy (39), it follows that 


the pseudo-derivative uw exists and is defined by the equation (7.1) = wat). 
In view of these statements it is seen that, if w(7,f) is in the class P? and if 


C(t) wae?) then do) dt war. ?), where 


AS(ft) 
dt 


oA ae id dz. (ft) 
dt * dt 


For every (and « ot 7 define the functional G;{«. 4] by the equation 


Glu is folu: /. rl piloyda, 


tabi 


gilt, t). (ut eget) Gilat) 


It is seen that, if (38) is satistied by a funetion a(r.t) of 2. the point ¢(/) 
wir. tf) satisties the system of equations 


de : 
(40)) ri = ils.) (§ = 1, 2%.°°*) 


Conversely, if § — ¢(/) is a solution of (40) whose coordinates 2; (1?) satisfy (39) 
with i, replaced by dz, /¢, it follows that the function «(7,f) corresponding 
to C(/) is in the class P and satisties (38). A system (40) whose solution has 
the desired property (39) has been treated previously by the author.* Sufficient 
conditions will now be imposed on (3s) so that the system (40) corresponding 
to it ean be treated by the theorem referred to. 

Assume in the future that Gl: (..7| satisties the following conditions: 

(a) Ht loam. vr) wir) and lim tf, = 4 then 

= ¥ 


n= ” t- 


l. m. G [ys ta. r| Gis tya |, 


” S. 


(b) There exist positive constants A and B such that 
MIG lq: tr] — Gs; hal] < AMO, — 1) + Bit, 


for all points (/,, /.) and all funetions (7,, ¢,) of 77. 

(¢) Corresponding to the function (2) in 7 there exists an upper bound 
D> for the quantity WG |g; f.7] for ft —— ty hs. 

THEOREM 7. Jf (a). (D), and (eo) ave satisfied, then, fort A, sufficvently 
small there exists mniquely, among Junctions of the class P. a Junction wa, ft) 
which satisfies (38) and, also, the condition Ur, O) u(r). 


* Paper IL, Theorem IV. 
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Consider the system (40) corresponding to (38), As a consequence of (7) 


it is seen that. if lam. ¢, Sand lim 6, ‘then, it 
n x " x 
(e in. 4 uw) 
= 
0) lim J (Glia: tea) — G@lurtrl ds lim > lgilEns tn) y(t. OV. 
nN Pf tal i 8 1 


Therefore, each funetion 7, (2, 1) possesses continuity, in the weak sense with 
respeet to ¢ and in the ordinary sense in f. simultaneously in its arguments. 
From (/) it follows that 


Dig? Gi.) — gf Se. to S (AS, — $2) + Bo — te), 
for all points (2). 6.) in Hilbert space and tor all (4, f.) on f—4, ~~ he As an 


obvious consequence of (ey itis seen that J7° is an upper bound tor 


The consequences of (a). (b) and Ce) just established constitute the assump- 
tions under which we may state*® that, tor ff, sufficiently small, (40) has 
a unique solution ¢ SiA (S10) -,). In Hilbert spaee, which satisfies (39) 
with fy dz, ¢¢ From our previous discussion of the relationship between 
(38) and (40) it is seen that Theerem (7) las been completely established, 

Various generalizations of the results of Parts | and I] are immediately 
obvious. Instead of taking /7 as the elass of all integrable functions we could 
have restrieted it to those funetions w satistving Wow - a.) hk, where vw is 
a particular integrable tunetion, and where / is a given positive constant, 
Obvious changes would permit all proofs given to extend to this more general 
ease, The variables (s.r. 4) used above to represent single variables eould be 
thought of as being m-partite variables and the weeessary modifications ot 
the hypotheses in the work above are easily determined, 

Paper Hf, Theorem TV and Corollary (2) te Theorem LY, 
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PERIODICALLY CLOSED CHAINS OF REDUCED 
FRACTIONS. 


By A. ARWIN. 


Introduction. In §1 we first have to prove the existence of the positively 
and in § 5 of the negatively reduced fractions. With integers P,. GQ, and D, 
we call the element (P,-+ 1) 2) GQ, a positively reduced fraction, if the in- 
equalities 0 < (P,—Il DG, < 1,(P, +1 DQ, > 1 ave satisfied. and the 
element (} D+ P.) Q, a negatively reduced fraction, it 0 << (lb D— P,Q, 

hil D4+P)Q, > 1. After the positively reduced fractions in $1 have 
been detined, their chain formations will be studied, that is the formation 


Pi+t Db P,.,-VD | 


' 
‘ 


(1) , : ‘ 
Y, ji yp Pi, +t D 


Q, 1 


Where B 


is always the integer next over the greatest integer in (?, 
—b 2 @,. and then we have to prove our fundamental theorem: Whicherer 


Clement om ns it cham of the nature, we always end oma periodically closed 
chain of reduced fractions, and only a finite number of such chains evists. Next 
we shall see that these chains include all possible positively reduced fractions, 
Moreover, the chain complementary to that derived from (Py+ 1 2) Q, as 
its first element being by definition the chain derived trom the first element 
(Py) DQ, , where PZ-- D = @,Q,. it will be shown that the com- 
plementary chain is periodic and the inverse of the original chain. These two 
chains may be different, or they may coincide. In the latter case we shall 
prove that the continued fraction is symmetrical. The different types of 
symmetry will be given, and the reason for their symmetry will be shown. 
At the end of § 1 another fundamental formula, valid for all formations of 
fractions, will be proved, and it will also be shown how the closed chains give 
solutions to Pell’s equation. In § 2 attention is called to some types of 
remarkably regular formations of chains, so that we may survey them better. 
In $3 we prove the following theorem: The necessary and sufficient condition 
that the indeterminate equation «* — Dy® — A have a solution is that the 


chain formation 1) shall run into the special. periodic chain that contains 
39 
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in it @. 1, when all solutions may easily be taken from the related con- 
tinued traction. At the same time we discuss the problem of writing a given 
number A in the form (ho that is of solving in integers. and y the 
equation mr? + 2brytey? — AL In $4 the chain containing the element 
YQ, = 1ort(P, +1 Di, the so ealled principal chain which customarily is 
used in solving the Pellian equation is investigated. In $5 the negatively 
reduced fractions are introduced, their existence proved, also their conneetion 
with the positively reduced fractions. Then, proceeding trom the results 
found, we shall see that Gauss’s classical theory of binary quadratie forms, 
al least in its main characteristies, can be given by our theory Of periodically 
elosed chains of fractions, and in particular that the number of the positively 
closed chains is most intimately connected with the number of classes for 
a given determinant 2. of quadratic forms and the negatively with the number 
of ideal classes in the domain Ab 7). Finally in $6 it will briefly be 
shown how quadratic forms with negative 7) ean also be brought under this 
veneralized theory of continued fractions 


Qi. 

We shall now prove the existence of positively reduced fraetions 
(FP, | | Di Q,, detined by the two inequalities o-= iF. i) YY, < I, 
. Li DQ > 1. 

THEOREM bs The qeamber of the periodically closed chasis finite, We torm 
the chain of values 


(2') Dp oe. I) Q,. &e. 

with P,P, — Omod@Q, and determine tor O- (72 .- 1 1) Q, >> 1 the 

number # from 0< (r ' ny 1 Pp) W<il to be xv ‘it 1p) (I. 

where [] as usual is the greatest integer in (P70, Dy Qy. and PL, — nQ, 
P,_,. Obviously we must have 2)... @, for QD. For. PL.-—-Q,—b bp 


=, since (P, ,—Q,)?—D ,Q, ,--0: and hence the inequalities 0-<(P, , , 
beDy Q<1 and 0<(P,., ~ Q,—V Dy <1 are incompatible. It acs 
<0 we take » from the inequality O-< (PP). 1 Q—-) Dy Q, and get 
u=[(b D—PP..) Qa) 1. Therefore we may also write (2") as the following 
chain of fractions 
(Pod DQ, B,-—(P,—T DQ, B, ; 
(2”) (P, j | DV, 
I 


(P,+V DQ, B, (P, bpd, B, : 
(P+ DY, 





oan 


SE. 





meme. 


a 


See. hie 
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in which, since 0<(P,.,—V DQ, <1, 8, is the integer next above the 
vreatest integer in (P,-+- 1} D)@,. The chain formation (2”) is preferable 
to (2'). In the sequel we may therefore refer to the two chains (2’) and (2”) 
as both uniquely determined and identical with each other. Let us now 
suppose Q, > D. Then we get P?,,—D — Q@. Qi, < P2., <Q, hence 
@-., <Q, and thus as far as G@. > DP the set of values G,(v > 1) succesively 
decreases until we get a Q@,< D with a P’ ,, that is taken as least positive 
remainder from =F, e mod. @, viving Po. ,--D<0. If in this case we 
take w as above, we get the following inequalities D+ | D>P, :+nQ, 
-b D because of the inequality n= (bh D—P).)Q@,—-e +1<(D+V D 

Po )/Q,, Which in its turn is always satisfied for values « <1, Q,<D. 
With regard to (Pi.,+4@,)?—~D<(D+1 D?P—D = D(D+2b D) 

M(D) we must in (P, cry — dD Po 1 —D= Q,%,.., have Q., 

M(D). When Q,., >> D the Q(t >e@-- 1), as we have shown, may be 
reduced so as to be less than D. In the eases Q,.1< dD, P s—-D<0 Ge 
above process upon repetition gives Q,.. ~~ WD). We now have P, == Pi, 
tuQ,~- D+ D<— MD) and when Q,, > Dalso P, »<Q,.,< MD). 
Henee in every case the set of values P.. Q, in (2”) ean be reduced per- 
manently below the limit 1/()). As however we may form fractions indefinitely, 
we must in every chain get the same set of fractions periodically repeated 
and must also have the number of existing chains finite, and thus our first 
fundamental theorem is proved. We shall now prove 

THEOREM 2.0 The fractions in thi perwodwally closed chams are posttively 
reduced, 

We have first to prove that. given the chain 


1 -D= @ 22,1 
(2) P?—D) = Q, ,Q,. 
PS. ~D= OQ. 


and for example 0< (PLT 2D) Q,<1.(P, +1 D)Q,>1 all subsequent 
fractions satisfy precisely similar inequalities. From (P,+1 2) Q, = 2B, 

(Py, —I Dy Q,>-1 we conclude £, > 2. Hence (P, , +) DP) Q,> 1. 
Then (PL, +h D QP, ,-!) De, J 1. Fe! DOP. 
+b D)/Q, ,] = 1 will directly give us0=<(P, ,—|) DVQ, , <1. (Pv 
+} D)/Q, , 1 and thus similar inequalities are valid for all fractions later 
from the law of formation in the chain, all elements 


in the chain. Further, 








Se Eee 
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(P..,--} D) Q, from the second column ot (2") lie in the interval between 0 
and 1. If therefore the element (P,-- 1} 2) Q, is the opening element ot 
a periodically elosed chain in the first column, the conjugate of the eom- 
plementary element (P,-- | 2) Q, , must be found in the second column 
of the last row in order to close the chain. From P3-—-D QO, ,Q,- 9, 
(P,—! De, Jett! QQ] 1 we have (P, 1 2) OQ, 1, and 
similarly for each element in the periodically elosed chain. Now tor any 
element (P.—1 D) Q- 0 having (P,—| DP) Q,-— 1 we have proved that 
all elements in the periodic chain must satisty the same inequality. Let us 
therefore assume (P,—} D) OQ. > 1 fer all. c. Then we must also for alle 
have Q. ,--Q,;. For it there were only one a Zz with O, ,~Q, We should 
have P)—D—Q, ,Q,~ Q, [\P, 1p) Q,] (iP, 1 /)) Q,)< 1, contrary 
to (P, —) PD Q, a (P, bp) Q,21. But since for all ¢ in the com- 
plementary chain P?--D  Q,Q,, ,. ke. we have OQ, , > Q,. it would then 
follow that the chain could not be closed. Thus Theorem 2 is proved. 

Let us assume the chain te be elosed first with this row of elements 

t aA . | D) &, 
l 


et. . « bd, ft B iP Dy, ys 


’ 
¥ 1 


The chain ot the element (7, ” ~b DP) @, , and also that of the element 
(Py, yb Di, is uniquely determined by the stated inequalities. It 
the periodic chain were now to be opened with the row in (3). the formation 
of chain with (Py, , bl Dg, 
sets of values from the periodic part of the chain, but according to the given 
inequalities. assumed valid from the element (P?,-- | 22) (@.. this same chain 


might then not bring us out of the closed 


jt 


formation must restore the element P>—b D) QQ. Henee (PL = 1 2D) QQ, itselt 
opens the chain. As a corollary we have immediately: Where the positively 
reduced element (P,-- b D) Q, forms a continued traction. the complementary 
element (P,-— 1) Q,_, will give the inverse continued fraction. 

We shall next prove the important theorem: 

THEOREM 4.0 The reduced element (P.+ 1 Dp) Cd. satisfies the cnequalities 


P< D, Y.< D. 


Having ~ P,~ «, mod.Q., «2— D<—0 we always obtain G.< D from 
D—«,— Q,M. Now, having Pz. , < @, and thus Q@. > %.., with P2..,—D 


> 0, we obtain from (P,.,+V D)Q,>1 (PL, 4+ DV Q, = w.-+ (VD 
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B-) W-. #, > 1 as the greatest integer in (P, , +14 D) Q. and £,> 0, for 
since 2, ¥-. ¥- > O the relation P,.,- y, = ,-Q- is not possible with 
PL ,<Q,. From) DP 2,0 and D— gr = GN we once more conclude 
(J. DP tor all these +. Tt therefore remains only to examine such cases as 
VY... > Y.. which follows from PL, = @,+ 1@,. as well as the case PL, 

-Q.. Q.>> G..,. When P2.,—D-- GQ, , we have just seen that Q.< D, 
and either 


<r «, ,mod.Q.,. ae D—v, 


whenee G0) Dor 


-F.., = FF, eG. Pr... — D>. 
In this, since £,.,>2, we must have P,., + P,.,.>2@,.,, Pr. > Qe, 
~~ P.., and get as before QD. Since now in all cases Q.-" DQ. =D, 
we infer from P2 > D< D- Dthat P2 ,< D*. and hence that P, =< DV. Q,< D, 
for all values of a, which establishes theorem 4. | | 

As example of periodically closed chain we give 


aD a 


i+) 6. SOI l 
14 ” 14 - 17+) 79 : 
15 ; 
11+ 79 3 Ww 179 <. 1 f 
7 ‘ 1WO+V 79 
3 | 

17+) 79 I3—lVi9_. 1 





One of the following eases is to be expected: Either the two chains, the 
original and the complementary, are distinet or coincident. We now discuss 
the latter case. Given that (P.., +1 D) Q- , follows (P.+- 1 D) Q,. we ask 
in what order are the elements (?.-- 1 DQ. ,,(P..,+-)) D) Q,? Obviously 
the elements in the complementary chain are to be taken as the conjugates 
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of the elements in the second column and read f ‘low. In the original 
chain the order therefore must be (P2., >} 7) ” ~} PD) Q.., from 
above. By simple transposition of the last row medic to the initial part 


of the periodic ehain we ean then always arrange these chains to be sym- 
metrical. About the middle of any chain the elements (77, 1 Dp) Q,.1P, 
-~} DP) Q, , must either be successive or situated with specific properties on 
opposite sides of the element (P,,+b 1) Q, ,. according to the type of 
symmetry involved. In the former ease the “middle element” is characterized 
by the relation P, = Py ,. As, further, we have throughout Pit P.,.,=86, 
Q,, and for this middle element Py, = P,. there results in this ease the im- 
portant equality 

(3) »P, = B,Q,. 


In the latter case we have 


| P—b=¥,_,%, a * 


(0) Pa 1 D Q, @, ] YoY,» 

Po 2 = %,.,%.4- &G..> 1 
and the middle element characterized by G@ .  @.) Henee 
(7) Dp = Pt, —Q? 


Calling the middle element in the former case an element of the first category 
and in the latter an element of the second category we may tormulate the 
following theorem. | | 

THEOREM 5. The po wile chain beng ope ned ath an element uf the second 
vateqgory (D = P? —(Q*) and having (; } (). the continned fraction formed 
wall be symemetru throughout, otherwise the symmetry wall only appeat after B.. 
the first coef ficrent in the continued fraction, 

Arranging the chain trom the middle element as an initial element we find 
that the initial element, now the middle element, must have just the same pro- 
perties as any middle element, and therefore in a svymmetrieal chain there must 
exist such two specific elements belonging to one of the categories mentioned. 
And further, in the first case the initial element of the first column and the 
last element of the second will be conjugate and therefore after the first 
element the complementary and the original coincide, and the symmetry. is 
complete. In the latter case the element in the second row of the original 
chain and the last element from the second column are the first to be con- 
jugate, giving symmetry only after £,. 
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THEOREM 6, Lfine the symmetrical chain one element of each category vrists 
the period of the continued fraction formed is odd, if there are tivo elements of 
the same category the period is even. 

If the initial element and also the middle element are of the second category, 
the svmmetry is complete and in the middle of the chain we find the elements 
(P+) DQ and (Py, ,-- |b 2D) Q, with the same denominators following 
each other, Hence the period must be even. And if the initial and also the 
middle element are of the first category. elements with the same denominators 
will group themselves symmetrically around (P,,+- 1D) Q, ,. but as in this 


bi case symmetry appears only after 2. the period must be even. In the same 
a manner we have for symmetrical chains containing one element of either 


category an odd period, and the theorem is proved. Thus we may for the 
different cases set up the following scheme. 


Period — 24, Q 41 @Q and @, ,4Q.,, 


+ waistband sca ini 


Q.-+ a (t = 0,1°°:¥) 
; Period 2v, Q, + Q and Q,,_, Q,,, D P?,--Q?,= P?—@Q?, 
; Q, T—1 =Q, - (t O.1lesey 1) 
a 
4 
Period 2r+-1, 0. $Q and C., +@,,.,. D= P3..—G.. 
4 
; Q, c= Qrieep (rc = 0,1°°:v) 








Period = 2v+1, Q, + Q and Q,,— Q.,~) 





Q, = a (¢ = 0, 1+++ 9) 






Assuming now that we have an arbitrarily orientated, not necessarily closed, 

chain with the initial element x, = (Pot D), Qo and 42— (P+) D)Q, 

standing anywhere in the chain, we may then formulate the following theorem. 
THEOREM 7. Having 








Ye--1 





[4,. B,.° °° B, il 





a 






we may always take from the chain the relation 









(Qo Yr 1 ‘ Pot. v ad Dz fog Wo Q-. 
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Because” " 
-. te ‘ | = le 4 
(s') Xo oii : ; and [2.. , FF +e 7 by 
, hz *r-) “3 “y aq 
we get E 
((P, +) D) Qo) eP2—- bP) Qe) ee ~ [Po 5 1 D)/Qo] z-_. 3 
= [\P, -1 DP Q-] /- ! Ye o 
giving the two equations 
(P,P. + D) 2--, — P2Qo¥2—, — Po Qeze-: Q..0-4- 
(Ss) 4 
(P. +- P.) 2-1 — QoWe_, = Qe ee 
Hence 
(P DPD i Q,(P a We Q 0.¥- : 
(3) : 
Qo (Po + Pedig_) — Q2 Ye, OC. Z%&.-- 
According to the well-known relation gv. , 2, a ly. we have 


just the formula 













(10) iQ Ye Pots ; [)z2 1 Qn Ve- 

Calling the period 7 we have, trom Q. 0, Vo — VY, and 2, — 

(11) om ] ) 

1] QM, Py zy Dey V, 

Further we obtain trom (s") 2Pz2, ,  O mod, Qz and, since Dis without 
square factors, we get from (11) a solution ot 


/ Diy (D=)?. (e Ovor 1) 


where. in the ease when D a mod. & and 0, ineven, « may be equal to 
unity. Finally we remark that for < vand on aceount of (5) the elements 
of the first category also are charactrized by 


Q. 
(12) D Omod, *", la = O or 1} 
ye 


Perron, 0.: Die Lehre von den Kettenbriichen, p. 7 
+ Perron. 0., loc. cit., p. 16. 
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"a § 2. 

Referring to the formula (7) we are now able to construct systematically 
all periodically closed, symmetrical chains of fractions for a given D. We 
have therefore to determine 2, and Q, according to 





La (13) D gv; , = Fp, F. em, (e = Vor 1) 

ES and to the inequalities «ab DD, (@n—t D)/n <1, henee « so that 

«nal D> (ea 1) ye or 

My ID 

ge (14) « +1. 
; Kt | 
| | 
We must then prove («q+ Dy to be a reduced fraction. But this is 
} evident from («a+b Dye > 1. The possibility «= 1 must always be 
: discussed independently, giving («@j)? — pr 2ye [(a?n —v) 2]. Olen 


Dy 2Qu<—lilep +l Dy 2a >], 
Sinee all chains with the initial element (15) have been construeted, the 


} possible chain with 2 -— P? — Q? and, as % = 2”. with D— P} — Qj are 
to be sought, which will completely determine all possible symmetric chains | 
A 
of reduced fractions. /) being without square factors, D) = sev (4 > 7) implies : 


r (a -- 9) 2, Qo — (ae —v) 2 with « and v odd, and we have also 


ee eee eee 


ff sw v 


+I D 


(). = < |. _ a 
c——_? i—- 





») 


« 
~~ 







generating a periodically closed chain, Returning to (10) and (13) we may 
conclude from (Q) 4, .-- Po, )®— Dzi = QoQ, that these symmetrical 
chains vield solutions of any equation soa? ryP= 2" Q,, because of the relation | 





since wer 2b awe ore >. Thus (P,-+- | DD) Qyis a reduced fraction 







{ a) ff (2' Yn 1 « Zn 1 )* Vv ‘ 1 ry Q,,, 






Which is valid for all denominators Q, of the re’ced fractions. 

We shall now endeavour to determine the system of integers which form 
the periodic chain in the particular ease D = por, Py Qy= wv or D = yor, 
P,Q, mw. In this ease the following reduced chain subsists 
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-— 0 me (ul s") 
i ‘ ‘ , 
(a — 2e—pr (ye — 9°) (ge — 2° 0), 
(16) 
” 2 > 4 
“ a0) io l )j |; fil [ve ‘di l i. | [ye ie 


as far as we > O, as may he cheeked by 


Ml wla— 1) | 1) a why 1) - | I) | a 


0) > 
wed u—ny 
remembering that wbov-<cl a. From the identity q 
‘ [1 — ete — Dv] + [ee eee Di] 2 [pe — ni? r] 






. e ° ° . § 
we infer that all Bp equal 2 as far as this formation holds. Also in the general : 
case « + 1 we can construct such sets } 

(coy Py Ta ”). 4 
3 
c(2a—l)p- 2y]? wy (enn lr (ve Bhat! 2°»), 3 
(16") 
[> l-«- 7] 2) [ve di 1] yu wlan Ly ay? fia 
[ul - an —- 2] —in y?a} {freee — nv — 1p — nF vy}, 







where also, from the identity 


{[y—l-a—n 2] [ve-——n—1u ont Ayes [ee -n 1] 


[u--l-« nye nln lyy 2 {[na—n— L]oye — nv}, 









all B, are equal to 2. It is readily seen that. when « 1, we recover from 
this (16°). Here also, when [ra@-—n--1Jl nw onl v0, the inequality may 
| be tested. For we have 
fv -l-a—n 2] [ve uM —l]y wn lyr I wr 
\[nae—n 1] 1 p-—-nl vj) {[n—l-e—n 2|1 ye-tow 1-bv} 0 
and from 


[mee -— n—1] Vp — nV v} ((e—1)V +t vy}. (), 
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a 
4 we have also 

[uc —n—-IL pew ov} {[n -1-@— an — 2] wtun—i-l v} 

< [ne —-n—1fP a — nv. 
But again, since 

q {Luce nT pe eed | [nu — 1 @-—n—2]) nw —-n—11 vv} 
a > [ne—n—1f?n- nv? Y, 
fd it follows that 


luuw— Mv 1] [x -l-«e  Gaeee 2] Te lyvt+I ev 


-[n@—n—1 Pear, 


and this, when} a -(@- 1) ay viz, be D> - (ee —1) (whieh is always satis- 
tied), ix equivalent to 


[u—1-e—n—2] b p—n—1-) v>[ne—n—-1IVa-— avr. 


For D- pr 1? — Q? 0, » or v+1), we have Pj = (4+) 2, 
| QO, (ev) 2. and the reduced system 
J 
, 
/ - py \* si — il Lj 
; FY gee et 
| ») } ») ») 
: (# ey. aaa p—lv p—3r | 
2 2 2° 
; (14) f 
pe--(2n- 1) (2n4-1)¥\? w—(2n — 1)?» w--(2n 41)? . 
| yo ae 






We find in fact that 
(bye —2u+1) vb w+ 2n—11 ») 
(bo p—2n41) v)\(Vewt2n41) v) 





SE ES ie 
A 
— 





supposing boy >-2n+1-b », and 






(bp t2n+ 1b vj(bl a —2n-—-11 ») 


(Pw +2n+1b (bl w—2n4+10 ») 













Further, we find from 
fe—(2n-—-1)(2n-- 1)” Le -(2n+1)(2n+3)¥ ~ w—(2un+ 1)Pr 
”) ' » ™ ”) ? 


— - 






. 






that all Ar are equal to 2 as far as this formation holds. 
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To illustrate the preceding we take D = 105 = 3.5.7 and consider first 
Q) = 1, whence, since 10—1) 105~— 11, Po 11, and then we have the 
following symmetrical chain of fractions 





HM+1 105 5) 11-1105) 

1 ~~ ~ E+ 105° 
16 
21+ 1 105 > 21—V 10 P 

21 ” 21 ~ M+ 105° 
1) 16 
11+] 105 «21-1 . 1 

16 pi 16 ~ 21+ 105° 
J 21 
21+ 105 . Bw. . 

16 i 16 ~ at +b 1087 
| 

The period z 2) + and thus P,. QO. 21 giving D LOD () 


mod.21. It may be remarked that the chain 1) is formed by the values of the 
system (16”). Further the continued fraction is. as it should be, symmetrical 
on both sides of Bs = 2, By = 22 excepted. This type of chain ((, 1). the 
principal chain, is commonly used to solve Pell’s equation. 


2) The case ¢ = 1 will give Qp a Ps = Fi, 
11+} 105 11—V 105 
= =11 =H | ; 
2 Z 11-1 105 
SS 
I3+4 105 3 11 --} 105 | 
x x 11-3 105 
4 
11 -- 1 105 ,  13—1 105 ‘ | 
x 4 134/105 ° 





The period y — 2v+1 = 


21.5. 


~~ 


3, 105 Pr Q: == 13° — 8? from DPD ay 


4 
4 
* 
a 
£ 











3) Q, = 3, Py = 4.3, found by 3a > V 105 > 3(« — 1), 
12+ 1 105 _ 12—V 105 1 
3 3 124105" 
13 
14 +I 105 dA | 105 1 | 
( ( 14+ 105 
13 
2+ 10 =| 14-V105 1 
13 . 13 "16 108’ 
—— 
14-+ 4 105 _ 12-ViOG . 1 
13 ~ 13 ss y+) 105 
A 3 os 
4 The period 2» = 4. Q, = 7, Ps = 14, D— 105 
H is formed partly like (16”), 
4) Q, = 2.3, P, = 5.3 by 3a>V 106 > 3(« -— 2). 
b+) 105 . 15-1105, 
6 oie 6 B+ 108” 
20 
27+) 10 | 21-108 I 
24 ” 24 e105" 
14 
lb+1 105 | 2%—b 100. I 
20 a 20 “a +1 105 - 
26 
21+ 105 21-1 105, I 
14 14 21-410 105° 
24 
2+) 10 | 2-—V10_ 
26 ” 26 ~ 97+ 105" 
’ 24 


The period y = 2v = 8, Q, = 2.7, P, 
3.550 >) 

We find the period x = 2” = 
We have here a very interesting example of the formation (16”) and at the 
‘° 


5) Q = 5. Py = 


PERIODICALLY 


CLOSED CHAINS OF 


105 > dle - 
20, Pyo- 


REDUCED FRACTIONS. 


3.7, D = 105 = 


Qo = 105, D= 105 


Q mod, 7, and the chain 


0 mod. Q, 


0 mod. 105. 



























ha \. ARWIN 


The first part of the theorem is obvious. For each chain (2) must run into 
a periodically closed chain: and by Theorem 7 we get a solution of (1) when, 
and only when. the chain is the principal chain. viz.. when it contains the 


denominator Qs 1. The second part we can prove as follows, We start 
from the pair of given relations 
M* — DN? = A, MW?— DN: = A. 


where W,. V) and W.. N. are relatively prime, and both solutions belong to 


the same congruence-root a". With a L as Awe form 
(1) 1 
1 ) ; Ip l 
= vi | = | -T , ke. 
A A () + | dD 
A, 
From (10) $1 we get 
‘ 
(Ay, —a2,"— Dz, le A. 
and therefore. with JV, 2. dy ridy,— >), the congruence 
(3) MM, = + «ey Ny mod..l. and also J + ee Ve mod, A, 
Forming the ratio 
Mi+NV D (M+ NIE DWE NL OD) 
>a (4 M+ NI dD A 
) 
M, WM. + DN, N, MeN, + iM, Ns 
ameer eee jem cats Btyl Dd, 















we find by (3) 


(3) iM = ta, X.X. MM. ~ DN, Nz mod. A, 
and also 


AM. hf + M, NV. mod, «A, 





whence 8+y7l D must be a unit. and Theorem & is proved. As a corollary 
we have the solution of 


(6) age+ 2Phary +s y* — A 


in integers « and y, Gauss’s well-known theorem. We form 





(7) (ar+hy)?— Dy? =—aa 
with any solution 
(8) MS — DN: ad 


Mae. 
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P (v) Tt ° 
belonging to some congruence-root 7 == @1, @’ (1 = 1-++y-++) being the roots 


of 2° DmodaaA. Thus we have «:” D, bh? = D mod.a and at least for 
some one of @" the congruence must hold, say «@;”, «ey — b mod.a. By (3) 
we get then either My -4-b.N, — 0 or My, — bN,=Omod.a. With y= + VY 


we must therefore always obtain « in aa + b.N, = JM, as an integer, whence 
we must seek all solutions of (6) by forming the chains (2) starting from all 
congruence-routs «@}) (/ 1.2---+c)mod.aA such that 

wl t bhmod, a. 


lt 1 is a negative integer the chain terminates 
yy iy? 
«j-,--D A;—2 Aj-1. «| —D= Aj-1 Aj, 


where Aj; D—1 and A, — D by the properties of the closed chains of 
positively reduced traetions, given in the preceding paragraphs. As can be 
seen from (2), all A, in the chain may also be expressed in the principal 
form (1), and the integers .. and y may be caleulated by the continued fraction 
formed. But. conversely, since the solution 


(9) Mi—DN; A 

is given, 

(y") MS —-DN, A, 

may easily be computed. For, since «)'? DD = AA, and since J, + N, 
ec. Ma” tN, + V, D mod. A, the ratio of 


M, + NN, a! 


(+P Dp) Fa - NED) y, = MD ayy 


will at onee give us MW. and Vy as integers in (9). 
Ky ample, 
ba ® — 20ry +117? 94, (Gr — 1L0y)? — 34° 6.99, 


' 


We have mod. 594 the four roots + 230, + 122 and have 230 — 10 mod. 
and also 122 - — 10mod.6. Hence 


230° — 34 594.89, 37° — 34 — 89.15, 8° — 34 15.2, 6° — 34 2.1, 


and, from 














56 A. ARWIN. 


6+) 34 6—Id 34 I 


37 -+ 1 34 , we v3 re | 
~— , 
x4 SY 23041 34 
HY4 
we caleulate 
l | ] 2s 
1? : Seecr: 
= 5 3 > 
having 
(G2 6.53)? 54.53? 544. 
Taking y — 53 we tind » 140 trom equation 6. 10.5.5 310, but 
in view of 35% — 34.6% 1 we deduce the simpler solution « 29> 3. 
Proceeding from the root 122 we torm the chain 
122" — 34 594.25. 2x* 34 25.40, 327 34 30.33. 


leading to 
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and have 
21 
16’ 
giving the solution 
34 (21 16)® — 16° 594, 


Since y= 5 and 6. — 10.5 == 16, we have « = 11 as a solution of 


64° — 20.44 + 11 y” = — YY 
giving a check. 


§ 4. 
This paragraph will be devoted to the continued fractions, which appear in 
the principal chain Q, 1. The main results may be summarized in the 
following theorem. 


THEOREM 2. In the | id cnedpal chain having the period Z 2» the middle 


lh hier nt iS (IS wsnal chara ti rized hy 


(1) D 0) mod, Q, 2' 


and thi fi te lion Wy , i aids lo d solution «@), B: of the equation 


i’ *» 


(?) 


if ath iD a a Thi dé the solution (Co, Bs of PTs equation is quent hy wets of 


‘ queation 


, l 
(23) »+ Bl D = zs (ce, b w+ Bb ow, 


In the CUIN¢ Zz 2)’ t l the middh el ment piutst he of the second category and 


is always characterized by 
(4) D=— [(D+1) 2~—[V—1) 


Being given «, and B,, we find first. in virtue ot 


| (ty -} BV D | ity - -B.V D | 2 (ws +1). 


Vit pV D—! «—BsV D = V 2(e—1). 
that 


(6 ; 
°) 2I (ty 4 BV D = § ? («ey 4 1)-+] 2 (a,—1). 
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When « is odd we must get | 2(@.+-1)=2e, Jon, b 2(@—1) = 28,4 + 


giving a solution of we, vB: 1, and when «, is even a solution of 
“wa — rp. 2, And now from (6) we immediately obtain (3). We shall treat 
as particularly interesting the casey Dv 1. «, and 8, leading to 
a solution of @?-- DB? -— —1. But the solution that we must take from 
the chain must be that of (8,)F--— De 1), whence Q, /), and about this 
element a formation (16') groups itself for oy D3 1. With DP all 
D ue O(n = 1ee+7) must also be denominators of reduced tractions 
belonging to the chain, whenee we have the- corollary: The equation 
Pro Lij* —1 Ieing soluble, D itself may be expressed in the form 
« — BP— Dy and the ninber nv of such essentially different crpressions equals 


the largest no aiven by D n>, Conversely, «, and B: being @iven so that 


Ts DB ] we compute 


1) | 1D) (DBZ, a, D) 


dD 13 (t, 3-4 | DD (¢, B, ). 


and (JB “Die, — By D1, whieh is easily veritied. Having also 


DB, — De; DP. and because of the well-known relations’ 

‘ ~ A- fe ~Ye - 8- a a 

and the formula (10) of $1 for Q, Ree Nes 0 ee ee) ee Q- and 
D8; le B:) “ (DB, (t)) Fry we can directly caleulate os and Yu. 
solving Dy. D— 2? and getting, since B, 2. 

(8) DB, 2(DB,—-«,) es (, 2 Ne B,) Wo. 


ln the same way the following «; and 4 belonging to the denominators D—— 7 
may be sueeessively computed, which is rather convenient as the continued 
fractions themselves have often a very long period /: It Wats however be 
observed that the part of the continued fraction with B. 2 may easily be 
reduced, since | 





| 
(9) eaten : 
2 2 2 y+ i 


© Perron, 0.: loc. cit. p. db. 
+ This shows that these two solutions are formed from two successive fractions Yr_, Ze 
Yr/2_ in the same part of the reduced chain, which can be proved something like Theorem 13, 


Perron, loc. cit. po. 
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by a simple induction. In the case of the odd period 7 = 2v+ 1 we must 
have DP — PP ,—Q).,. In view of (6), and as (2) must not be satistied since 
that would lead to Q, as denominator of a fraction of the first category, the 
only possibility left will be 


(10) «a —D8; — 2, 


As Q, 2, a negative number, does not appear in the chain. we have to 


look tor the Q, actually found in the chain. From (6) we conclude « to be 
even in order to give (10), and thus J) is odd and hence also «,. 8;. Thus 


i—D —»% J) 3 mod.4. whenee (J)—1) 2 is odd. Further the ratio ot 
be bef —~ (J) — 1) and, since 
i, +B b DA+I1E YD) DB, + «, «, + B, 
(11) = +1 Dp 
3 2 2 
a*— Ds ? will leave the equation 


| wd. “, ) ; D| (¢; = B, q D—1 ; 


2 » 


\ - = 


(22) 


Supposing (J) —1) 2 and («, -+ B,) to have any common factor m, we should 
find trom DY | mod.(/)-—1) 24) — By = —2, 2 — 0 mod.m. which for m 


1 


odd is impossible. On account of the congruence 


DB, + «, D+1 «,-+- ZB, D—-t1 
= ~ z “e.—-—, 


- —- = 


we get, by (12), [= 1) 27 Dmod.(2 —1) 2. whence this solution (12) 
must belong to the congruence-root + (J)-+- 1) 2.) Thus the reduced traction 


D+1 
Ip 
H ' must appear in the principal chain and its middle element 
2 
must therefore be formed from J) — [G+ 1) 2]/?—[(2—1) 2]. as is required 
by the statement in Theorem 9 Further the formation (17) for 4 Dov l 


will reach as far as J) — (2 -+- 1)? >> 0. Conversely, having by the continued 
fraction a solution «@; — DB; (J) 1) 2, it will be a simple matter to find 


a solution of «*—— Dy* -2, As «,. By must belong to the root +()--1)/2. 
we get 
D-+1 D—t1 
“, t — mod, : 
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hence either «,+ 8, 0 or «,-- B, — Omod.(/)-——1) 2. Let us assume the 
latter case and therefore also «, - 28,  Omod.(J)— 1) 2. We may then 
form the ratio 


a+i1b D)(«e,—t DBZ,) ey DB, Ly “=f, 
» . ) 
(lo) 
as p—} pi p—| 
) ~») » 
and we have in this way gained a solution of «* — Dy? 2. 


kavample. dD 51. 


s+ 51 16— s—I 51 16 l 
l I x-+ 51 
1 
In-+- J 51 ,  24—b 51 ’ 
21 F 21 : 24-- 0 51 
2 
x-+ | 51 >  %6—? ot ' 
13 4 133 ~ Ist DI 
21 
24--F 51 > 26—b 51 ’ ‘ 
2 ‘ 25 "96451 
25 
Period 2y — | 7. We verity in fact (61 — %.4)% — 51.4* 25, and by (13) 
4.51 — 20 = 7.25, 4 — 29 1.25 leading to the solution of 77—51.1* 2. 


N 5. 

In this paragraph we must demonstrate the connection between the chains 
of the positively and negatively reduced tractions, in order to show their 
relations to Gauss’s classical theory of quadratic forms. We shall first prove 
this theorem. 

THEOREM 1.0 From a periodically closed chain of posttres fiyprr hous always 
possibl ty puss over directly to a cham of negative typ. 

In all periodic chains, as we have seen, there exist Q. with -P, — «, 
mod. Q. and «. —~ D<—0. Putting (P,+-b DQ. witb D «,)/Q,, we 
see that, either pw. or possibly v.-- a. being the greatest integer in (P, 

1} 1) Q.. there results 


Vv. a 


Q: ' Q; 
| dD —— fa. -+ to “.)Q_| > Y, 


P+ 1p V D- Ju. (v, - ",)Q-| 





se he aif ell pS oh a iat 


Pe eee 





et ae ae ee ee 
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since the fraction must be added. In all cases there exists an equality 


P,+1 D V D—P,., . 1 
Q. Vet Q. = Yet VD+P..,” 
Q- ] 
with PL, > Oand0—(b D—P,,) Q, <1. We can also assume the element 
(P.+1 D)/Q, to be chosen so that in P2— D — Q,_,Q-; we still have Q,_, 
-Q,. Combining this with ) — P:., — Q:Q-., we have 





Pr— Pry = (P_e— Pe.) (Pe Pe.) = Qp(Qe_1 + Or. 1) = Q- 






MB Pet Peis Q-, then P,—P,., > Q;. Which is impossible. Theretore we 
must have P,-+P,.,> 2Q, and vy, > 2 and thus( D+ P,. ,)/Q,= »-—(P, 


‘ 







b 1) Q. -1,whence( bh 2+ P,. ,)/Q_-must bea negatively reduced fraction. 
Concluding further, in the same way as for positively reduced fractions, 
that they must all exist within the periodic chains, our Theorem 1 is proved. 







As a corollary we ret : In all yp riodic chains of positive fype thi re Ca ist elements 
Q.-.2) PD, as can be seen trom O<— (1 D--P, 1 Qe< I, ( b p+ P,..VQe- 
‘I. giving Q.< 1) D+ PL, <2) D. 
THEOREM 2. The complementary cham of a positively reduced fraction is al- 








ways connected with the complementary chain of the negatively reduced fraction. 
We have (P,,4 1 Dp) Q, age ee —-l Di Q,, (P,+1 D) Q, Vy 
(tp 1) Qy. (lb DA ry) Qp é, Lil Dp -r,.,) Q, and thus Poy 
t- P= 0, Pot r, ==, 1, r:+r,  Omod.Q,, whence P,.,+-1%,., 0 


mod.Q,, and the theorem is proved. 
Two fractions », and », between which the relation 









«“o,+-B 


Your 0 





i 


x 






exists are said, to be properly equivalent when «0 — By = + 1 and improperly 
equivalent when «6 — py — 1. 
THEOREM 3.) The same definition of the negatively reduced fractions w valid 


also for Gauss's reduced forms. This each Jorm que Ss rise to aie dee d fraction . 








and each form can also be represented hy a single fraction. 

By O-<(V D P,,) Q,° c1.(b D+ P,) Q,> 1 it follows that | D— P, 
<Q,<t D+ P,,0<P,< | DP, and in this same way Gauss has detined the 
two reduced forms (Q,, Py» as Q, 1) and (— Q, Pi» 2, 1) Now let (— Q,: P,,. 








* Gauss, (.F.; Untersuchungen iiber Héhere Mathematik (Deutsch v. Maser, H.), 1889, p. 12. 
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Q,, ,) be represented by the reduced fraction (bo) P,) Q,, Then we 
have realized a one-to-one correspondence between forms and fractions. Tt may 
be observed that proceeding from these fractions we can always form chains 
leading only to substitutions of proper equivalence (determinant +1), as follows 


v-—) 105 , 2 -b 105 ™" | 
{) ee ics yi 105 
4 
7+1 105 _ 7—I 105 =: | ; 
14 14 7 1 10d . 
4 
9-1 105 4 7-105 | 
4 4 7--1 105 
14 
i+ 105 P W-} 105 ‘ | | 
4 t 9+ 1 105 ; 
if) : 


Following up the parallel between Gauss’s theory and this theory of periodic 
chains, we shall find that Gatss’s method of forming adjacent) forms* Is 
exactly the same as our method of forming a chain, whieh the reader will 
have uo ditticulty in seeing from a numerical example, say 7) 79.7 Thus, 
since these reduced fractions with negative denominator ean always be 
brought over into reduced chains of positive type, we have achieved the 
fundamental. 


THEOREM 4. The nunihe of (iss s TASSUS rH s thie number of positive ly 





3 
pervodic chams, 

Further we shall prove this important theorem. 

THEOREM 5, I} the fundamental unity has a negative norm (.Viy) 1), ; 
al] pei wodically closed chains of negative type will have an odd pe woul, tiat, of 
Nin) 1. all periods will he even. | 

Proceeding from the negatively reduced fraetion (1 D+ P,) Q, and 

. 


forming the chain as above, this chain will be elosed with (1) D— P)Q, in 


all chains of even period but with (1 -- P,) Q, in the case of an odd 


period. In this latter case we take hy Theorem 7§ | a solution of wr? Di? 
~(2°)° (¢ = 0 or 1). Thus we have either (7) 1 or «® — DB 

4, N(qj) =-> 1, which is impossible. For we find 2° — [(@-+- Bb D) 2] 

[(« — B)/ 2+ B00 D+1)28 = m+n Din, vn integers) from D— 5 

* Gauss. ©. F., loc. cit., p. 118. 

7 Gauss. C.F., loc. cit., p. 159. 
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mod. 8. Hence (2°) = — 1 contrary to V(y)=-+1. Thus, with only 
one of the periods odd there must result V(y) —1. But then all forms 


( - a,b,c) and (a,h,—-«) are properly equivalent* and hence also the two 
reduced fractions (P, -b Dp) Q, and +8 D) — Q,, whence they stay 
in a reduced chain of odd period. Thus for V(y) 1 all closed chains 
have necessarily an odd period and for V(y) -~ 1 they have an even period. 
Hence we get the corollary: Jf NQj) = -+ 1, the number of positively reduced 
chaims is twice that of the negatively reduced chain, but if Ny) = — 1 these 
numbers are equal, 

THEOREM 6. Ambiguous classes of for msy correspond to symmetrically closed 
chains with elements (VDA P/Q, 


” 


of the first category 
dD Omod, Q, 2'. 


This follows immediately from Gauss’s definition of ambiguous forms and 
from (5)$ 1, it being observed that for ) > 0 every ambiguous class of forms 
certainly contains two ambiguous forms. But given the form (Q,, P,, — Q,_,) 
with Q, Q,, there exists a corresponding symmetrical chain Without any 
element of the first category and therefore only of the second if V(y) = — 1. 

Example. D = 34, 34 = 3° + 5%. 


VY 34+3 14 | 34—2 mt | 
i) a ' V34+4+2 

6 

1} 34+5  , b34—4 ms 1 
3 3 "" V3a+4 

6 

1 34-+2 4 ) 34-4 I 
6 V34-+4 

3 

1 34+4 ' | 34—2 4 | 
D 6 | 34+2 

4 

1344-3 | 34—5 a; | 
} } l 34-5 

34+2 14 l 34—3 4 I 
h 5 lV 34--3 

) 


* Sommer, J.: Vorlesungen tiber Zahlentheorie, p. 203. 


+ Gauss, ©. F., loc. eit., p. 125. 
' Gauss, C. F., loc. cit., p. 215 and art. 194. 
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Then we remark that svmmetric chains of positive type must alWays pass 
over into svymmetrie chains of negative type. But for Vy) + 1 there 
exists a symmetrical negative chain having two elements of the second cate- 
gory and to this chain there cannot correspond any symmetric positive chain, 
since the two derived forms are improperly but never properly equivalent. 

Example. D = 34. 


i+ 34 44 | 3 D .; | 
3 34+ 5 

3 

2+) 34 | 1o—-b 34 | 
I P 11 ~ 1O+U 34 

i) 

7+ 34 ' 8} 34 : 
3 R44 3d 

10) 

lo+b 34, x -I 34 r 
6 : T ' #34 

.) 

x-+I 34 EE ine, ae 
10 : M0) IZ+1 34 

1 

X-+1 34 7-—-U 34 e 
4 ” Ph Re 


By Theorem 4 it must be possible to establish a one-to-one correspondence 
between positively reduced fractions appertaining to bo 2) and quadratic 
forms (Q,. —P,. Q, ,) of determinant 22.) This is accomplished by choosing 
as correspondents (P,,-- 1} 1) Q, andiQ,. — P,. Q,, Sut the detinition 
of a reduced form will now be distinet from that of Gauss. the form (Q,, P 
Q, ;) being reduced for values Q,, P, trom P,~ 1 D-.Q,-P,+0 D, 
VY D<P,<D. 
Thus for example we see from 


-15+4 105 i) b 105 l 
: 0) - () 
” ? lb) 105 
24 
that the substitution of determinant + 1... Ov’ --1y'. y la’ + Oy’, 


transforms 52° +- 30x24 + 247? into the reduced form 24.0 — 302" y'+ 5y 
and from 





Re ree 
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ld + V 105 oar ee | 105 — dD a 7 l 
? 2 V 105+-5 
16 
5 F105 , — Lt 105 ave 
16 1 11+ 105” 
I 
that the substitution of proper equivalence «= — da° + 4y', y = La’ —1y/ 


transforms — 52? — 30.ry ~~ 244 into the reduced form a’? — 22a'y'+ 164%. 
In this connection we may also point out the disadvantage that in this new 
definition of reduced forms ambiguous classes can exist without reduced 
ambiguous forms. as we see from 8) $2. But a theory of quadratic forms, 
based on these reduced forms, may be established, which will retain at least 
the principal features of Gauss’s theory, as may be seen from what has been 
developed in this paragraph. 

Having established a one-to-one correspondence between certain fractions of 
the domain A (CE 7) and quadratic forms of the determinant D, we shall be 
able to compound fractions analogously to the well-known Gaussian com- 
position of forms. This is readily done. Hence we may speak of species of 
compositions of chains analogously to that of form classes, On the researches 
of Gauss* we base the following: Let (a, h.¢) and (a. h',¢) be two quadratic 
forms with the same D: a, 2. ¢ having the greatest common faetor m and «’, 
2h.’ the greatest common factor a’, and let m, im’ be relatively prime, then 
the two forms may be compounded into the third form (4, B, ©), 


, 
aa 


(/* 
/ being the greatest eommon factor of aoa’, b—- 4° and 


tb aly’ a’ B ah bank hh’ 2D 
— B mod. A. 


d jd? d d’ d d 


It may be observed that the third congruence follows from the preceding two: 
for assume as given > ~~ Dmod.a, b’-- Dmod.«' and try te determine «* — D 
mod.aa d, then we obtain from y= bmod.a, y= hb’ moda d, v2 D 
mod.aa d the following congruences, (y-— bh) (y—b') = y+ bb’ — yb +h’) 
Omod.d A, (2+ bb’ yd (D+hbh')d y(b +b’) mod. A, that is, for 
y  Bmod.A just the Gaussian formulas, and they must determine B since 
wd, ad, (b+ b'\/d have no common factor}. If already (b+ b’)/d and A are 
* Gauss, C. F.,: loe. eit. p. 249 and 251. 
j; Bachmann, L.: Grundlehren der Neueren Zahlentheorie, 1907, p. 249. 
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relatively prime, B will be directly obtained by the last congruence. Thus 
we have settled a close connection between the Gaussian classes of quadratic 
forms and the positively closed chains: and there also exist a very close 
connection between the negatively closed chains and the ideal classes. I shall 


ina future paper prove the following general theorem: // 2) 2. 3 mod.4 | j 


} 4] 


the noumbe of deal classes equals that of the negative ly closed chains. 

For D 1 mod.4 we have two types of fractions, as of quadratie forms, 
a well-known fact, one tvpe characterized by odd as well as even denominators, 
the other by only even denominators. Hence: Jf D Lmod.4 the woomber 
of ideal classes eqiils that of the negatively closed chains of the second type. 
If D —-Amods or DD Dimed.§ with oD? 


th prreniadye i of Ais close | ‘ dias ofe thie) fi) tds thie Sale, hat this WS 210 longe i fivie 


b soluble in integers ry, 





if DD jmodr, «*- - Dy? f+ 4. We verity in tact for 105 1 mod.& 
four negatively reduced fractions, sinee Noy) . 41 +40 105, and ‘ 
two echais of either type, whence the number of ideal classes will be 2. with 7. 
: { 

the more extensive equivalence, otherwise 4. 

\ 6. 
In this paragraph we shall briethy deal with ehains formed in the ease ot 

negative J) and shall demonstrate their connection with quadratie torms. , 
. (3 
Let usiform the ehain 
| 


(Vy) 3! Fr. 1) G...@. P? .+D O.0..,, &é. 


| . . 
or the tormation of fractions 


P,-ib D P,..—-il D | 


Where P, is always the absolutely least remainder of P, mod.Q, and there- 
fore P.., <Q, 2. For Q. + D we have 
Pe. +D G.@... ,< (@/27 +2, =< @, 


4 


Which is true with Q. -4/5, and hence for all Q.-+2 and generally Q.-> Q- 

This process is to be continued till the absolutely least remainder of P,, 
mod.Q, , is P,., itself. Then we have either Q, -Q, and we shall illustrate 
below how we may bring this “reduced link” into connection with Gauss’s 


reduced forms (+ Q,.,.P, ,. + Q,). or we have Q, — Q 


” 
‘ 


, and 


\ 2) P, ] r dD QV, QU, i? Pr, ” D V, ] e. 
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with P,,., —-P, ,Q,..— Q,, and from the latter link we take the reduced 
forms (+ Q, » P, » +Q,.,) For we get in both cases (Q,.;. ,/2)°+ D 
Pp i 1 i) V, 1%, ‘a l >Q,, i 1? Yd, i . : | 4D 3, P, :é4 1 < p i 1 2, 


Q, ,,~ Q,., Vor), which are Gauss’s conditions of a reduced form.* 


‘rom the reduced link we form 


(3) Po w+ D= 6Q,.,4+1P,,,1IP + D= &.1% 
Q, (s°Q, iT 2s P, 1 T Q,,). 


with s) © Fors >> 0 we have 


2isQ, 1 i P 1 << s°Q, ] T 28 P,, | r Q,,. 


fi ! 
j i 


Q=— (sx -1)7Q, it Yis—]) r. 1 + Q,— Q, I: 


since Q, -- Q, ,, and henee P,, , is the absolutely least remainder mod. Q, 

Then according to the rule of chain formation the next link must be formed 

as in (2), and after this we get once more the known reduced link. For s = 
’ we tind by 


=< fe! 1) [ts 1)Q, ; > P, , | : Q, — 2, - 


that P,, . is still the absolutely least remainder mod.Q,... It remains there- 

fore to test whether in (3) any reduced link may be constructed, For s > 0 

this is obviously impossible, but for s ~s' we hav eto satisfy s’Q,., — Py; 
Q,,.,; 2. Which is realized only for s’ 1, |P,., Q,,., 2. From 

DVL P OC.» 

2)’+ D = Q.1Q» 


(Q,:,/2) + D Q,Qn.1: 
or 
Q,./2+¢1 D Q,.,/2—iV D , | 
Qos 1 Qns1 Q,./2+i) D 
2, 
Q,,,/2-+iV D Q,.,/2—iVD ; 
o— : 0 


’ 


we have the well-known facet that the substitution of determinant -- 1... -— 
—y', y =~ y', transforms the ambiguous form (Q,.,. + Qp+1/2, Qp) into 


* Gauss, U. F.: loe. cit., p. 136. 
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(Qp-1- —Q, 1 2. Q,). Having Q,, , Q, in (2), we readily find the proper 


equivalence of the forms (Qp. + Poy Q,,). (Q,, -P, 1» Q)), and hence the 
problem of the equivalence of forms with negative J) is solved entirely as 
Gauss* has already solved it. Thus tor negative D also, we can settle the 
problem ot equivalence almost as before in the case of positive QP. by the 
formation of chains like (1’) and (17), and then we can also determine the 
number of the classes of forms. 

Evample. From 


20° — 5 16.2%, +5 i, +S 2.3, 1°+5 be 
or 
20+ /1 5 7-—ib 5 1 
- = 1-- — - 
a | -| ‘ | o 
~) 
= 7 / | 4. ] ( | D l 
i. 4 = + = 
- - ] ? id ) 
i) 
1 /b 5 1 ob 5 | 
: () : () 
) ’ ] ‘| 5 
») 
we find the substitution of determinant + 1, 4 la 3y'.y la'--4y. 
transforms (27.77 40.047—157*) into the ambiguous form (24% -2a'y'-+3y*). 
Lastly. we can give the solution of an indeterminate equation 


r- Di* | 


in integers « and y, based on the preceding theorem in $3 with some slight 
modifications, in addition to solving the more general problem of expressing 


a given integer 1 in the form (a, hb. «). 


* Gauss, |. F.: loe. cit. p. 138. 


LUND, SWEDEN. 
October, 1971. 
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ON CERTAIN LINEAR DIFFERENTIAL EQUATIONS 
OF THE SECOND ORDER. 


By F. H. MURRAY. 
Differential equations of the second order and of the form 


Ler 2 
de arr weflar, te) 
have been studied by Poinearé,* Bohl. and others. 

It is the purpose of this paper to generalize certain of the results obtained 
by Bohl for linear equations of the seeond order; at the same time a simplified 
treatment is made possible by methods of successive approximation. Among 
other results an analytic expression for the general integral is obtained, from 
Which the characteristic properties of the integral curves can be immediately 
deduced. 

While some of the results of $$ 1 and 2 are known.? these have been given 
because of their importance for later developments.$ 

1. In the differential equation 

Pa 


(]) icc (fur 0 
FA i 4 ’ 


suppose ¢ (7) continuous, and positive or zero in the interval O << #< 7. There 
will be no loss of generality in restricting the analytical developments which 
follow to the upper right-hand quadrant of the Gr. f) plane. since the trans- 
formations .’ tz £ + ¢ leave (1) unchanged or replace this equation 
by another of the same form. 

In the interval 7: 0< ¢< T suppose 


(?) 0 < gif) re . 


* Les Nouvelles Méthodes de la Mécanique Céleste, tome I, p. 311. 

+ Bulletin de la Société Mathématique de France, tome 38 (1910); see also Crelle’s Journal, 
sand 131. 

} See Wiman, Arkiv for Mat., Astr. och Fysik, vol. 12, Nr. 14 (1917). 

S$ In what follows it will be understood that discontinuous solutions are excluded trom 
consideration. 


6Y 
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Instead of (1). consider the equation 


he / 
= wg tthe 
fo 


and assume a development of the form 


Suppose (0) == a. (0) == fh tor all values of a. 


Substituting the formal development in equation (3), we obtain the eqtyitions 
and boundary conditions 


(Fa, Te. 
— == (}, Pes “a, / Hitt (), 
4 (lt? 
(+) 
i” Bn ' . 
- yh, +. iP (), l it 7 (), ey ee 
at . 
Consequently 
eres T 
(2) a 
Mn tate, ladle, tn" Lee, eh 
Suppose A in the interval /. 
Then 
: : 
ny App Bdud:z AB >? 


and in general 


Pn)! 
Consequently 
re € 
, ’ 
{ty} J Be Pe <A A (a Byr ; ae (ary sf) 
} j 
m=! it w fl). 


It is seen immediately that for any value of ~. the series on the left of (6) 

can be differentiated twice term by term, and the convergence of the ditferen- 

tiated series is uniform with respect to /. in the interval 0< 4 < 7 
Consequently the tunetion 


<< 
N\ i 


n--0 


satisfies equation (3): taking wa 1 we obtain the solution of (1). 


PME Pn. NTO 








pe emwe 


VNR (Re ee 
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From (2), (5) it follows that so long as a+ bf> 0, the funetions «7, (7). 
vy(f)oore are positive or zero: consequently so long as .(f) > O, on the 
interval 7 we shall have 

wlt) >at he. 


Consider a second equation 
—— (f)u Q, 
y(t) > q(t), U<tS é ig 


Suppose .(f) a solution of (7) satisfying the same initial conditions, and form 
the corresponding functions 


7? ag hf 


(Ss) 


tz 
Mn Vai Gow, (mi dude, (n = 1.2. °+***) 
oe 


Since for all points of the interval ¢,00 > @ Qo. we shall obtain 
(9) ay P ag * lee ae ge 


since If vy 1 on. We obtain irom (8) 7, > 2,: applying the method ot 
induction we obtain the inequalities (9) for all values of # under the 
hypothesis a+ bf - 0, 

From the equations 


it follows immediately that. so long as a -} //—- 0, on the interval O-< 4 < 7, 
we shall have w (1) >), 

Another result to be obtained from the form of the expressions (5) is that 
since vy is linear in a, >, the same is true of 7, (2 1, 2, 3, ----), and 


x = aX, +6&,. 


where YX, (4), Yo(/) are positive or zero in the interval 7. These are the 
prinespal functions tor the value / — 0, sinee X, is obtained by taking « = 1, 
bh — 0; Ny by taking a = 0. b = 1. 

We are now in a position to prove omit period. 
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THEOREM fr, Assi Y (?), y, (1) CONTAMMOMUS functions of t satisfying th 


conditions 
yg (> yl, O< ts 7, 


ned SU ppPlose Rt (ft), BY (ft) salutions of th equations and houndary conditions 


a ; ; 
~ -g (fa i). / a, J hit? (), 
| ‘ta 
(ae) ° 
ie f 0) 1 it ¢ () 
eee CE Pg q / it, ! i] i 
d og ihe 


sie which “ut >0Q: then, i} rth oe wm an mtercal () / f, 7. ] ae a the 
Nilaaie interval, 


For from equations (@) and the condition (0) (0), 
(10) v(t) rth) ty / ry dt party qi dt, 


Since « +0 the right-hand member is positive in a certain interval tot 
whieh » + + + 0, as was shown above: hence ina certain interval for whieh 


do., 
eo Sa oe. Tis rie, But / can Vanish a first time at / t,. 
only if for some preceding value / << /,, the derivative yp r) Vanishes. 


This is impossible trom (10), hence the theorem. 
With the aid of the principal solutions we obtain easily 
THEOREM i I} g(t) as COMPLLMOUS, and postties aT cro on Ahi interval 


< 4 he , 
() ~ f a 7. fhrew if J ft). , fy (tie hing olution if th di flere ntial eqation 


Ps ; 
more 


which sdtisty sncteal conditions of the form 


r(Q)) “t, 1 (QO) a> a, 


VQ) lh. / 1) /, I. 


Wwe shall have w> a on the mntevral WZtEK 7. 
For in terms of the principal funetions 
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Since 
X, > 0, XX, > 0, O<t<T, 


the theorem follows. 
2. In the theorems above only finite intervals are considered. but the 


extension to infinite intervals is immediate: if @,, y satisty the condition 
Pin>gh>o 


for all finite values of f. the conclusions of Theorems 1,2 are valid if 7’ has 
an arbitrary positive value. 
For certain applications to be made it will be convenient to have 
THEOREM 3. Lf g(t) 7s continuous, and positive or zero for all finite values 
of t without vanishing cdentically, then the only solution of the differential 


equation 
dq, 


TD -g(t)2 = 0 


which os hounded for all values of tis the solution «x 0. 
For a value ¢ for which g(f) > O lies within a certain interval 0: f, <f< tf 
for which, if @ is properly chosen, 


(11) pit) >a, 


If w(t) is identically zero in 0, 7 must vanish for all values of ¢: excluding 
this hypothesis we can determine a sub-interval 0°: 4 </< # for which. if 8 
is properly chosen, 


(12) tar(t)> Bo U, 


Since «rand —.r are bounded or unbounded simultaneously we may choose 
the + sign in (12): with this choice 


git) >«@>0 
rt) > Boo hH<ot< ts. 


Suppose a’ (4})< 0: from the developments of the first paragraph it follows 
that, if /< ff, 
w(t) > a(t) + a’ (i) (t— &). 


Consequently « can have no upper bound, 













7 
— 


2 
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Suppose o (ff) > 0; integrating the ditferential equation we obtain: 


t 


rv’ (t5) r' (fy) fgidoat 
Z 


> «Bits th). 
Consequently #/(f5) must be positive. and since 
welt) > rth --+ wt) t) 


for all finite values of 4 > #2. 2 must take on values arbitrarily large in’ this 
case also; hence the theorem. 

In addition to the principal solutions we shall introduce another elass ot 
particular solutions by means of. 

THEOREM 4, I} Q(t) rs continous, and posite ov zere without canishiny 


side nhioally for all fiieste ralucs of r. thre eat da 5 fi) ss thd arbitray i] vl of snetial 


roles such that “ie } vy, there rast tite distinct solution Bie ca af thi equation 
d* P 
- gityo () 
df / 


Utesfyeny th conditions 


the discussion of the general case can be reduced to that in whieh. —> 0. 


i, = 0, f> 0: the transformed function g(/) will continne to satisfy the 
conditions assumed, 
Suppose 7 > 0, and determine (1) by the conditions 


r(Q) f, stn: == @& 


Since by definition the principal solutions satisty the relations 


X, (VU) 2 Xi(0) \), 
X, (0) = VU, X5(0) ; 


—_ 
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and 


As X: Z Xe XN _ c. 


(can be determined by putting / ~~ 0; hence ( i 
Since 
x = aX, +bX, 
aX, (0)-- b XS(0) L 


aX,(7T') 4-bNCT) (), 
a wane 
X,(T) 
“eo = Jan (X,(T) >0) 
. A(T) 


(‘onsider the function 


NX, (¢) 
Xz (ty 
= J i ee oe | 
(lo) 
dt x° b + 
t 
° dt 
(t)—2(t,) | 1 >0 
. 


Sinee Vy(0) = 0, X50) 1, it follows that, if f > 0, Ny(t) > 4. 
Consequently 


t 
al 
O< z(f) rt) 2 (>t, 
t, 
< l ] ] 
= f, f f, 
from which 
l 
(14) 2(1,)< 2(t) =< 2(t,)+ =~ i>t, >@, 


From (13), (14) it is seen that 7(/) is an increasing function of ¢ which 
remains less than a function of /,; consequently 2 approaches a limit as ¢ 
becomes infinite, 


lim 2(?) —A, 
: : t—2 
Since z< 0,4 > 0. 


Suppose 


Y= glX)—ANe = gl NX, +211) Xl. 
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lt ¢ O. consider the funetion or ‘for 7 it, 


FD = x (XO + 2( TV Ke. 


1tt< Too (OD <O: for if o'()) > 4< Te oe (T) >a). ~Henee for all 
values ot (<< 7. 


consequently 


When 7 becomes infinite. 2 approaches a tinite limit — 4: henee 


lima: (¢) = «|X, (01) —4 AL (DO). 
r 2. 
Since (i fi< or, for all tinite values of 7. 
lim (7) F(t) % 2. 
‘ee 
For negative values of /. 2 is positive and deereasing as f--— 2. Hence 
Wwe may write 
/. lim 2(f), A>, 
f > L 


A discussion similar to that already given shows that, for f<° 0, O0<— Vs. <a, 
The functions },(/), Y2(¢) satisty the conditions of the theorem if «2, > 0 
for it y, YL, the function V, would be bounded for all values of /, contrary 


to Theorem 3. The corresponding tunetions for, <0 are seen to be 


¢ In | te y al, le 4g | f y dh Xl. 

From these results it follows that there are three classes of integral curves 
through an arbitrary point not on the f-axis. Consider a point (ry, f)) in the 
upper half-plane, and an integral curve through this point with the tangent‘. 


If “<—As,, the function (ft) passes trom -- % to — oc when f passes 
from ——% to ~ #, If ~hay<ai <hr. passes from -+ «© to a certain 
minimum value, -0, and again becomes positively infinite when f passes 
from —% to +o, If ee hirg, wv passes from ~ ty -+ ~» when f passes 
Irom — @ to + @, 











ON CERTAIN LINEAR DIFFERENTIAL EQUATIONS. aa 


Since not all solutions remain bounded for ¢>0, any two such solutions 
must satisfy a relation Y, = CY; similarly for f< 4,, Ye CYs. 

The quantities 2,4 corresponding to a value ¢ = f, have been defined by 
means of the principal solutions X, (7), X,(?) corresponding to ¢-= f,; 


3 : xt) 

iG)= ta =. 

(15) ton Ael!) 

; : .. man 
A(t) = lim => 


arnacstt , A (f)' 


It is easily seen that if A(/,) — O, then p(t) ~ O for #>4,: if AU,) = 0, 
git) Ofor?<f,. Consequently 4-+- 4 > 0 if ¢(f) is not identically zero. 
Consider the funetions 


Y= ay[Xi—- 4 Xe], Y= 1ry(Xy+ 4X5). 


to 
|| 


For the value f= f,, 


yi ; Y ; 
(16) > A(ty), =— == A(f,), 
; Ys 
Corresponding to each point (/,..7,) of the curve «== ¥,(4) the solution 
of (1) whieh remains bounded for /--f,; must coincide with the solution 
/ ), (4): henee for every value /, > /,. we have the relations 
yy y; . 
k 4(t;), = A(ty). 
); yy 


Since /, is arbitrary. these relations may be written 


’ ; —_ 
- A(?), ome ES OTT 
£ Y, 
trom which 
~fiat fiat 
(17) y a " ir ) 2°" 


Since the functions };, ¥y are linearly independant. it follows that fH 
general solution of the differential equation (A) can be given the form 


t t 
tiat tiat 
(18) r Che ‘a +(Cy¢e' ’ 


mn which A(t), d (1) are positive or zero, 
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From (18) we deduce immediatels 

THEOREM D. | deere SSUVY aad sup fi ye ni condition that eile h) solution hounded 
for C= ty approach f limit different from zero (ts {—> OO Is that a constant G 


erist such that 


, 


(a) fiiwdt<@, 
ft 


similarly, A WECESSATY and suf fii went condition that each solution hounded fo 
Pe ty approach “ limit differs ne from Pera as / - Dis that a constant a" rast 
such that 


fia ar. 


For condition (a) ix a necessary and suttieient condition that 


t 
iat 


approach a limit different from zero as f-» *%, and anv solution bounded for 
+>, can be represented in the form 


Phe second part of the theorem ean be proved in a similar manner, 
Suppose that gy (f) satisties a condition of the form 


git)>a* >, 


Applying theorem 1 to the case Gf) e. > Wwe obtain (¢ (ft) > ff; (?)) 


Now SUPpOse uv (1) to be the ftunetion # (f) corresponding to f ta: sinee rit) 
is bounded, 


since - tis (ty), from (16), a < 4 (fy). 
i) 


If g(t) ~ B®, ¢ >1,, we obtain in a similar manner / (f,) < 8. 
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Hence if g(f) is a monotone increasing function for 4>f,, @(t,)—=V g(t.) —e, 
and 2(f,) > g(t.) —e; similarly if p(t) is a monotone decreasing function 
for (>t. P< pty) +e and 4(4,)< 1) @ (t.) +e, for t> fy. If p(t) ap- 
7— ex p(t)h<e+te, when ¢>4¢,, hence 
J } e®—e—4<—b «®+«, and 2 approaches @,. 


From Theorem | we obtain easily the following result: 


proaches a limit @* for t>o, « 


: 
Given the equations 
¥* (f 0 
a ae a= 
- at hi ’ 
% 
th ( 0 
Poll) a ; 
an 
"7 mnowhich P2 = J, > Q. Jet (4;. i, PB (do, hs) he the pairs of functions corresponding 
hy Yi. Fx vespe chine ly : then for all values of /, hs > hi hy > A,. 
For the solution of the second equation satisfying the conditions .r.(4,) — 7. 
f ro(ty) vt ean be written in the form 
t is 
Ay ar 2} Javat ho Sy > ry J asa 
‘9 ; : f se eee —— iw 
AS + hs As +. as 
if ry Ain. ry () 
j ; ; 
7 ie astae Saat jy—yr Shat 
: é = ‘ t, ad p% , 
" Ay + hs A$ 4- a3 
Since” (4) -» O. and 7; ~~ .7y, by Theorem 1. 2 must remain positive; since 
the second integral on the right can not remain bounded, 43 > 4). Similarly 
if ry hy Xa, 
‘ f 
is ag —ay -Jaat gytye Saat 
= 7 ee & . ~ ef 
\ Here again , must remain positive, and 43 > 4). Since fy) is an arbitrary 
I value of / the result stated follows. 


More definite results concerning the behavior of the solutions as / —- % ean 
he obtained if @ (1) satisties a condition of the form 


ce? #1) — ¢ (1) — et", >t, 


(a) D« ny ~ lile. 


* The function (7) is assumed to satisfy the first differential equation above, and 


rm(t) = ae. rae (to) i. 
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or 
(b) My <— Meg * 
For if m 4 2. the equation 
cy : 
’ = ra Mal 7h 
(C) Af 


ean be transformed into the equation” 


a” 
(d) y Pe 


dz N 4 2? 


by means of the substitutions 


(e) iL : i } $ 1, 


If condition (a) is satistied, 2 -- #. asf x 


Y Wo, {Zz} which approaches ZOTO as 2 


Giving the values iv,. my, we obtain the result that if (4,,4,). (Ag. dg). (A, 4) 
are the functions corresponding to equation (¢) and the equation (1) respectively, 


ty 


R(t) 


A wa > a... bn 2A >, 
Then if 
fiat Viat 
y= THe*%  , r= Ige Ys 
Y¥2Srly,, t> ly. 


* See Whittaker and Watson, Modern Analysis, Chap. XVI. 





_ and equation (d) has a solution 


Rh), ] 
4341/9 





here 
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from which 
Mia Za 2 [ mM, +2) 


Ct 1 pm 2 tt. vy 1 2 


to 


nhs Za ° f myo 


= 
. o <, (‘ft f pm? 1+ R, t < ; 


In case (b) 2 +O as f-+ %: the solutions of the transformed equation can 
be given in terms of the functions My p(z), Mo,- »(z) where 


' x 


1 : m : ] 
Mop (2)= 22° "114+ Dane?" |. 
eo=1 , 
From (e), 
Zz, 
’ (m 9 
y ( | l- pare Sides 
n 


Consequently in ease (b) the solutions of (¢) which remain bounded approach 
limits different from zero as fo, and the same must be true of the corre- 
sponding solutions of (1); for, as in case (a), we obtain inequalities y; S 7S ye, 
where y, (fy) Yo (ty) r(fihk Wy. Ys Satisfving equations of type (ce), and 
both yw, and y, approach positive limits as t+ oc. 

Results coneerning the manner in which solutions of (1) become infinite as 
f+ can be easily obtained from the comparison theorems above in cases (a) 
and (b), but these will not be developed here. 

Similar remarks apply to the function 4(4), for /— f. 

3. The results of the first two paragraphs can be extended to the more 
veneral equation 
d [ 


Po 7 
1 (ACA 4 -pi(thur — 0, 


(19) 

df? 

if A(f) is continuous and satisties a relation of the form 
Q-a< kh <b 


for all real, finite values of ¢. For this equation can be written 


d 


ly 
(19) i (¢) — E t nde, hkitho()a = 0. 
h dt ) a f 


Suppose 


t 


his sis ee 
” ia e kay 


0 
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The relation between « and fis one-to-one and continuous; if 


yg (a) = kithg@h), 
equation (19) can be given the torm 


A® 


y lade (), 
2 
div 


(20) 


Since this equation is of the type (1), the results already obtained can be 
applied. 

4. In this paragraph will be given a qualitative study of the solutions of the 
non-homogeneous equation 

dz 

(J) ve gifia weit) 
in Which ge are continuous tor all real, finite values of f, and satisfy con- 
ditions of the form 
(22) 0<= F< git) =<", Cp A, 


Mquation (21) ean be given the form 


te ; 
* "(aaa ify cc*)y — w(t), 
dt? Y 
It sir yt es then f ~ «? — BP — yz. Replace ft) by port 
” rhea - 
(25 7 "5 ee, mu f(t) afr ( #), 
nik .; 
Assume a development of the form 
(24) 1 lg Mu a 8 9 ot ae a. 
From (23 
/* Vy 
; i ae wef), 
lf 
22 
ti" 5, 
an t'» fily "” , ’ 
df? ' 


The general solution of the first equation can be obtained in the form 


| / / 
at a? F. 
in ( |, CM aN (a) dig f than Mi(av dari, 
Ze _ : 
t ‘a 














ON CERTAIN LINEAR DIFFERENTIAL EQUATIONS. 
Suppose «@) -O: a particular solution can be obtained by choosing ©, PD, 
es y, since the infinite integrals converge, 
1 | i : ] 
(26) Lo ctthe “Min(a) dig 4 p ath,au wa) dart, 
Sei i "oh , 


Krom (22) 


Similarly, we may choose 


t 





= — | * : ; ] 
4 (24) cy, = oetty waded if) be playdas 1 pal fre" fn) ay ylajdu % 
2a | ; ~~ J 
ej A 
It oo te Alidivctin then J ie = An ] Ay. Hence ‘ai < 9° 
i «a 
sh 
(28) | “ Ay (w= 1.2.5 
cn 4 
The series (24) is dominated by the series 
q 
l = / ,\2 my \" 7 
(2) A yy A a Pees f | roe | 
ce* | can a an} 
: 
and must therefore converge uniformly for all real values of f when «= 1, 
since y ~@*®, The function «(f) has the upper bound 
A l A 
a ' y rl 
a 
The differentiated series also converges uniformly. consequently the function 


r(f)is a particular solution of equation (21) which remains bounded for all 
real values of 4. There can be only one such solution, since the difference 
of two particular solutions satisfies the homogeneous equation 


dey 


aye —q(fr = V0, 


to which Theorem 3 can be applied. We have thus proved 
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THEOREM 6. fe (th Utd ane continuous aud satisfy conditions of the i ” 
0< Bx y(th< a*, Ur(t) 


ror all me al, finite f alin » of f, thi M thers iS one and only cee solution 
ditt ye ntial equation 

i ha , was 
° ogtif)a uy ( ), 
At y 
which remaips hounded fo) all real values of f. 

The method of successive approximation employed ies Ulan dieeiiiaiioetion ol 
Theorem 6 is convenient for later developments; but with the aid of the results 
of $2 it ean be shown that wader the conditions O< B= q(t), wih — A, 
this yt erists pust Onl solution of Ahi, equation 


d* 4 

——- a he w(t), 

dt? 

which PeMAINS hounded to all yeal rend nee e of f. 
For suppose 


Vat 
Then 


’ , Pa Aidt 
WY, YoY, (A~A) ot 


re G Je ee ee fo), 


Consequently 
Vaart Pat 


f ‘ 


Alt) +-A(f) A(t) HAA) 


If f,, fare arbitrary values of f, a solution of the non-homogeneous equation 
can be given the form 


-| t t, 


j | , (Ls — . t(- : r 
A(t.) +A(14,) J Z)U; (Pig (2) lz Jute) ya (2) de 


~f Be = of a 

] fu Jidu Jidu ty fAdus Phan 

. = | Wiz) ¢ t t det iis : ta ’ : 
A(ty) +-A(t,) UY, et J uni) ——" 
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From (a) and the corresponding equation with ¢ replaced by z. we obtain 


t 2 
t = fr du t fi dui 
* uri z)e * wf Wize ¢ 
| Mi: +{ 4 
i, 4(2)+A(2) ¢ 4( +4 


Since p> B’ >, it follows trom the results of § 2 that 4>2, 4>2. 
Consequently 


t 


4 (£—Ssau 4 P3du 
r< e? dz-Je é dz 
228 Y, t 
eee |? ma tit—t, pot 4) 
ea 
Hence the integrals defining .« converge if ¢, — x. ft +o, and 
; ao seo ot 
ry <. The funetion 
8, 
t Vha u x Via u 
; -alhizye . wiz) t 
f ’ | dz { de 
m A(2)+ A(2) e Alf)-+ alt) 


is one solution of the non-homogeneous equation which remains bounded, and 
by Theorem 3 there can be only one such solution. 

By means of the transformation of $3 these results can be extended to the 
equation 


rar dw] (f) w(t) 
lh ) ) a ’ ‘ 
dt al * 


(30) 


it (30) is written in the form 
d* / 


di® 


Dwar (a), 


Muy kityplt), Bu) — ki thu(t). 


In particular the series expansion of which the general term is given by (27) 
can be employed. 

From the form of (27) the sign of ..(4) is constant if w(4) + 0. For suppose 
W(t) > O without vanishing identically. Then from (26), 2y)< 0. Since /(f) is 
negative, «, has the sign of .,—1. henee w2,< 0, we<0,-----> > consequently 
“ <Q for all real values of ¢. Similarly if vu < 0. «> 0. 
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5. Differential equations of the type considered here are especially im- 
portant when the coefficients g. "are quasi-periodic” functions of 4. 

By definition /(/) is a uniformly continuous quasi-periodic function of # with 
the perigds @,. @s.+ ++ @» it. given «> 0, any ean be determined such that 


(t+ 1) —f(l) <é 


for all real values of f When ¢ satisties the conditions 


4y:-+h,, being integers. In the works of Bohl it is shown that a funetion 
satistving these conditions is necessarily bounded, 

It ix proposed to demonstrate the following 

THEOREM 7. Jf h(t), g(t), Ut) are uncformly contiitous quasr periude 


Divas tides of f wth thie periods Ul, cer ane sich that 


ae 


a ht EF) = a". ()- B* gy (th< «*, 


‘dt 
Siaiy ct--yg(f), 


qty) herny ‘f MeMifol wily CONTINMOUS (pit lsto pur / setkee Peunecton, th di there gt: ists pust 


one solution uf thi differs ntial equation 


d 
dt 


da 
AO, q ite 


which is hounded fui all veal values of f: thes solution is quasi periode with 


the periods (1, lanes 


It was shown by Bohl that gif) is quasi-periodic with the same periods 
a 


"wie 


Taking 


t 
[ df , , 
; ‘ — (ft 
J h(t) yt): 


D(z) k(t) y(t), Wiz) — kit) wit), 


‘i . . , es 
See Esclangon, Nouvelles Recherches sur les fonctions quasi-periodiques, Annales de 
| Observatoire de Bordeaux, XVI, (1917). 
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we obtain the differential equation 


/? 
adeu was 
(31) }22 (D(z). (Zz), 


It has already been seen that there exists just one bounded solution of this 


equation: a uniformly convergent series expansion of this solution can be 


obtained from (26), (27), replacing ¢ by It will be shown that each term 


of this series is quasi-periodic with the periods «, -- 
From (26) 


* (aye 


i. ey! WMojdu }. 2 MOUS (ag) dae}, 
4 t 
Substituting 


[ di 
. A 


~1 
») 


~ 


(J, 


4 
|. i Z Wioaydu pag, ew ‘|e Ag" Wylde, 
: t 


li vif) is quasi-periodic, ¢ “4 is quasi-periodic with the same periods: since 
the produet of two quasi-periodie functions is quasi-periodie, it’ will be 
sufficient to show that, if PO) is a uniformly continuous quasi-periodic 


Hinetion with the periods «@, +++ «,,, the same is true ot 


4 ‘ 
(it) fe cow 6) P(r) de. 
ln the integral, 


/ 


t Pts ) dy 5 
substitute 


}. wee ODP it wdu. 
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Jf 
fe aciy t [Pv - 9) Piw)| du 
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x 
[P(¢+-1) P(S)| Je acwe —O diy 
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| ae . 
IP(t+7) — Pl). 


eat 
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Hence if ¢ is so chosen that for all values of 4, P(/+ 1) — P(t) <e. then 


Qit+1r)— Qf) < 
ai 

It follows that Q(/) is a uniformly continuous quasi-periodic function with 
the same periods, and the same is true of 7, (7). An almost identical discussion 
shows that J.(f) is likewise quasi-periodic, 

Under the assumption that «,, .(/) and /(/) are uniformly continuous quasi- 
periodie functions with the given periods, (/(/) corresponding to /(f) in 
equation (27)). the same discussion shows that .7,(f) satisfies these conditions 
also. Henee by the principle of induction each term of the uniformly con- 


vergent series 


satisfies these conditions, from which it follows immediately that the funetion 
S(f) is a uniformly continuous quasi-periodic funetion with the periods 
@;°°° am. 

Making use of the fact that /-(/)°> 0, we obtain the result that the general 
solution of the eatin | 


d sis dia 
ate" as 


yifiu ur(f) 


cman he in 7] the form 
fed cS Adt 


S(t). 


i which Alf), A(t) “tne postive or (TC. need Nf) is quasi-periode wath thie 


perwds Gy ** “tm. 








SPHERICAL REPRESENTATION 
OF CONJUGATE SYSTEMS AND ASYMPTOTIC LINES.* 


By W. C. GRAUSTEIN. 


1. Introduction. A system of curves on the Gauss sphere represents, as 
is well known, a conjugate system of curves on each of infinitely many sur- 
faces, It is shown in this paper that, if the ratio of the radii of normal cur- 
vature in the conjugate directions is prescribed subject to a certain condition, 
one of the required surfaces is determined to within its homotheties (§ 2). 

Since the condition in enestion can be written in a form involving only the 
differences of the point and of the plane invariants of the conjugate system 
and an expression whose vanishing is the condition that the conjugate system 
be isothermal-conjugate, the general result is particularly adaptable to the 
important special cases of conjugate systems which have equal invariants of 
either kind or are isothermal-conjugate ($$ 3, 4). It is also readily applied 
to translation surfaces (§ 5). 

In the case of lines of curvature the condition can be put into a second 
equally striking form containing, besides the differences of the point and ot 
the plane invariants, merely an expression whose vanishing is the condition 
that the ratio of the principal radii of curvature is of the form U (a) Ve), 
the lines of curvature being parametric. Inasmuch as the lines of curvature, 
or their spherical representation, form an isothermal (orthogonal) system, 
according as the point invariants, or the plane invariants, are equal, the 
general result again leads immediately to important special theorems ($ 6). 

One family of a system of curves on the Gauss sphere represents one family 
of asymptotic lines on each of infinitely many surfaces having the preseribed 
spherical representation. In $7 it is proved that, if the second family ot 
asymptotic lines is prescribed subject to a certain condition, one of the sur- 
faces is determined to within its homotheties. Thus a generalization of Dini's 
Theorem? is obtained. Applications of it are made to ruled and minimal 
surtaces, 

The content of the paper is closely related to the theory of parallel maps 
and can, in fact, be used as the basis of a development of this theory. For, 
i parallel map ean be considered as a one-to-one point correspondence between 


* Presented to the American Mathematical Society, February 25, 1922. 
+ Cf. e. g., Eisenhart, Differential Geometry, p. 192. 
89 . 
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two surfaces such that their spherical representations are identical; further- 
more, in the theory of a general parallel map the corresponding conjugate 
systems and the quotient of the ratios of the radii of normal curvature in the 
corresponding conjugate directions play determinative roles.’ 

It is assumed throughout that the surfaces considered are real, non-deve- 
lopable, and analytic. The families of curves constituting a conjugate system 
ean be taken as real or, provided the minimal curves of a minimal surface are 
excluded.7 as conjugate-imaginary, 

2», Conjugate system arbitrary. If a surface 8S, 1 = & (u,v): 


is referred to a conjugate system as the parametric curves, the Codazzi 
equations ean be written in the form 


( loge j12(" ag logy fAQy'_ f22y" 
) d _ . _— < ; 
aah 11 J tei ¢ i" 12) llloy ; 
i 
where e, f(-— 0). g are the differential coefticients of the second order of S 
and the Christotiel symbols pertain to the linear element, 
(Edi? ae 2K dude a? (Sir, 
of the spherical representation of S. From equations (1) we obtain the relation 
‘it loge y a Tye n g 6 | s12\"_ j22y" e 
i wor will i2/ e or |2] lll gf 5 
Since i 
, ; FAY CU ye 
(3) iD = I - IS : G = g& , 
Sy? »* »* 
“Ct. Author, “Parallel maps of surfaces”, Trans. Amer. Math. Soc., vol. 23 (1922), 
pp. 298-532, in particular $$ 19. 20, where the results of the present paper are used in deve- 
loping conditions for the existence of a parallel map when the spherical representation, 
together with certain other definitive elements, is given. It is to be noted that the theory 
of the present § 7, concerning asymptotic lines, comes into play in the case of a parallel 
map for which the corresponding conjugate systems have become single families of asymtotic 
lines. p 


7 The ratio of the radii of normal curvature in a pair of minimal conjugate directions is 
undetined, 
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where O° EW — F*, it follows that 


f (F R, 
(+) a. 
q (S hr, 
where Ay and Ay are the radii of normal curvature of S in the given con- 
jugate directions. Henee the ratio A, 2’, satisties the equation: 


te 


i lor & A Flee @ Hes | z. tel € y22' 
uae POR, oulllf E120 aH) aller” oli rf 

Conversely, if there is given on the Gauss sphere a system of curves € and 
a point function A, Ry such that, when the curves @ are parametric®, &, F, G 
and R, Py, satisfy (5), equations (1) and (4), ine and gy, are compatible; ¢ and g 
ean be found by a quadrature and are unique except for the same multipli- 
cative constant, /. Consequently, the surface S is determined to within its 
homotheties. 

To find the parametric equations, « ==. (v7, 7), of S, it is necessary first to 
tind those of the sphere, ¢ == ¢ (4 vc), by solving a Riceati equation. Then 7, 
Vy, #3 Can be obtained by quadratures from the equations 


“— ¢ he c _— re 

ce e Os ~ (bs Cr F in °% - OS 
iO + os, ie —~e——1, 

ou 1)” ul cr i hy ay” cou ov 


and are determined except for the multiplier /: and additive constants. 

THEOREM 1. 4 syste m of curve son the sphere represt nis a conjugate system 
sat punyace fer which the ratio hi, Is of the radi of normal curvature in the 
conjugate directions is prescribed if and only if &. FF. G, R, Rs satisty (D). 
The surface is then determined to within its homothetics and its point coordi- 
nates can be found hy quadratures, when those of the sphere av ny 

Since between the Christoffel symbols for S and those for the spherical 
representation the relations 
(6) }12\ _. = flat’ 12 | ‘ poy! 

ay e \2f’ 2 | ery 

subsist, (2) ean be written in the form 


= 0? log P ‘ 
(7) 6 Og | ea ee gD 


oucr 


* Explicit mention of this condition, which we shall always assume fulfilled, will hence- 
forth be suppressed. 
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where 


6 yl2| fl — a fl2y 8 12" 
; “ae 2? l2[ 


aul lf an 


and /, k ave the point invariants and hk’, i’ the plane invariants of the given 
conjugate system. 

3, Isothermal-conjugate systems. If the parametric curves on the surface 
S form an isothermal-conjugate system, ¢ g is of the form U7 QQ) Vie) and (5) 
splits into the two equations: 


i 


ee 
on 
=~ 


(9) 


>) 


zy) G yay’ “a 


yi E jv2)' RK, 
aulllf E12) R, ’ 


12; Gilli key 


THEOREM 2. A necessary and sufficient condition that there exist a surface 
S having an isothermal-conjuga fe syste m which is repre sented hy a qiven syste m 
of curves on the sphere is that equations (9), in R, Rs, he compatible, Th n to 
each solution, R, Rs, there corresponds a surface S which is unique to within 
its homothetirs and the ratio of whose radii of normal curvature in the iso- 
thermal-conjugate directions is Ry Es. 

If the given system of curves on the sphere is to represent an isothermal- 
conjugate system and the parameters u, 7 are to be isothermal - conjugate as 


well, that is, if ¢ g is to have the value -- 1 or — 1, according as S is to be 
of positive or negative curvature, equations(9) reduce to the single, well known 


condition :* 
6 Jylzi yan’ a Ty’ f22y’ 
ou lll * V2 eurei * tii Tr 


If this condition is satistied, S is unique to within its homotheties and 
R, /Rs a (Sj &, 


From (7) we conclude the following: 





THEOREM 3. A necessary and sufficient condition that a conjugate system 
he isothermal-conjugate is that the difference of its point invariants equal the 
difference of its plane invariants taken in the opposite order. 

4. Conjugate systems with equal invariants. By using (7), in con- 
junction with (4) and (6), we obtain from Theorem 1 the following results. 





* Cf, €. g., Eisenhart, Differential Geometry, p. 202. 
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THEOREM 4. A necessary and sufficient condition that there exist a surface 
S having a conjugate system with equal point invariants which is represented by 
a given system of curves on the sphere is that the equations 


h'— kK’, 


in Ry Rs, be compatible, Then to cach solution, Ry/Rz, there corresponds 
a surface S which is unique to within its homothetics and has R,/Rs as the 
ratio of its radii of normal curvature in the conjugate directions. 

The given curves on the sphere represent a conjugate system with equal 
plane invariants on some surface S if and only if h’= 4%’; then each solution of 


2 ER 2 E 221 “a k os 


euéerv log % J, E121 R, 


leads to a surface S with the desired properties. 

In order that the conjugate system have both equal point invariants and 
equal plane invariants, it is necessary and sufficient that 4/—k' and that the 
first equations in (9) and (10) be compatible in 2’, 2. In this connection we 
note, from (7), the following known result: 

THEOREM 5. Jf a conjugate system has two of the three properties, (a) of 
having equal point invariants, (b) of having equal plane invariants, (c) of being 
isothermal-conjugate, it has also the third. 

5, Translation surfaces. A surface is a translation surface referred to its 
generators as the parametric curves if and only if 


f12\ | 
TY he 12 | 


Accordingly, we obtain, from (6) and (5), the following result. 
THEOREM 6. A necessary and sufficient condition that a system of curves 
on the sphere represent the generators of a translation surface is that 


Ng = PA g 
— 86=6hr/?r 
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Then each solution, R; Rs. of the second equation of (LO) determines such a 
surface to within its homothetics and the ratio of the radii of normal curvatire 
in the directions of the generators is Ry) By. 

4. Lines of curvature. If the given conjugate system on the surface S 
consists of the lines of curvature, we obtain, from (3) and (4), the equations 


( F ry Ie r ry 7 
(11) 2 — 4 
y () Pre (y () ‘72 


where 7, and 7, are the principal radii of curvature. Since now 


Plog EF (7 . , a* lor & (Sj 
‘ hi i, } ; 


2 / oucr 


(12) h—k - 5 


we find, from the second equation of (11), that 


« oe? log i No , ; 
(13) fi ited. i} — <8 


Buber 


But relations (6) become 


c , r = - b , . : 
(14) 6 log & 2 log € A logG ry 6 log 
OV ry Cv ou Ys ou 


and so (13) can be written in the form 


2? t 
~ 0” log My / Ke 0 a a r(F ¥ . a) r(V 
(15) 2—2+*-= = i. 1 | log oe 2s We ob ad | 
Ouov ou ry } ar or te ou 


which is the equation to which (5) reduces in this ease. 
THEOREM 7. An orthogonal syste m of « “rres oi this sphe re represents the lines 


of curvature on @ surface for which the ratio ry/ Vy of the principal radi of 


curvature is prescribed, if and only if ©, SY, 1, /rz satisfy 15). The surface is 
then determined to within its homothetics, 

Consider now the four properties: (a) the ratio of the principal radii 
of curvature of the form U(m)/V(), the lines of curvature being para- 
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metric; (b) the lines of curvature an isothermal-orthogonal system; (c) the lines 
of curvature an isothermal-conjugate system; (d) the spherical representation 
of the lines of curvature an isothermal system. From (11) follows immediately 
the theorem: 

THEOREM &. If a surface has any two of the properties enumerated, it has 
the other two also. 

lf 7,/1g —1, we find, from (15), that €/@ is a function of the form 
Via Vir) 

THEOREM 9. The lines of curvature of a minimal surface are isothermal, 
both as an orthogonal and as a conjugate system, and are represented on the 
sphere by an isothermal system. Conversely, an isothermal (orthogonal) system 
on the sphere represents the lines of curvature on a minimal surface unique to 
within its homotheties. 

From (15), in conjunction with (11), we obtain the following results. 

THEOREM 10. An orthogonal system of curves on the sphere represents the lines 
of curvature on a surface of Bour for which the ratio ry / rs is prescribed, of and 


ee the. ‘ , . rae 
only of re | is of the form Uw) V(r) and &, &, 7 / re satisfy 
rs 


(16) 


a (" i) a =. (" me, 


ou \r ou rg ou 


If, however, the lines of curvature are to form an isothermal - conjugate 


oe - : ; ; ; , , , : . 
system, it is “ ' which is to be of the form UG0/V(v); in this case &, G, 
Ve i. 


ry ry Must satisfy 


0 Ve log & 0 Toy blog ® 
ou . +1) Ou 2 ("4 1] ( 


ou 


Finally, if the lines of curvature are to be isothermal, both as an orthogonal 
and a conjugate system, both €/@ and 7, /7r. must be of the form U(w)/V(e) 
and ©, G, 7/7, must satisfy (16). 

THEOREM 11. A necessary and sufficient condition that an isothermal (ortho- 
gonal) system of curves on the sphere represent an isothermal - orthogonal or 


* Eisenhart has shown that if a surface has any two of the last three properties, it has 
the third also, “Isothermal-conjugate lines on surfaces”, Amer. Journ. Math., vol. 25 (1903), 
pp. 213—24%, in particular, p. 228. From Eisenhart's result can be deduced the first part 
of Theorem 9, since it is well known that the lines of curvature of a minimal surface and 
their spherical representation form isothermal-orthogonal systems. 
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isothermal-conjugate system of lines of curvature on a surface for which the 
ratio r;/rz is prescribed is that r,/rz be of the form U (w)/ V (v) and &, G, r1/r; 
satisfy (16). 

Equation (13), which is the equivalent in this case of the general equation 
(7), embodies the following result. 

THEOREM 12. When the lines of curvature on a surface are parametric, the 
ratio of the principal radii of curvature is of the form U (W/V (ve) uf and 
only if the difference of the point invariants of the lines of curvatare equals 
the difference of their plane invariants. 

7. Asymptotic lines. If a surface S of negative curvature is referred to 
one family of asymptotic lines as the v-curves and to any other family of real 
curves as the v-curves, the Codazzi equations become 
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We divide each equation by f. replace the second by the equation obtained 
by adding the first multiplied by y / to the second, and simplify by means of 
the identities, 
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The result is 
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Since e — 0, the second family of asymptotic lines is defined by the equation 


du+Mdv = 0, 
where 


(19) M = > 


Equation (18), written in terms of J4/, is 


em: B fyi2i’ | yral j12|' g fttt’ sont 

oy oa? on VI [r}—2 112 sittd | | Sault 
8 Pyna yay’ |= 
1 ay ist) * 


Conversely, if there is given on the Gauss sphere a system of curves, para- 
metric, and a point function VW, such that © ¥, G, MW satisfy (20), equations 
(17) in f. where g/f has been replaced, by 2.M/, are integrable by a quadrature 
and determine f except for a multiplicative constant, k; g=2/M is then 
unique except for the same multiplier, /. Consequently, the surface S is de- 
termined to within its homotheties. Its point codrdinates, when those of the 
sphere are known, ean be found by quadratures from the equations 


< 
wr 


ow Fin 85 gp OF Ow l lie OS 4 see \ 9 
=-(F. —-E—), -—-= 2 | OY G/N, + (&S— Ey) 43 


Ou a5° on ov or 


? 


and are determined except for the multiplier 4 and additive constants. 

THEOREM 13. The u-curves of a real parametric system on the sphere repre- 
sent one family of asymptotic lines on a surface for which the differential 
equation du + Mdv = 0 of the second family of asymptotic lines is prescribed 
ifand only if ©, ¥, YG, M satisfy (20). The surface is then determined to 
within its homothetics and its point codrdinates can be found by quadratures, 
when those of the sphere are known. 

If M — 0, that is, if the given system on the sphere is to represent both 
families of asymptotic lines, condition (20) reduces to 


a jiz’__ . 
du lll du \2t° 


We thus obtain Dini’s Theorem* as a special case. 


* Cf. Introduction. 
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Since, when e = 0, 


and the vanishing of the latter symbol is a necessary and sufficient condition 
that the w-curves be straight, we conclude the following: 

THEOREM 14.) The w-curves of a real parametric: system on the sphere 
represent the rulings of a ruled surface for which the differential equation 
du-+ Mdvc = 0 of the second family of asymptotic lines is prescribed, if and 


only of es O and EF. GS. M satisfy the equation 


ae eM 3 pis | i, 121") ah o fi2y'_» 
our au (A l1{ (2 tar I2f 

‘ 

If the given surface is minimal, = ¥,€. Consequently, the w- curves 
| of a system on the sphere represent one family of asymptotic lines on a minimal 
f surface if and only if, when J/ in (20) is replaced by ©, the equation is 
‘ satisfied. 

HARVARD UNIVERSITY, 

CAMBRIDGE, MAsS., 
June, 1921. 
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ON A SHORT METHOD OF LEAST SQUARES. 


By BURTON H. CAMP. 


1. Introduction. In one of the “Scientifie Papers of the Bureau of 
Standards’ * it is shown that, when the independent variables of a set of 
observational equations are equi-spaced, certain simplifications are available 
Which greatly shorten the least square solution, These simplifications are of 
the same character as those which have been used by statisticians in computing 
the coefficients of regression,’ and the trend in a time series. They may be 
described in a particular case as follows: 

Consider the type equation: 


(1) Z A+ BN+ CY, 


where Y and ¥ are independent variables, giving 2 equations of condition to 
determine A, Band C. To obtain the first normal equation, add the equations 
of condition. To obtain the second, arrange them in order of ascending X’s, 
multiply the successive equations through by the successive terms of any 
ascending, equi-spaced sequence of integers, and then add the results. To 
obtain the third normal equation, arrange in order of ascending "s, multiply 
by a sequence of integers, as before, and add. It is sometimes supposed 
necessary that the sequence of integers shall be special in form, but this is in 
fact immaterial, all ascending, equi-spaced sequences leading to the same 
results. It will usually be convenient, however, to choose the sequence: 


(2) —n+1, —x+3,..., —1, +1,..., $2—I1, 


| 
When » is even; and the sequence: 
(33) — (#2 — 1)/2, — (2 — 1)/2 +1, ..., 0, «+,  — 17/2, 


* No. 388, Adjustment of parabolic and linear curves to observations taken at equal 
intervals of the independent variable, by Harry M. Roeser, July, 1920, Department of 
Commerce, U.S. A. 

+ E.g., Yule, Theory of statistics, Griffin and Co., Ltd., 1911, pp. 181 ff. 

t E.g., Persons, The Review of economic statistics, Preliminary Volume I, 1919, p. 13, 


foot-note 1. 
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when n is odd. These sequences will be assumed in the ealeulations to follow 
and in the resulting expressions (10) for the errors. It will be shown that, if 
the X's and the Y's are not equi-spaced but are approximately so, this short 
method may be used with negligible error, and expressions for the error will 
be found. It often happens that only approximate equi-spacing is possible. 
One may have only partial control of the independent variables, X, ¥, and it 
would be very difficult or impossible to choose them exactly equi-spaced, as, 
for example, when selecting a star list for time observations with a transit. 
Sometimes, when one does have apparent control of these variables and has 
set his instrument so that they are equi-spaced, the spacing is disturbed after 
allowance is made for instrumental errors; the same effect is produced if the 
observations have slightly varying weights. It is, therefore, desirable that an 
expression for the error in using the short method should be obtained, and it 
should be in such a form that it may be computed quickly, after the short 
determination is made. Further, it should be possible to estimate roughly the 
size of the error to be expected, before ay computation has been made. 

If the order of the V's is the same as the order of the }"s the method as 
outlined above fails. An important case where this happens is when ¥ — X* 
in the type equation. It is feasible to make special arrangements in such cases, 
but they will not be discussed here. The results in the special cases, A, B, or C 
equal to zero, will be given, however. The computer may use the summary 
in $3 below without reading the theory in $ 2 


2, Theory. Let / be the representative integer of the sequence (2), or (3), 
while the second normal equation is being formed, and 7 the representative 
integer for the third normal equation. Let VY) denote the middle XY, when x 
is odd, the point half way between the two middle V's, when m is even. Let 
h denote the “normal” space interval of the Y's, this to mean that value 
which will make the sum of the squares of the errors (¢) made in writing, 
X—X) = hi, a minimum. For the }’s, let ¥>. k. and d be the analogous 
letters. Let 7 denote the residual, Z—(4-+ BXY+ CY). Thus, 


emer 


2? 2s 


lhe true normal equations, resulting from an exact application of the least 
square method may be written 


(4) i ae Dix — Xo) 1 >* i ( y— Y,) 


= Th ’ ; - " ’ - r 
(5) >r = Q, > (hite+ Xo) 7 Q), > (kj +d+YV¥)r = 0, 


and, by virtue of the first of these equations, the Zz Xo 7 and ba Yr of the 
second and third drop out. Make the transformations 
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, ' , , 1 , r - a] a I 
(6) X=at+X, } yt+Y¥, Z=2z+4Z, where Drs 2y=22=0. 
Equations (5) become, after reduction, 


4 A+ BXA+ CZ, 


(7) P Nez B Dh ie > h iy — > er, 
DS hjz B Shia -' D heyy — ms dr. 


Solving by determinants the last two of (7), one gets the true values of B and 
(*; putting ¢ d Q in the results gives the values of B and C that would 
be obtained by the approximate method under consideration. The differences 
will be denoted by d Band d(C, and are 


yp LW lder hdiy ; 1 |ALie Ler, 
dp ’ . dC' ’ . 
adr k> jy 4 k > ja > dr, 
(S) 
4 = kl ai® dell 
ih .. 
air Liy 


It is now necessary to find approximate values of these expressions in terms 
of quantities which will be found in the course of the short method compu- 
tation, or of other known quantities. 

Lets, sp sq refer to the mean square deviations*, called by the sta- 
tistician standard deviations, of A, B, C, respectively, due to errors of 
sampling. They may be found approximately by using the values of Band C 
obtained by the approximate method. Thus, by the ordinary theory of errors, 


9 }? };? [ ” : " 2 » T we YY. 2] 
SB A’ (sr > @) (yi) 4 (57 DJ?) (siyy| 
}? }2 s7 ' 7 in . «3 — 
4: (diy t+ (Liy?| LF, 
I NWN’ 9 ‘ — . 
Where s, >", and this also equals the mean square deviation of 
nN 


the z's, about the mean plane. Solving this equation for 4° and substituting 
in (8), one gets 


*One might as well use “probable” deviations, or probable errors, by multiplying the 
standard deviations by the appropriate constants. 
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7 7, . 
Ler hQiy 


dr i Diy 


Me ae dB : 
° . hks,| fea jy (> 5) ys ba 9 


‘ Now ¢ and r are uncorrelated, and so the most probable value of their coef- 
: . ’ IN. e ° a 
ficient of correlation, > er / ses, n. where s, | bo ce, n, is zero, and it is 


almost certain* that this quantity does not depart from zero by more than 























three times its own standard deviation; it is probable that this departure is, 
in fact, less than the standard deviation. Thus, almost certainly,* 
at r : 4 i" 
WSe Sr bon 
‘ be 
’ ‘ . ’ 
and therefore Z er <3s,se bon; and similarly = dy 3 sy sab 
On substitution in (9), it is found that, almost certainly,7 
: IB <3 a se Diy ktsa Diy h | : 
‘ ( <O8 NI ae ty 
' aos! ni | = CS iy) : 
An approximation to this expression may be made by putting y y— Fp, 4 
; since } — J}, is small. The result may then be simplified by using the fact a 
4 
that Di= => a / = 9, and inserting the values of # and /: from(4). Finally, then, [ 
$ 
. . ’ . . ' 
es¥| , eel i. 
, HY .x- oe |’ «<> Sd } 
aBi< 3s, | 7] » ? ——_ iN mJ} ; 
ow ‘NY %° . 2 
| (D> jYP+ (2 id) 
(10)+ Vee eae 
10) oix| , | sxl 
: | oF 7 ve, Sd 
t0\ <8, \nda 2 “ida 


‘i 


| (Dd idy+ (DL jay 






dB>X+ac>dy). 






*On the assumption of a Gaussian distribution, the probability that the coefticient of 
correlation will exceed its standard deviation is 0.22, and the probability that it will exceed 
three times its standard deviation is only 0.0027. 

7 See preceding foot-note. In the examples following the the sory, limits obtained from (10) 
are described as “nearly certain”. Limits obtained from (10) without the factor 3 are described 
probable”, 
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These formulae hold good only if the 7 and / sequences are chosen as in (2) 
and (3). All the sums involved occur in the normal equations as determined 
by the short method. After these sums have been found, a slide rule com- 
putation suffices for 7 B/s,, and dC s,. It is these ratios, and not the absolute 
values of the errors which are important in determining the question whether 
the short method is justified. For example, if 4 = dB s, is as small as 0.01, 
then there is a probability of 0.996 that ¢B, the error introduced by the short 
method. is numerically less than the necessary error in B, due to the accidental 
errors of observation. The corresponding probabilities for other 2's are given 
by a Gaussian table, as follows: 


A prob. | A prob. || A prob. | 
H 

005 996 |] .10 a2 || { 69 
I 

.O1 . 992 | .20 4 i] .5 .62 


05 97 || «30 .76 il 1.o 2 


Similar remarks apply to C. As will become obvious from the examples to 
follow, it is necessary to have only an approximate estimate of the sizes of s¢ 
and sg. These are sometimes obvious from the nature of the problem (e. g., 
Kx. 2 below). In other cases they must be computed. The labor of doing this 
is slight. Consider, for example, s,. The values of E 7X and Pa 2? from which 
h is found have already been obtained in the short solution. Then e; = X; 
— NX, —hi, 3 = >'e*/n. It follows from the last equation of (10) that dA 
may be made zero, whether the X’s and Y's are nearly equi-spaced or not, 
provided they are so chosen that po A P } = 0. This is a consideration 
worth keeping in mind if A is the quantity most desired from the observations. 
It follows also that, if pm AX/n and > Yn are small, the approximate solution 
for A may be used, instead of the long solution, with small error. It seems to 
the author that this method could be used to advantage in getting the time 
from transit observations. Tables already in use in connection with other 
methods make it easy to select the stars properly (Cf. Ex. 3 below). 

The expressions just found are available after the approximate normal 
equations have been found. It is now desirable to shorten them by further 
approximations so that they may be made to yield good estimates of the errors, 
in advance of any computation. It will be necessary to assume now that the 
order of the X’s is uncorrelated with the order of the )’s. This is frequently 
the case, but there are important instances in which it is not, and in such 
instances the subsequent approximations must not be used. Approximately, 
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an Sur—)=2> j(X— X)=0, Xi — No = th, ¥j — Vo = jk. 


— 


Omitting the coefficients 3 in (10), and substituting (11), one obtains, as 
a provisional value for dB, 


SB Se Ml 
» > 
(12) dB j v3 ; 
a 


If 2 is odd, > 2 = nin—lin+1)/ 12. If nis even, = nl(u—l)in+1)6 
but in the latter ease 2 and /: are only half what they are in the former case, 
to that, if H and K be approximately the average intervals between the X's, 
and between the }"s, respectively, then in all cases: 


S's 
ha * 


aa (ae Xe 213 de Sa 213 
(15)* —- = 


“B He bint Dam—1) So K | (n+ 1Din—1) 


The quantities s. H. sq’ A, measure the divergences from equi-spacing, and it 
is natural than they should appear as factors in the expressions for the errors. 
In most problems where any real attempt is made at equi-spacing it is possible 
to make s,/H and sz/ AK as small as 1/3. Indeed, ten times this smallness is 
to be expected frequently. In very bad cases, as in Example 3, where the 
conditions of the problem are such as to interfere with equi-spacing, these 
quantities may be as large as 1.5, It follows from (13) that dB/s, and dC/s,, 
approach zero with 1/n. One must compute dA from the formula of (10). 

3. Summary. Let dA, d B, dC be the errors made in A, B, C if the short 
method of § 1 is used in connection with (1) instead of the exact least square 
solution. To find d B/s, and dC/s,, provisionally, substitute in (13), s, and %, 
being the mean square deviationst of B and C' due to the fluctuations of 
the observations themselves. The values of s./H and sq/ K may be taken 
as stated under (13). To find dA/s,, then use the last equation of (10). 
Formulae (13) are independent of the particular type of ascending equi-spaced 
sequence of integers used as multipliers, but formulae (10) are not. 

To find closer approximations to these relative errors, after the short com- 
putation has been made, use equations (10), noting what is said in the re- 
mainder of the paragraph containing (10). Pa is best found from a short 
table which the computer may as well make for himself, although several such 
tables are published for large values of nf. 


* Probable values. Insert the factors 3 to obtain more certain limits. See preceding 
foot-note. 


7 Also called ‘standard deviations”. 


; E. g., “Tables for statisticians and biometricians”, by Karl Pearson, Cambridge University 
Press, 1914. 
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For the special case Z — BX-+ CY, the same formulae may be used if, 
and only if, Yo and }% are numerically small, relative to those values of Y and Y 
which are distant from Xp and Yo. Otherwise, it is not recommended that 
the short method be used. 
For the special case Z — A-+ BX, formulae (10) and (13) take on the 
simple forms: 


l , 7. Se Fs 
(1OaV es — | n>, it. Noey? dAa= lB, 
Sp ihe 7. dl 
z dB Ne a | 5 
(Ma) — ® ’ 
Sp H | 4+-1)(n—1) 


and the various remarks made in connection with (10) and (13) apply of course 
to these special forms. 

4, Examples. Evample 1. For the first illustration a rather bad case will 
be chosen, a group of five stars composing a time set, with only the crudest 
attempt at equi-spacing. They are chosen from the unweighted set in 
Campbell's “Elements of Practical Astronomy”, page 150, and in the following 
observational equations, the letters A, B, and C, correspond with Campbell's 
w,¢, and a, respectively. The equations are 


—l.cs = A—3.a183 B+ 3.305 C 


—- 0.13 A+ 1.007 B+ 0.587 C 
kta mw £4Ge0 Bt 6 

Q. oz A—1.1us1 B—O.357 C 
+ 0.40 = A—4.8908 B— 2.815 C 


The results, as obtained by the exact method of least squares and also by the 
approximate method are: 


: 7 
d Differences, é 
True Approximate | ‘ i Standard 

- called “errors prgaes 

| Values Values | Deviations 
above | 
} rier - = oer | list sy sti | 
' | | 
A . 0488 0512 0024 024 

| B . 1266 | . 1289 . 0023 . 008 

| C — . 3658 —.3689 | . 0030 O11 | 








* Probable values. See foot-notes to (10) and (13). 
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The next table gives the provisional and final estimates of the maximum values 
of the errors, as derived from the formulae of this paper, also their true values, 
In using equation (13) it was assumed that \/ H -— sg) A 13, It turned out 
that these numbers were 0.27 and O.ss, respectively. From the table in § 2, 
it follows that, assuming a normal distribution of error, the fluctuation of uf 
due to the observations themselves, would, in 92 cases out of 100, exceed the 
difference (.oozs) introduced by the short method of computation, and the 
corresponding numbers for / and Care 77 and 78 cases. It would seem to 
the author that, in examples like this, the short method is usually justifiable, 
but that it might not be sometimes. It is, however, not the object to present 
un argument for the short method, but to present a criterion by which the 
error to be committed by it may be estimated. 


Limits* by (13) Limits by (10) ” 
rrue 
Probable | N™Y | probable | Nearly || Values 
Certain (Certain 
dA’ s, | — — — 104 
dB 8p | cee | 20 200 . 287 
dC/ 8, 24 a2 26 75 . 282 


Evample 2, A very good case will now be considered, a set of observations 
used by Roeser? with the equi-spacing disturbed by the arbitrary addition of 
small quantities. These small quantities were chosen at random from a table 
of numbers subject to the limitation that they should lie between .os and 
—.os. The equations and tables following have interpretations similar to 
those of Example 1. It is obvious from a mere glance at the equations that 
se/ H is not greater than about .oo4, and this was the value used in the pro- 
visional estimate. The true value is 0.0028. If this had been used instead of 
Q.0o1, the provisional estimate for 7 B/s, would have differed from the true 
ralue by only about 4 per cent., thus illustrating the closeness of the inequality. 
It is not desirable, however, in practice to compute s,//7 in advance, and 
accordingly the rough estimate (0.001) is used. With this rough approximation, 
formula (13) shows that the value of 7B s, Will be so small as to make the 
difference between the two methods entirely negligible. This is exhibited in 
the table below. ) 


* The first column is obtained from (13). The second column is three times the first. 
See also foot-note to (10). 
T Loc. cit., p. 371. See also Weld, Theory of errors and least squares, 1916, p. 76. 











pacha drawet 

















SHORT METHOD OF LEAST SQUARES. 107 


Conditional Equations 





O.116 {-+ 10.05 B, O. 595 A-+ 60.0 B, 
(). 205 A+ 19.95 B, (). 675 A+ 69.98 B, 
QO. 295 A “+ 29.090 2B, QO. 760 A } 79.98 B, 
Q. 3% A+ 40.01 DB, OQ. «50 A+ 90.04 B, 
0.503 A+ 49.97 B, 0. 926 A+ 100.01 2B. 
True Approximate Difference Standard Deviation 
A 028 478 . 028 425 - 0053 . 00315 
B - 0091417 . 0091418 - 000000 1 .00011 
Limits by (18a) || Limits by (0a 
; ST yi Rema True 
|| Probable Nearly | Probable Near!s 
| Certain | Certain 
| Basan pi 
dA/s, ! ~- _- t — _- | 00168 
ABs, 00139 00417 000.99 .00297 || 00096 


u | 


A is not so well determined as B. This is because the origin is far from the 
middle X. 

Evample 3. Finally, a very bad case will be considered, viz., Campbell's 
eleven weighted equations* out of which the data of Example 1 were selected. 
Here the method of choice of stars was such as deliberately to prevent equi- 
spacing, as a rough plotting of U7, XY, and Y would show. The typical equation is 


4 AU+ BX+CY, 


a type not considered in the theory, but formulae (13) are valid. In such bad 
cases as this, the divergence from equi-spacing is so great that the ratios like 
se/ H, which measure it, cannot be assumed small, and so it is advisable to 
estimate them by a graph. If, for example, ; be plotted as a function of 2, 
it will be seen that s, is about unity and H about 2/3, making s,/H about 1.5. 
The corresponding fractions for Vv and Y may be found in a similar manner 
to be about 1.2 and 1.0, respectively. 


* Loe. cit., p. 155. 
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Limits by (13) 
oe Approxi- |... Standard as 

rrue vl Difference eh? Nearly True 

mate Deviation Probable * 

Certain 
A 058 .053 0) 017 dA Sy tt) 1.2 ol 
B 115 122 007 O12 UB/s,; AT 1.3 58 
hy - 380 — 586 005 Jue Alc &, a2 1 “ im) 


Thus, even in this case, the provisional formula (13) is adequate to show that 
the errors are probably as small as half the standard deviations of the 
quantities measured. The very small actual error in the time correction, A, 
is due in part to the fact that the means of the V's and }"s are small. This 
example, taken together with Example 1, also serves to illustrate how the 
disturbance due to bad spacing can be masked by an increase in the number of 
equations of condition. This result is to be expected from the form of (13), as 
Was noted in the sentence preceding the last of $2. The value of the short 
method in saving labor increases greatly with the number of equations of con- 
dition, and it is therefore particularly comforting to know that at the same 
time the error in using it diminishes. 

5. Conclusion. The short method works sufficiently well to justify its use, 
certainly in cases as good as Example 2, probably in eases like Example 1, 
and perhaps (depending on the accuracy desired) in cases as bad as Example 3. 
In any case the goodness of the method may, with sufficient accuracy, be 
judged in advance by the criteria (13) or (13a). When the short method is 
used, the gain in time is very great, especially if one employs a computing 
machine. The author used an electrically driven listing machine, but an 
ordinary adding machine would have done almost as well. All the twelve 
coefficients of the normal equations in Example 3 for the eleven equations of 
condition were found in this way in less than twenty minutes. In the short 
method, all the multiplications necessary for the coefficients like > 7X are 
by small integers. Thus, with an adding machine, the products, iY, may be 
found and added at the same time. 

WESLEYAN UNIVERSITY, 

May, 1922. 
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ON THE CONVERGENCE 
OF THE STURM-LIOUVILLE SERIES.* 


By J. L. WALSH. 
1. We shall consider in this paper the differential equation 
(1) u(r) 4+ [o®— gia] ule) = 0, 6<2< I, 
where g is a parameter, in connection with the boundary conditions 


(2) wHiO) = 0. wil) = O. 


For certain values of e, the so-called characteristic values, equation (1) has 
solutions (normal solutions or characteristic functions) which satisfy (2), and 
in mathematical physics there arises the problem of the development of arbi- 
trary functions in series in terms of these normal solutions. These series are 
a special, but important and typical, case of the more general Sturm-Liouville 
series Which are the developments of arbitrary functions in terms of normal 
solutions of equations similar to (1) and which satisfy homogeneous boundary 
conditions similar to (2), 

Under certain restrietions on g(x), we shall prove that, for any function on 
the interval 0 <.7 < 1 integrable in the sense of Lebesgue and with an inte- 
grable square, the series which is the formal expansion in terms of the normal 
functions which correspond to (1), (2) has essentially the same convergence 
properties as the series which is the formal expansion in terms of the normal 
functions which correspond to (1), (2) when g(z) == 0. This last set of functions 
is, except for a constant factor, the set {sina}, and the convergence 
properties of the expansions of arbitrary functions in terms of this set are 
well known. 

2. The results, but not the methods, of the present paper are closely con- 
nected with the work of Haart although he considers the boundary conditions 


(3) uw (O)—hutO) = uw’ (1)+ Hull) = 0 


* Presented to the American Mathematical Society, December, 1920. It is largely due to 
Dr. 'T. H. Gronwall that the result here published has its present comparatively simple form. 
Thus Dr. Gronwall eliminated from the hypothesis of the principal theorem an unnecessary 
assumption and indicated to the writer more than a corresponding simplification of the use of 
the asymptotic expressions. 

+ Math. Annalen, vol. 69 (1910), pp. 331-371; vol. 71 (1912), pp. 38-53. 
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instead of conditions (2) in connection with equation (1). Thus Haar proves 
that the Sturm-Liouville series of an integrable function is convergent, diver- 
gent, or summable at a point according as its Fourier cosine series is conver- 
gent, divergent, or summable at that point; the present paper deals merely with 
functions integrable and with an integrable square. Haar does not, however, 
bring out clearly the identity of the properties of uniform convergence for 
the two developments,* nor is it obvious how his methods can be extended 
to include absolute convergence; the present paper deals with both uniform 
and absolute convergence. Haar makes use of the facet that an analytic 
function can be approximated as closely as desired by a linear combination 
ot normal functions; the present paper proves at a single step the possibility 
of expansion of all functions (integrable and with an integrable square) which 
can be developed into a Fourier sine series, and the identity of the convergence 
properties of the two developments. 

The similarity of uniform convergence for the two expansions, in the 
precise manner which appears later, enables us to state that Gibbs’ pheno- 
menon occurs for our Sturm-Liouville series in precisely the same manner as 
for the Fourier sine series. Gibbs’ phenomenon for the Sturm-Liouville series 
seems first to have been pointed out by Weyl? 

3. We shall first prove a general theorem concerning expansions of arbitrary 
functions and then apply that theorem to the system (1), (2). 

A set of functions {1,(7)} (2 = 1, 2.3, ...) continuous on the interval 
O <4 <1 is said to be norma? on that interval it and only if 


1 


Jecid, i (7 Bi a SE" 


and is said to be orthogonal it and only it 


1 


| mlryulaydar 0, (@ + /). 


° 


We shall consider, under certain restrictions, two normal orthogonal sets 

mL ae 2 . i] ; 1 
of functions {1 (v)} and {i,, (7)} and shall suppose that the {v, (r)} ean be 

* For uniforni convergence and the developments of continuous functions, see the comment 
on Haar’s work by Bocher, Proceedings of the Fifth International Congress of Mathematicians 
(Cambridge), vol. I, pp. 191, 192. 

Compare also the reference given in the next following footnote. 

7 For equation (1) in connection with the boundary conditions uw’ (0) u’ (1) 0, see 
tend. Cire. Mat. Palermo, vol. 29 (1910), pp. 321-323. 
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expanded in terms of the {un (x)}. We invert this system of equations and 
thereby express the {w, (7)} in terms of the {u, (x)}. To prove that the 
convergence properties of the formal expansion of an arbitrary function 


f(x) in terms of the {iy (x)} are essentially the same as the convergence 


properties of the expansion in terms of the {u, (x)} (these properties are 
assumed to be known), in the former expansion we merely substitute the 
expansion of the {«,, ()} in terms of the {e, (7)}. Rearrangement of the terms 
then gives us precisely the expansion of /() in terms of the {un (x)}. The 
following exposition will not seem unnatural if this general method is kept 
in mind, 

4. To prepare for the inversion of the system of equations indicated, we 
how prove 

LEMMA IT. Uf the set of real numbers {enc}. nk = 1, 2, 8, 465 ts such that 


< 
( ' , : 
+) Cnk + kn + Zo Cur Che 0), 
2 1 
nud if the SCVUOS 
sr tn 
5 VIN 
(.)) l Cnk ’ 
7 : 1 
CONLOTYES, then we have also 
a 
, i uJ 
(o) Ckn TT nk + hea Crn Crk = 0. 
v=! 


We shall have frequent occasion to use the Lagrange inequality which holds 
for any two sets of real numbers {a} and {),}: 


m \2 m m 
5” 5% 3s S" ze 
| ay by!) < ae be, 

” 1 y=} v=! 


:, , NY» S20 
Whence the well known and frequently used fact that, when 2 a? and 2 b; 
v ” 


’ 
both converge, then also a, by converges and 


fn" 
3 

(7) La tlie by |} << pa a> 6}. 
\“y v v 


Here and below, unless otherwise stated, summation subscripts run from 
1 to o, 














“— 





fa or tt CE AEE IG 


112 J. L. WALSH. 


From the convergence of (5), then, follows immediately the convergence 
of the triple series 
‘“\' 


(8) a 7) Cnys 
ju n 

All terms of the series 
(9) we O 
: ao tS 

nk 

’ » 

( 10) > Ou , 

-~ 


are contained in (8), so these two series conyerge. The absolute convergence 

of the series contained in (4) follows by application of (7). The absolute con- 

vergence of the series contained in (6) follows from the convergence of (8). 
Denote by ¢,.; the left-hand member of (6), so that we have 


» ba? ’ ’ N’ 
(11) fix == (nk 7 Oka)? 29> Cnk Crn Crk f o> Chn Cyn Crk Pee Cen nk Cyn Crke 
i pv 
Write 
’ 
(12) 6 = 2 (Cn + en)"; 
nk 


the convergence of (12) follows from the convergence of (9) and the general 
inequality 
(13) (a+ bP?< 2a®+ 207, 


rT e ’ . 
The series >) ¢yi: Con Cre Converges absolutely; for, by the convergence of (9), 
vnk 


‘nk Yemains less than some positive M, we have 
lnk Crn Crk << M Cyn Crk ys 


and we know that (8) converges. Then from (4) we have 


’ \! ’ ’ P 
Zz nk Cyn Crk = we Con P Chk Crk ga brn (Cyn + Cav) 
wink vn k vn 
Similarly we have 
’ ’ ’ ’ ’ 
2, Ckn Cyn Crk = p> OK, Ckn Crn = —»> Crk (Cy -4 (ky) = — 2 Cay (Cry + Cyn)5 
vnk vk n vk vn 


the last step is simply a change of notation. By (12) we now find 


> , 
(14) he (NK Cyn Crk Mo kn On Cvk == ——S8. 
vale vnk 
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. V > 
The quadruple series es Co uk Crn Cri: COnVerges; for, by the convergence 


punk 
‘ . . sit 
of (8), > Cun Cu Yor all n and / remains less than some positive J/,, we have 
23 
. 
he an “pk Con Crh < M, Cyn Ok s 
ft 


‘ 


’ ° . * 
and ba Crn Cre 18 (8) and known to be convergent. A further use of (4) gives 


vik 
the result 
ae ae ae. ee : a oe a 
aed nn pk Orn vk hw “yn (vn hg “pk Ok ~~ a Suan “on (Coy si Cyn) 
prnk pn k pn 
(15) 
— Pee, te.) Bec. = Be +e =- 
ao rT Ov! dat “un Orn at py T en) — 
pv a“ pv 


From (11), 12). (14) and (15) we conelude 


>" 2 jolla 
cams ak . sia 2s Ui 0, 
wk 


so that every €,;, vanishes and Lemma I is established. 

dD. We shall apply Lemma I to prove 

LEMMA II. If {un (x)} and {tn (xr)} are two sets of functions normal and 
orthogonal on the interval 0 <a <1, if the former set is uniformly bounded 


on this interval, and if 


’ ’ ‘ 
(16) Uy (2) — Uy (@) = a, Cit We (2), ie oe BS ca uh 
k 
where 
1 
ink = f (ty (x) = in (a)) My (2) dz, 
0 


and where the series 


(5) ma (& |ent|)? 
at k 


converges, then the latter set of functions is also uniformly bounded on the inter- 
val and we have the developments 


(17) Un (xX) — Uy (x) = D> Cin tale), (a = 1,3,3, ...) 


k 


The two series (16) and (17) converge absolutely and unifornly on the interval. 


9 
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The series > ck eonverges and is uniformly bounded for all nm by the 
convergence of (5), so the series (16) converges absolutely and uniformly and 
the set {v,,} is uniformly bounded on the interval. 

In the normality-orthogonality condition 


1 


| iva. Ga jl, k, 
an (7) UE LO = 
° sci 10, i a k, 


0 


we insert the absolutely and uniformly convergent series (16) for the {un}, mul- 
tiply out and integrate term by term, observing that the {w,} are normal and 
orthogonal. The result is (4), and (6) follows by Lemma I. From the con- 
. . ’ . 
vergence of (8) and the properties ot Bi ‘a: tollow the convergence and 
ki 
en > . Y rm . o - 
the uniform boundedness for all » ot bd enk « Thus the right-hand member of (17) 
k 
converges absolutely and uniformly. 


From the relation (6) multiplied by 7, and summed for all / we have, making 


» 7 . v . 
use of (16) and the convergence of 4x proved from the convergence 
vk 
Of (8), 
’ ’ ’ ’ 
- Cha UKEP -. Cak Ue + P23 Crn Ro Crk Uk 0, 
k k ’ k 
’ ’ 
> tk Ks (tn— ttn) +>, Crn (ir — tty) = 0; 
k v 


this last equation becomes essentially (17) if we identify » with /. 
6. We are now in a position to prove our principal theorem. 


THEOREM. Let [an (r)} and fi, (a)\ be tivo sets of functions normal and 


orthogonal on the interval 0 <r <1, the former set uniformly bounded on this 
interval, and such that 


x 
’ 


(16) pt) TAT) > nk my. (ar), (y . 2 : ee 


hi l 
where 


1 
Cyl, fir, Cr) — iu, (r)] wy Cr) dar 
) 


and where the Series 


4 Ly 9 

(5) iy, | ‘NY’ | 

e ¢ ( ah 
ot | “kh { 
” 1 "k==2 


° ° . "yy ae : 4 . . . ° ° 
CONVEOVYES, Then, it ff (7) as any function integrable and with an integrable 
SYMANEC, Q < Mo < 1. the ira SPrIeS 
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<< 
(18) f(x) > ax mx), 
k=1 
ok 
(19) fla) HD Wirz) 
where 
1 1 
aj = fre me (ar) dary hy. [re wh (wv) dar, 
0 0 


hare essentially the same CONVEFGENCE properties; this in the sense that the series 
corresponding to their term-hy-term difference 


st 


yy 
(20) > (an Me (0 )— De te Cr) 
k=1 


converges absolutely and uniformly on the entire interval to the sum zero. 

The sign & is used simply to denote that the coefficients a, and /, are given 
by the formulas indicated. Of course, if f(r) is equal to the series (18), for 
example, and if we are at liberty to multiply both members of the equation 
by w; (7) and to integrate term by term the resulting series, a; must be given 
by the formula indicated. 

We shall use the two relations obtained by term-by-term integration of (16) 
and (17) after multiplication by /() dv; this formal work is justified by the 
convergence of > Crk and = Ckn 

k 


. 


’ 
(21) h,,— ay, P2 Crk Us 
i 
yy 
(22) ly — h,, — ZZ Chu My. 
kK 


By (22) and (16), (20) is equivalent to 


(23) = [(ax — My.) uk — by. (0%. — )] = Zz [> Crk by Wye — = Chr Ij. uy]. 
k % ry 


Y.9 “ - ‘ ’ 2 a 
The convergence of > bi (and similarly of & a) follows from the Bessel 
at it 


inequality 


a 


1 
(24) f f(a) dx > Dhi, 
: 
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which may be proved by the relation 


1 
‘ N 2 
’ 
| Lr Stn uw, (ep da 0. 
. n j 
0 
The convergence of 
’ ’ 
(25) ‘ h,, > Cyl 
i — ae 


now follows from (7) and the convergence of (5), and proves the absolute 
and uniform convergence of the right-hand member of (23) and the theorem. 

7. It follows immediately that properti s of absolute convergence, convergence, 
summability, and divergence at any given point obtain for one of the series (18), 
(19) as for the other, and likewise the properties of uniform convergence in the 
entire interval considered or in any sub-interval, uniform summahility, and 
also term-by-term integrability. Whenever the tivo series are convergent, sum- 
mahle, or properly divergent, their sums are the same. The nature of the 
approximating functions and of their approach to the limit (in the case of 
convergence) at a point of continuity or of discontinuity of f(a) is essentially 
the same for (18) as for (19). In particular, if Gibbs’ phenomenon occurs 
for (18), it also occurs for (19). The reader will notice various other proper- 
ties* common to the sets {rn} and {un}, such as the existence or non-existence 
of a continuous function for which the formal series does not converge at 
every point. 

If there exists no continuous function f(r), not identically zero, such that 
all the {aj} are zero, the set {ux} is said to be closed with respect to continuous 
functions. We have assumed nothing of the closure of {ux} or {ux}, but it 
results from (21) and (22) that, if either set is closed, so is also the other. 

8. The closure of the set of characteristic functions of the system (1), (2) 
has recently been proved by Professor Birkhoffi from the closure of the set 
for the system (1), (2) when g(z) 0. It was Professor Birkhoff’s note 
which suggested to me the possibility of the present treatment. 


* Thus the simultaneous convergence or divergence of X a, and X b,| follows from (22) 
n n 


and the convergence of (25). 


t There is a corresponding definition and similarity of the property for {u,} and {u,} for 
functions f(x) integrable and with an integrable square. 

} Proc. Nat. Acad. Sci., vol. 3 (1917), pp. 656-659. The necessary facts concerning the 
asymptotic nature of the characteristic functions were later proved in detail by Murray, these 
Annals, ser. (2), vol. 22 (1920-1921), pp. 145-156. The latter paper contains a far more 
detailed investigation than is necessary for the application of our general theorem. 
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The methods and general theorem of the present paper are similar to the 
methods and general theorem of a recent paper* in which there is considered 
the generalization of a normal and orthogonal system {w,} to a system {wx} 
which is not necessarily normal and orthogonal. 


Application to Sturm-Liouville Series. 


4, We now apply our main theorem (§ 6) to the case where 
(26) u(r) = J 2sinkae 


and #; (7) is the “8 characteristic function of the system (1), (2). We assume 
for convenience that g(x) is continuoust on the interval 0 < 2 < 1. 

We notice directly from the differential equation (2) that uw, (7) is a function 
With a continuous second derivative, so the most elementary theory of Fourier’s 
series informs us that the development (16) is valid. It remains merely to 
prove the convergence of (5); for this proof we shall need only those most 
simple asymptotic formulas for «% (7) and @; (the i** characteristic number 
of the system (1), (2)) which are readily proved by the original method of 
Liouvilleg : 


(27) 0:.—kra-O0 ako, 
(28) ( } 2 {sin i ‘+ . ( .) g, (rai <e 
oe My. (Z) = 2 {sinfma je yg), \)), 1G), | ’ 


for all / and all x on the interval. It is interesting to note that Haar needs 
the expansion of @, and ux (7) up to a remainder term of the order 1/n°. 
The notation for ¢,; gives us the formula 


1 
| ‘ ; lLrn=h, 
(29) Cnk + Dnk — f ttn (2): ' shenesiaiaiaian Ont _ to ; + k 


0 


* Walsh, A generalization of the Fourier cosine series, Trans. Amer. Math. Soc., vol. 22 (1921), 
pp. 230-239. 

+ Even this restriction may be lightened with little difficulty. Haar (1. c.) uses the asymp- 
totic expansion given by Hobson, and Hobson supposes g(r) to be of bounded variation. 

} See, for example, Kneser, Integralgleichungen, pp. 95-98. 
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If we integrate twice by parts and make use of the boundary conditions (2) 
for up (x), We have 


1 


1 a 
(30) Crk + Onk = — FAP | u(r). b 2sinkaards. 


By (27) there exists a number .V such that 


_ , 
(31) Qx—na <-> forn>.. 


We have by (30) [¢,, ¢:, ete. denote positive constants], 


Ce = ; 
Cuk <= 12 fork tn, nN, 


c 
- | I > 4 
Cun | ~ l aa o for n- N: 


2” 


the boundedness of w;/ () follows from the boundedness of the {7, (7)} and 
. al = 
equation (1). Hence > ¢,,' converges for every n, and 
~\’ | —" : | 2 
a — nk { 
niN'k 


has a finite value. 
10. To prove the convergence of 


~~ > \2 
ho | he nk (? 
vi N k 
we make k = vn in (29) and make use of (28): 
1 
> 9 
. | “ ° 
Cm + 1 == 1+ yf (r)sinnasr ds, 
0 
so that 
(32) | Cnn <= = ° 
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For k + n, we substitute the value of «,’ (7), found from the differential 
equation (1), in (30), whence 


1 


©... Bs scarce fn yas 
Cuk 2 n® f Un(r) b 2sinknads— i@n? f g(r)ty (x) V 2sinkae dz. 
0 0 
The first integral on the right is precisely cnx, by (29), so we have 
1 
(33) (¢- —k*n®) en, = { q(x) Un (x) V 2 sin knxadz. 


0 


We are supposing n > N and k + n, so that 'n—k > 1, and we have by (31) 


or | 
Qn—ha = en—nat+(n—k)n\ > n—k a—\en—na\|> \n—h n— >> n—k\, 


~ 


Onthn On—nat(ntha —(n+h)a— en—na >ant+h, 


Then (33) gives the inequality 


1 
. | 
(34) lnk | < i . — | y(a2vunl(a)b 2sinknadsx'. 
; =f e : 
: | 
11. From the identity 
eee we eee oe SS 
k?—n? 2n k—n Qn k++ 
we find by (13) that 
; 1 es a 
(2? — n?)? 2»? (k—n)® 2n* (hk + n)*" ce , 
Moreover we have 
ad .'0 
NY 1 i 0 1 ~) 1 -9™s 1 ee 2 
— (k—n)* 1 (n—b)® |" pS (k—n)? Fh’ : ae 


~y 1 ae. 1 
2 (i -}- n)® _ _ i?’ 


k 
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where the accent on the summation sign indicates that the term for k = n 


is to be omitted. We have finally the inequality 


(35) NY l ,_ 3 9! (3 
v0 ‘ 2 Poe ee ry _ oo — ae 
— (i? —n’*)? Qn? | ik? n*® 


: 


12. Let us now apply Bessel’s inequality (24) to the function g(x) uy (2); 


* we obtain 
1 2 1 


(36) o | G(r) Un(a) } 2sinkaw dar | g(r) us (r) dx < C%, 


v0 0 
Apply inequality (7) to the series in (35) and (36); we have by (34) that 


Vv » C3 (4 


(37) 


(— Cnk } amin an e 


Apply inequality (13) to (32) and the series of (37); we have 


sen « 26726,¢ ' 
N g 2 8 4 % 5 , 
ke nk | < 2 = n> N, 
k nm” mu 
whence the convergence of 
~\’ 4’ 2 
_ \ nk | 
u>N k 






follows immediately. 
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THE FUNCTIONAL EQUATION g(x?) — 2ax-+4 [g(x)]?. 


By J. H. M. WEDDERBURN. 


1. Introduction. The functional equation considered in this paper arose 
out of an extension of a problem in arrangements which occurs in the theory 
of linear algebras. In an algebra which is neither associative nor commutative, 
n factors may be associated in a number of different ways; thus for four 
factors dy, dy, dg, dy We have five different associations in which the subscripts 
all occur in their natural order, namely 


ty (Us . ls ay), (ty (lg) ((1g (ly), (a, . (ls ls) (ly, 


(ty (tg Ag + M4), (“ty fg + Ag) Ay. 


The first problem then is to determine the number NV, of such types of asso- 
ciation for » factors. 

It is easily seen* that we can count the number of different types by taking 
first those in which the left-hand factor consists of one element and the right- 
hand one of n—1, then those in which the first has two elements and the 
second n—2, and so on. Hence 


Nn = N, Nn-1 + Ne Nn-2 t+ - ++ + Nn-1 Mi 
If we set 
S(7) = Nort Mat Ns at ..-, 


we have, since V, = 1, 


Pa) = fl), 
and therefore, since /(.) vanishes for « = 0, 


| -u¥Y § —is S (2m —2)! 
2 — 4 (an —1)! na! 


a 


J \(xz) = 
so that 


; (22 — 2)! 
Nau - * 


(n—1)! x! 


* This solution (for an equivalent problem) is also given by P. Quarra, Torino Atti vol. 53, 
(1918) pp. 1044 1047. See also P. Franklin, Question 2681, Amer. Math. Monthly vol. 25 (1918), 
p. 118 and solution by C. F. Gummer, ibid., vol. 26 (1919) pp. 127-128. 
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122 J. H. M. WEDDERBURN. 
If we assume that multiplication is commutative, the problem of counting : 
types is much more difficult as is seen from the fact that for mn — 4 t 
. B 
x 
ty (tg + Uy M4), (14; dz) (ty ay) 5 
, 3] 
are the only types since @ + dg ds == dz dy + @ are now of the same type. a 
If n is odd, the method of counting used above is still valid and leads to : 
{ 
(1) 2 Nn — N; Nn 1 + Ny Nn 1 + os + Nn- 1 M,; 5 
since the types corresponding to the term .V,_,.4, are the same as those 
belonging to the term .V,.V,-,. If, however, n is even, say n == 2h, the 
number of types in which the number of elements in the left and right factors 
is k = n 2 is obviously not Vj 2 but Vy (Nx + 1) 2, so that we have in place F 
of (1) £ 
(2) 2 Nn = N, Nn —1 + Ns Nn 2 see + Nn 1 N, + N ne : 
h ae 4 
Fi If, on the analogy of the solution in the previous problem, we set 3 
‘ i 4 
Vy 3 
qv) =i- fm Nn", : 
: i 
c we readily derive from (1) and (2) that y(.r) satisfies the functional equation 
' 
2) - Dd _ 2(» 
g(x") = 247+ 9° (2). : 
This equation may be replaced by another of somewhat simpler form by setting ; 
: 
(3) hla) = gtz)iz", 
which gives 
h(x?) 2 -+-hF Cr), ; 
from which it is obvious that ¢, = /(x*) is a solution of the difference equation 
ie M1 =< 4 oe >. 








This suggests the consideration of the difference equation 





(4) W4,= ayl®t+tby te 
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where a, ) and ¢ are constants and a + 0. On setting 


, b 4ac+2)—HP* 
(~~ ets «0 SS. 


equation (4) becomes 
9,:, = 2at+g?, 


Which, as above, leads to the consideration of the functional equation 
(5) g(a*) = 2axr+ 4*(a) 


with which we shall be mainly concerned here. The associated function 
defined by (3) then satisfies the equation 


(6) h(a®?) = 2a+h? (2). 


When it is desired to indicate expressly the dependence of these functions 
on @, we shall write g(a, @) and h(s, @) in place of g(a) and h(x), 

Equations (5) and (6) belong to a class of functional equations considered 
by Poinearé and Pieard. The reader is referred to a series of papers by Fatou* 
where full references are given. 

2. Solutions which are regular at the origin. If g(z) is regular at 
the origin, the value a, of g(Q) satisfies the equation a2 = a), so that it is 
either 0 or 1. If a = 0, then also @ = 0, and it is readily seen that 
gir) av", m arbitrary. Excluding this exceptional case, we may therefore set 


xr 
BS ’ 
(4) qr) = l—ar— (lyr? — eae 1 — ay Ma" 
1 
in (5) and, comparing coefficients, 
(ty « 
2 tts ay ay -t (ty 
23 = a4 as taa 
(8) 2ly = Mh Ag+ Ag Ag + a3 + 2 
22k = Mh Mek 1+ de deka tee + dora + ax 
2d = Ah dK +e dopa tee $a, 


* P. Patou. Sur les équations fonctionnelles, Bull. Soc. Math. de France, vol. 47, pp. 161-271, 
vol. 48, pp. 33-94, 208-384. 


10* 














_ 








Be EO 





124 J. H. M. WEDDERBURN. 


which may be written 
m—1 


, v a 
(8 ) a, = &@, 2am = bs ay Am—r + Am/2; (m = 7. 3, eal 
r=—1 


if we agree to reckon dm as zero When m/2 is not an integer, 

There are two exceptional values of @ in which the solution (7) is trivial, 
firstly « = 0, which gives g(v) == 1, and secondly « = —1, in which case 
all the a’s vanish except the first and 


giz) =14+27, (« = —1). 


The case « = 0 is excluded from further consideration unless specially men- 
tioned and, of course, in the case « = —1 the discussion in the remaining 
sections is trivial. 

3. The convergence of the series for y(z). If the term am in (8’) 
is suppressed, equation (5) becomes 


(9) g(r) = —2exrt+l, 
or 


gir) = V1i—2er = l1—er— a? 7? —. 


el 
= 1 — P2 hb, Hy bide : 
1 


this series converges for 2» <1/2.«@. If we set 8, = |b,|/2, then, since 
each b is the product of a power of @ and a positive numerical coefficient, 
we see readily from (9) that 


A, = |a\/2 


A, — By B, 
(10) 


Bm = By Bn-1 + By Bm—» + “Fs + Bm—1 Bi 


and conversely (10) leads to a convergent series. 
If we set | a,| = @n, then from (8) 


(1 1) 4 = la a 2 &m < (1 hm—1 + (@) Am—s» + oe + G@m-1 &1 + A m/2y 
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and, if 7, is the sequence of positive numbers defined by 


n= | « ’ 2y¥m = we Y¥m-1 + ¥2¥m-2+ ui es + Y¥m-2%1 +Ym2 
then 


(12) ay Syr, (yr = 1,2, ...). 


For, assuming that this inequality holds for r< m, as is certainly the case 
for m = 2, then from (11) 


m—1 m—1 
q 


’ 
2 &m < bo a, hm r+ ime S mew VY m- r+ Ya/2 > 27m; 
1 1 


so that (12) follows by induction. The series (7) for g(z, @) therefore con- 
*y v 
verges if Ps Ynx”™ q (x, @ ) converges. 
Let 0 be a positive quantity satisfying the conditions 


é> AC " é>1, 
and let d,, be the sequence of increasing positive numbers defined by 


m—1 


6.= 6, bm => 6,5m-r, (m = 2,3, ...), 
1 


then 
Ym < Om, 


For this inequality is true for m = 1 and, assuming that it is true for »< m, 
we have 


m—1 m—1 


al al 
2¥n = a Yr ¥m—r+ Ym? Zz db, Om—++ Ome = Omt+ Omj2 < 29m; 
1 1 


since the sequence of 0’s continually increases. Now we have already seen 

e I ; -y 

in (10) that >’ 4,2” converges for || < 1/40; hence > yn 2” converges, and 
‘ . . _ >» & ° 

therefore also > a,x”, that is to say, the series (7) converges absolutely for 


|a| < 1/4|e\, lal < 1/4. 


We have therefore proved that there always exists a unique solution of (5) 
which is regular at the origin. 


<eog eae 
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When @ is real and positive, an upper limit for the radius of convergence 
may be found as follows. The first three terms in the series for g(r) are 


a(e+1) , 


1—er— _ aa 


the remaining terms all having negative coefficients when « > 0; hence g(@ ') 
is negative, if the series converges for that value of «. Now g(O) = 1 > 0, 


so that. if the radius of convergenee, 2, is greater than 1/@, there is some 
1 


value § of « for which g($) = 0; and, if we put «== ¢* in (5), we have 


1 1 
so that y([*) is imaginary. Since this is impossible so long as both [ and 
are inside the circle of convergence, 7 is certainly less than the smaller of 

1 


1 @ and 1 «¢*. In particular, if @¢ > 1, then A <1. Closer limits are of course 


obtained by taking more terms of the series. For instance, if @ = 1 and 
vy = 23. the sum of the first three terms of the series is negative and 


therefore the same argument as before shows that I? < 23. Similarly if 
«@>(b 13 —3)/2 = O02 ..., the radius P is less than 1. 
4. The singularities of vir). If we write (5) in the form 


1 1 
(13) qr) 2aex- + ga? ), 
1 
we see Immediately that, if z= ¢ is a singularity, so is also 2 = ¢*; and 
similarly all the points és (7 lL. ae eee) are singularities, If el . 1. all 


these points lie on the circle* (,, while, if ¢ 4 1, the points approach more 
and more closely to this circle as n increases and at the same time become 
more and more numerous, since there are 2” determinations of (2~", and more- 
over in such a way that every point of C, is a limit point of the set of sin- 
gularities, The circle C,; therefore forms a natural boundary across which 


g(x) cannot be continued analytically. Henee the radius of convergence of 


the series (7) ¢s never greater than 1 unless it is infinite.t 

In exactly the same way, using (5) in place of (13), it follows that, if ¢ is 
a singularity, so is also ¢? unless g*(x) is regular at 2 — € whieh is then 
a branch point of order 2 at which g(r) = 0. If ¢ is a singularity for which 





* The circle with center at the origin and radius |r r will be denoted by C, or C,. 


TIt is shown below that the radius is only infinite when a 1 and g(r) = 1+ 2. 
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¢ is a minimum and we assume (¢'<1, then ¢|/>0 and, since |¢*|<|{), 
it follows that g?(a) is regular at a = ¢, which is therefore a branch point 
of order 2 at which g(r) = 0. We may therefore set 


1 
g(r) = (w— 8)? pla—), 


where g,(r) is regular at ft. Moreover, if ¢ is not a minimum but is 
still less than 1, then, since ¢” +0 as x—-c% while g(*) is regular at «= 0, 
g(r) must be regular at ¢” for some value of x. It then follows from (5) that 
q(S) is finite and has a finite number of determinations; such singularities 
are therefore algebraic. We shall now show that, if there is a singularity 
inside (, there is a uncque singularity for which ¢ is a minimum. 

We have already seen in (6) that h(7) = g(x) r® satisfies the equation 


(14) h(a*) = 2at+h? (sr), 

If r, and wry are two different zeros of g(a) which lie inside C,, then 
(15) h (x?") om i (x2), 

as each is the same polynomial in 2 @, e. g., if in (14) h(a) = 0, then 


h(x") = 2a, 





h(t) = 2e+h? (2?) = 2e€4+ 46, 
and soon, Now f(r) = 122 (r) = wg? (er) is regular at « = 0, and 


c g(r) — Dag (r) 
J (a) = if. 
ce) 


Which has the value 1 at «= 0. But in (15), 2?" and vr") ean be made as 


small as we please by making » sufficiently large; hence there are an infinity of 
distinet pairs of points x’ and .r” in any neighbourhood of the origin for which 


z= FZ 


This is impossible since f’ (0) = 1; hence g(x) vanishes for at most one value 
of 2 within C;. We have already shown that g(r), and therefore also h(7), 
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vanishes at the branch point nearest the origin and hence it follows that there 
is not more than one such point. 

We have therefore shown that g(x) has no singularities within the circle C, 
ercept possibly branch points of finite order; and, if it has any singularity 
within C,, there is a unique singularity 5 for which [ is a minimum; this 
point is a branch point of order 2 at which g(x) = 0 and it is the only zero 
within C,. Every point $1?" is also a singular point and every singular point 
within C, is of this form. 

Exactly the same argument as above may be used to show that h(x) never 
takes on the same value twice within C;. 

We have seen above that C, in general forms a natural boundary for g(x). 
There exist, however, solutions which have a simple pole at 2 = o but other- 


wise behave in the region exterior to C, in much the same way as g(x) does " 
e ° ° . os 7. ae ° e,° uy 
in the interior region, or, more explicitly, if [,, ,... are the singularities of 3 
: g(x) within C,, then 
a 
] 
gir) = rg| 
ay 
f 
4 is a solution of (5) whose only singularities outside C, are (71, C7", ... and 


a simple pole at r= «. For, if « > ¢-', ¢ being as before the singularity 
of g(x) whose modulus is least, then 


Stott Ao 


In particular, when g(x) = 1+ 7, we have g(x) — q(). 
It is readily seen that no entire function except 1+. can be a solution 
of (5). For differentiating the terms of this equation we have 


Sele in tad NER DID Ah ORR Ul eso 


g(a*) = 2ert+ [g(x]? 
2.ryq' (x*) = 2e+ 24, 


4x* q" (x*) + 29' (x?) = 2qy" +24" 






Qn an g” (a?) ao se— 1) gn—l x” —2 adie (x*) + a. 


oe! 2 4(x) gf” (x) 4. 2 ng’ (x) J" (a) -t- oe 
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Hence the value of g(1) is determined uniquely in terms of g(1) unless 
qg(1) = 2", i.e, 2a = 2"-! — 2°"? for any positive integral value of n. 


For these values of @, we have, on putting z = — 1 in (5), 
g(1) — gn ~t 4 Q2n—2 4 [y(— 1)]? 
or 
[y(— 1 )}? — gn—l -}- gnu-l a Q2n—2 ——— oe (Q2n—2 ‘canaais 2") <Q 


unless n = 1,2. Since the series for g(x) has real values when @ and x are 
real, g(— 1) cannot have a negative square so that we need only consider the 
cases n= 1,2. For n = 2, we have « = —1, and, as we have already 
seen, g(x) = 1+ 2 which is an entire function; for n = 1, « = O and 
g(x) = 1, again an entire function; we may therefore exclude these two 
trivial cases. 

Now g(x) satisfies the same functional equation as g(x) and g(1) = g(\), 
and therefore the derivatives of g(x) have the same values at z = 1 as those 
of g(x). But, if g(x) is an entire function, g (x) is regular at x == 1; it follows 
therefore that the series defining g(x) and g (x) are identical. This is impossible 
as g(x) is regular at 2 = 0 while g(z) has a singularity there except for the 
cases a == (),1 considered above. We have therefore shown that g(x) is not 
an entire function except when a = 0, g(x) = 1, and e = —1, g(x) =1+2. 

5, The radius of convergence. The radius of convergence of (7) can 
be calculated by means of (14) under certain restrictions and, when @ is real, 


‘also the value of x which corresponds to a given real value of (2). 


By successive applications of (14) we have 


h(z*?) = 2a+h?(zx) 


h(a) = 2e+(2a+h?(x))’ 
(16) 


h(x2") = 2a4+(Qa4+.-.-+(2a+h?(a))?---), 


where in h (a2") = g (a*")/a®" * the term 2 occurs x times. If we set 


1 


\g(a*")| 2" 


(17) kn(2) = |h(a")" = 


x | 


1 











yo 
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then, since, if /a|<1, 2° >0 as n > and g(0) — 1, it follows that 


’ ‘ ] 
(17) lim k,(z) = -— 
n—->Z I 
If we replace h(.r) by 4 in (16) and write’ 
lio d, Ke Pk ‘ 
h Jat ih, i 2a + 47), 
(18) 1 +- 1 
1 
h, = 2e+hi,-1. kes, h, (7, 


then /:, approaches a definite limit as nx provided 4 is admissable as 
a value of A(r) for « <1. The convergence of i, to its limit is, as a rule, 
rapid for real values of « which are not too small, and this furnishes a practical 
method of calculating the zero » = §, which corresponds to 4 = 0, provided 
we are able otherwise to determine that it lies inside C;. 

The values of ¢ calculated in this manner for certain values af @ are 


a a « ¢ 
().25 0.9292 D.00 0.095 33 
Q.50 0.6654 10.00 0.0418 80 
1.00 Q . 1097 DO. ov O.v0095 
? . 00 (). 2230 


The convergence of /, to its limit can also be determined independently 
under certain conditions. We shall suppose in the first case that for some 
value of r 


1 
(19) hy > 1+ |2e/? 
so that 
1 
hr? >14+2\2e@ 24+ 2a! >)\2e 

then , 

‘ 2 : 

Wysa| = |2ath;|>'h,\?—|2al\514+2 2a fe 


*When it is necessary to 
hn (A, 2) in place of In. 





indicate the values of 2 and 2a explicitly, we shall write 
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whence it follows easily by induction that 
1 


” 


(20) | Past = 1+-2” 2e« ** : 


and therefore if x is sufficiently large,* h,|> 2e. 


Now 
1 1 1 
| hh, »” ! 2 « 3 ' Yu 9" 1 
kk he I 2 S\' Ti 
‘n-1 ‘n-1 "n 1 Mn 1 
1 
Ya 


<a +> 2« al Sit ynu-1 


for n sufficiently large. The infinite product I] hy, ht, 1 therefore converges 
and so k, approaches a definite, finite limit. 

It 2@ > 2.25, it is easily shown that (19) is satisfied for 4 = 0 and + = 2. 

The convergence follows in the same way if it is known that h,| > ¢>0 
for all values of x > +r, € being independent of x. 

If 4 = 0 is a possible value of 4 and z, z <1, the corresponding value 
of x, then as before 


h(z*) = 2a, 


h(z4) = 2a+(2e)° 


on 1 


h(e*) = Qath*(z?  ), 


Hence /(2*’) is a polynomial in « of degree 2”—! whose coefficients are positive 
integers which do not depend on z or «; this polynomial we shall denote by 
p(2@). If w = 2e@ is a root of p,(u) = 0, then h(z*") = 0, so that z*" is 
a root of g(x). Hence (z2*")* is also a root, and so on. This, however, is im- 
possible if z <1, as the origin would then be an essential singularity of g(2); 
we can therefore conclude that, 7f 2@ is a root of any of the polynomials 
pn(e), g(x) vanishes at no point within Cy which is therefore the circle of con- 
vergence of the series (7), except in the two trivial cases in which this series 
represents an entire function. 

6, The polynomials /,,(4, «) and p,(«). The polynomial /, (4, ) is the 
polynomial defined in (18) with « in place of 2«, i.e., 


(21) h(a, #) = 4, hh (Aye) = wt)? _ (4,9), 


1 
* If ‘hn| > 1+ |2a)? for every n greater than a certain value, then evidently lim ku<1. 





a 
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while p,, (4) = (0, #) so that 
(21’) ‘ PO) = Bs p,, Geo) fet pes (ye). 


The following properties follow readily from these definitions. 
In the first place we have 


(22) haw) = hh 4, 1, = pH) + 9, (4, WA, 1), 


where qny (4, #) is a polynomial in 4, with positive integral coefficients; hence 
in particular 


(22) D,, (uw) = ), mL ) + q,,, (0. ft) pole ). 
From these equations we deduce immediately that 


(i) hy (A, we) and hy (A, w) have no common factor; and if s is the H.C. F. of 
nand r, ps(u) is the H. C.F. of pr(e) and pp). 








f To prove the first part of this lemma we need only observe that from (22) : 
: every common factor of 4, and h, is a factor of p,—,() and therefore does : 
not contain 4. This is, however, impossible since the coefficient of the highest 
' power of 4 in hy is unity. 
To prove the second part we observe from (22') that every common factor ; 
: ~ Of p, and p, is a factor of pr—r; and hence, by a repetition of this argument, 
it is a factor of ps. It only remains, therefore, to prove that p, is a factor 
of ps, k being any integer. Putting n = 2s, 3s, ..., r= s, 2s,... in(22’), 4 
we have | q 
Pa = PsF Ios,5 D9 Ps5 = Pos + IV 35,5 Ps 
and so on; from which the required result follows immediately. This also 
shows that p, = @ is a factor of every p,() as is of course obvious otherwise. 
(ii) 
(23) hn(A, w)—hy(A, w) = ina + Iyp—1) in 2 + Dap —0) «+» Onn + hig) Viner — Io) . 
; t—2°T "r—2 u—-r 0 n-9 ols ; 
1 z 
| ; 


(23') p,(") — p(w) = Dy-1 + Py) (Py_o +t P,_9) °° 
For 


E (p, r-1 + Py) V;, ~r* 


h,(4, w) —h4, w) = his_ (A, w) — he (A, ) 


= [is (4, oe) + ea (A, pe) [ag 1 4, 0) — ee A, 1). 
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An immediate consequence of (23) is that hn»(A, mw), (nm =k, k+1,k42,.. 


all have the same value for values of 4 and w for which 
hy (4, w) + hyp-il4, pw) = 0, (vy = 1, 2, --+ &), 
an important particular case of which is 


pn(— 2) = 2, (mn > 2). 


133 
:) 


(iii) Differentiating (21) with regard to 4° and pw, we readily prove by 


induction that 


oh, 
(24) wt = = | + 2 hin-1 + 27 hin—1 hy -o+ 2 hin—1 Nin» Kins + ee 
ha +2" 1 Iin-1 Nn-2 +> 
, ah, 
(24') rE a= 9°! fs hae +++ In, 
an interesting particular case of which is p),(— 2) == — (2°"—!+ 1)/3, (m= 
(iv) If 
(25) Bp) S44 V [el 4+H, 
then 
1 
(26) h,@, p) > V+ plt— pis pi’, (n > 2), 
and, in particular, if |, > 2, 
1 - 
(26) lpn(w)| > iw iF—iel>le?, (a> 2). 


If (25) is satisfied, then 
elt lel <lp\+atV lel Fi=—GHV elt) S15 
hence 
[Art eS lel tle, 


or 


[a2 +p |?— |e] S |e? S 0. 


-hh, 


> 2). 

















134 J. HW. M. WEDDERBURN. ; 
Now, for n= 2, ¢ 
he th, w) wt (Ae 4+)? AP tp P| po |"2, 2 


A EONS: 





Let us assume, therefore, that (26) is true for 2,3. .... 1: then 


a ‘ 9 4 é 
y= (Ae) Wilh, uy I (4, at) " 5 
it i 96 ‘ ‘ ‘ ‘i 








A* + ft ‘— 2 ft n* ft ° + ft ‘ i : 
At ? 7 [47+ ?—C aw +4) i : 
it4on? P wi? 
; ¥ 
fA 
by (25). Equation (26) then follows by induction. 
If 4 = 0, (25) becomes = 
: 4 
a \ 
¢ > | 1 
: Pier iT es 
¥ 
t or w ®>2 m,i.e, wo > 2; and (26) becomes (26'), | 
Since 27+ > 4 ?— mw , (25) is satisfied by : 
5 : 
: 
+ @ 1 1 1 9 
&£°->\p +34) i+. A\"> isl, 2 
or | 
1? ” — L a F/ | | +2 hit<ip 4 














(y) It follows immediately from (26’) that the absolute value of every root 


Of Pull), except i 0, 7s less than 2 and therefore corre sponds loa value of 
@ <1 and, if @ is real, toa value of @ between —1 and O. 

(vi) Tf py is the real negative root of py of greatest absolute value, there is 
one, and only one, real root jy. of pu. betuweoen — 2 and fry, 

When » = — 2, we have already seen that p, == 2> 0, and if ftn—15 


then pu = fn t+ pas fy—-1< 0; there is therefore at least one real root 
of p, between — 2 and p,,-3. 
If we differentiate (21') twice, we get 







“id - y 2: ” 
Pa (fe) : 2[ pn -1(u)] T 2 pun if) pn 1 (7/4), 
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so that, if wis real, p;/ is positive if p»—1 and p;/-1 have the same sign. For 

n= = 3B, fy = —1; and, for 7 <—1, we evidently have p;’ > 0, so that to 

the left of ye = py both ps and ps’ are positive. It follows that, to the left of 

Hs, pa > O; and so on. We can therefore conclude that p, has one, and only 

one, real root between — 2 and g#,—; as otherwise p)’, which is equal to or 

greater than O, would change sign for some value of « between these limits. 
It is also easy to show that «4, ~ —2asn->x. For 


Pu (— 2) 2, Po (Pn -1) f{nai<—l, 


while pi (4) O between — 2 and m,,-1 so that the graph of p, (4) is concave 
upwards between these limits; «, therefore lies to the left of the line joining 
(— 2,2) to (4,1. — 1), whence 


fn-1— ha > (M4, 1 L ah 
(vii) Tf and dare real and positive, and if ue ; : and fo a 4<0 or 
hap +h? ', then 
lim Ny, (A. i —_— : — yl. 
"” x 
For all other positive values of wand 4, ly (hw) > Pe asn-@. 
From (23) with r+ n— 1 we have 
hi, — hy, 1 (hi, 1 +: hy»—2) (In + ins) -«- (hi, a lio) (ue + A* —A), 


Ite -+4*® —2 <0, which requires « < 1/4, the /’s therefore form a decreasing 
sequence of positive quantities and so approach a finite limit. If «+ 4°—4>0, 
they form an increasing sequence. If the sequence of h’s has a finite limit, 
then, since h, = w+h5,-4, we must have /— «+7. Moreover, since 
hin 1+ In-2 — 27, we see immediately from (23) that 7< 1/2, and hence 
/—=}—IJ '—n. A finite limit can therefore only exist if # < 1/4. 

Ife < 1/4 and /, pe + 4° -+- 1/2, then 


he = w+(u+4*)? <3, 


and therefore, by an easy induction, h, < 1/2 for every x. On the other hand, wa 
if 4A-<y-+2*> 1/2, the h’s form an increasing sequence which cannot have \ 
a finite limit since h,—; + h,—» is greater than unity. 
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1 ed 
(viii) Ife > 1/4,4>0 and tae: lim i, (A, «), then 2 = h(a, p). 
. n=@ 
In the first place, 4(2,) — lim k,(4,) exists and is finite. For, under the 
n=2 
given conditions, /,, increases indefinitely with » and hence the condition 
1 

of (19) and (20) of $5 that h, > 1+ 2"-" yw? is satisfied for m greater than 
some finite value of ry. The value of the limit is moreover greater than unity; 
for we can write 


h,>Ut+ePr"", (e > 0) 
for some » sufficiently large and « sufficiently small, whence 
Ine oe td tert > +e)", 


so that the inequality also holds, with the same e¢, for every subsequent value 
of n. 

We shall now show that 2k, 24 approaches a finite value as n > 0, From 
(17) and (24’) we have 


3 ohn md Okn = k hy 1 Min—2 Aes h, k (J (J 
92 04 oar ™ lin iilidaieia 
say. Now 
Qn 1 i hi, _ 1 


’ 


Yn hy, +1 1 4+ fe 


2 
hn 


1 
and za w/he converges since h, >1-+ 2”"-" uw? for n sufficiently large. Hence 
Gn approaches a definite finite limit as n > 0, and this limit is never zero. 
Moreover, k, and qg, approach their limits uniformly as regards 4 since in 
both cases the convergence was obtained by comparison with series which are 
independent of 4. Hence 


Ok(4,) 9) } 

ay PAK, H) 9g (2,H). 

It follows that, in any interval 0 <«<2<N in which « is as small and N as 
great as we please, x = 1/k(A, «) is a uniformly continuous function of 4 and 
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possesses a derivative which is nowhere zero. There exists therefore a unique 
single-valued inverse function 4 = H(z, mu). Now we saw in § 5 that k(A, w) 

1/1 if 4 is admissable as a value of h(x, u); also h(x, u)> 0 as > 0; 
hence, if NV is taken large enough, the range of values for h(z, #) will overlap 
that for H(s, #), and in the common part of their ranges these two functions 
have the same value. Both functions satisfy the same functional equation, 
namely h(a*) = «+ h? (x); hence, if a is so small that a and a’ both lie in 
the common range, so will also a4 provided always that h(a, w) and H(z, 4) 
do not vanish; and so on. The two functions therefore have the same range 
of definition and this range is from ¢ to the point at which they vanish or, 
if they do not vanish, from ¢ to 1. We can then use (17’) to calculate the 
zero of g(r) provided «> 1/4, and. the radius of convergence of g(x) is less 
than unity for real values of 2@ = w> 1/4, and it is equal to unity for 
O<uw~ 1/4. 

7. Solutions which have a singular point at the origin. If g(x) 
has a pole of order n at « = O, then 


G(x) — ike g(a) 


is regular there and G(O) + 0. The function G(x) satisfies the functional 
equation 

(27) G(a*?) = Pew?" 14 G(r), 

so that G(O) = 1. Since 2” + 1 is integral whenever v is an integral multiple 
of 1/2, the discussion of this equation will also embrace those solutions which 


have an algebroid pole or zero whose order is of the form m/2. 
In place of (27) we shall consider the more general equation 


(28) F(x?) = 2(@ +e’ arta" ert... + aMa") + F*(r), 


and we shall only consider solutions which are regular at the « = 0. Sub- 
stituting in this equation 


(29) F(a) = ag — 4, 7 — Ag 2? — a3 0? —- + 
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, . ; 4 
we obtain £ 
eS 
2 0 
(lo (lo Pu . 
4 
) ery 
? (ly (ty 2 « ‘ 
‘ 1 ' ‘é ” ; 
2 ty Ms a, 4 +a, + 2 
n—} 
’ 
{ ! . 
? flo a, = = , An—-r FT (ye t > «e!! 
1 
m 1 
’ 
? fly Am ‘ (tl, dm—) 4 Um (pt = n). 
1 


It @ == 0, then «° 0) «’, so that Fy Gr) Fr) « is regular at () 
and satisties the equation 


¥ 
F, (2*) 2a tae rte peal a") + Fr); 
we may therefore assume ay | 0 without real loss of generality. 
The discussion of the convergence of (20) is very similar to that already 
given in $3 and is therefore given here merely in outline. Let 
“ty (ly Ih, h, B, . ty = (%&,. a ro B° ’ 
then : 
~~») < > | l ») m 
- oe ames (ileal 2, Bun ee a Bin 2 te - 3B ’ 
(Ly 
the last term being absent if m—>n. There are two eases to consider. 
(i) Suppose l-@ <1. Let 
—— ae 
i aes 2 Ym = Ltr Ym + m2; 
where 7 is chosen so large that Bn“ ym (m 1,2,...). If this inequality 





holds for all values of the subscript from 1 to m—1 — n, then 





, v ] ’ } 
28,< My eee ae. Pe - 
yA Bn la I Ym-7 7 e imi. he iv Um-r + Ym'2 2 sms F 

0 . 
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so that it also holds for every value of m. The proof that the series con- 


verges is then exactly as in § 3. 
(ii) Suppose that 1/@)>1. Then, y being chosen as before, let 


’ l 


. . dy a. ' , 
1 V5 2m bw tr Ym—r T Ym2s 
& 
so that 
on ce 3 I ° 
2B» mw tv ¥Em-r + pee Ymi2 oY ms (nm > n). 
0 


Let 6 be a positive quantity satisfying the conditions 


. dS Go, &> t, 
> = m i ° . 
and set 0, = 0, 0, = 2,46, 6,-,; then 6, > @ ym. This inequality is 
true when m = 1; suppose it is true for all values of the subscript up to 
m—1, then 
m+ 2 
7 1 rm 7 1 m 1 2 : 
2¥n = a Yr ¥m—r + ay ¥m/2 > Zz = 0, Dy, - rt On D 2 


ms 


= (- )"on-+ (2-| Matte 


fo 


But 6,2 < 6,, and m>(m-+ 2)/2; hence the inequality holds for every value 
of m. It then follows exactly as before that (29) converges for « < @/40, 

It is not difficult to show* that no solution of (29) can be an entire function 
unless it is a polynomial. It then follows that the original functional 


equation (5) cannot have a solution of the form 





Y . 
g(r) = Am x™ + +++ + 9+ > dy 
1 
in which the infinite series does not terminate. For, if there were such a 7 
° Y 1 5 . > . 4 " 
solution, G ( = g(r)/x™ would be an entire function of z= 1/7 which , . 
LX | Mo 


* One method of proof is to consider the manner in which | F(x) increases with |... 
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satisties the equation 


(7 (27) Dc 22"—-1 4 (7? (2) 


and is not a polynomial. 

8. Conclusion. The method of calculating the zeros of g(r) which was 
viven in $5 may also be used to ecaleulate the value of g(r) for any real 
v and @, When this is carried out, it is immediately seen that comparatively 
few steps of the limiting process are required to give a fairly accurate result. 
If the number of steps required for a given degree of accuracy has been 
ascertained, the process may by profitably inverted, e. g., if four steps are 
sufficient, we may set 


1 1 1 1 
] 


h(x) = ie §— 2a]? — 2a]? -2«\?—2a]?, 
or in general 
1 1 a 1 
h(r) = [| ore {[.r 2 '— 2a]? 2a)? eis — 2a)?— 2a]?, 


where the square root is extracted » times. If m is taken so large that 
1 


or—1 


= 9.12 ot ; , ‘ ’ 
[x= —2ea]? = az” to the degree of accuracy required, then nothing is 
gained by increasing the number of steps beyond n. 
PRINCETON, N. J., 
December, 1921. 
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ON CONVERGENCE FACTORS IN TRIPLE SERIES 
AND THE TRIPLE FOURIER’S SERIES. 


By BEss M. EVERSULL. 


Although the triple Fourier’s series has been used somewhat extensively, 
no proof of the validity of the development of a function of three variables 


in such a series has been given. It is the purpose of this paper to establish 
certain facts in connection with the summability of such a series, with a view 
to applying the theory of convergence factors to some problems in mathe- 
matical physies. As an illustration of such applications it will be shown that 
the formal series arising from the discussion of a certain problem in the flow 
of heat furnishes an actual solution to the problem. A method of dealing with 
problems of this type has been originated by Fejér* and applied by him to 
problems involving the ordinary Fourier’s series; the same method has 
5 applied to problems involving the double Fourier’s series by Professor 
‘.N. Moorey and will here be applied to the problem involving the triple 
: ourier’s series which we wish to consider. 

. Summability of triple series. The type of summability w ith which 
ms paper is concerned will first be defined. Consider the triple series 


nr, Mi, KH 
—¥ 
(1) bs imu 
i=1,m=1,n=1 
and form 


(2) 

on Lan. I'(y- 17 — i) T(r +m — J) 3 rt — k) a 
YImn feta PO) FW. —-i+1) P(r) T(m—j+)) rinlin- kh+1) °°" 
where 


ijk 
’ 
(3 = ty 


If the quotient 


a 


Su mn 


A” 
Imn 


(4) 


, 


* Cf. his paper Untersuchungen iiber Fouriersche Reihen, Math. Annalen, vol.58 (1903-1904), 
p. 51. 

t See his paper On convergence factors in double series and the double Fourier’s series, 
Trans. Amer. Math. Soc., vol. 14 (1913), pp. 73-104. The summability of the double Fourier’s 
series has also been considered by W.H. Young (Proc. Lond. Math. Soc., ser. 2, vol. 11 
(1912), p. 133), and by W. W. Kiistermann (cf. his dissertation, Uber Fouriersche Doppel- 
reihen und das Poissonsche Doppelintegral; Munich, 1913). 
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where 
rid+yr) Pim+yr) Min-+yr) 


9) Atma Peery Vat iy lin) “Parti riny’ 


approaches a limit S as /, mand x become infinite, the triple series is said 
to be summable (Cy) and to have a value equal to this limit. This type of 
summability for a triple series is analogous to that which Cesaro considered 
for an ordinary series. The above definition is valid for any 7, real or complex, 
except zero or a negative integer. We may include the case where + —— 0, 
if we assume that the right hand sides of equations (2) and (5) have the values 
they approach as r approaches zero. In this case, summability (C0) is the 
same as convergence as defined by Pringsheim. For the applications we wish 
to make, we need only consider the case where + is zero or a positive integer. 

Before going on with our investigation, it will be advantageous to de _— 


some properties of Sy, and Ay. From the detinitions (2) ard (5), it is 
evident that 


~~ GH OO 
. 9 Jomo ¥. ’ ’ - ’ N’ 1 ot 
(b) had Sean! Y ~( | ry" (1— ae 1—z) Stan! yf ia 
i=1,.m=1,n l l lm lu 1 
(7) i ’ ] Wi alt > a r+] ’ 1 1 
dt A 2" Hoary Zl—ws) (1 —y) aa alll 


the sign ™® indicating that, if the expressions on each side of it are expanded 
in ascending powers of «, y and 2, the coefficients of the corresponding terms 
Will be equal. 


We may also derive the relation* 


(5) Aimn e = { i ] ia oes ] J { ] yh r + l d | r + l ] 
d 0s=0,kK=—0 r- 1 / a 
where for the sake of uniformity we set 


(9) ‘ oe oe —_— fT) (p, q or s- 0). 








* 7 
The derivation of this expression may be yeneralized from that for the simple series, given 
in Bromwich, Theory of infinite series, p. 317. 
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- fae atten (r) 
From the definition of A/,,,,. we have 


lim Aine | ] , 
inne Oe a | Mir +1 f ; 
and therefore 
(10) Fs KV ww nw (7, me i. 6c ke 


where A is a positive constant. 

In order to make our definition of summability of wide use, it must be 
consistent with the definition of convergence; that is, if the series is sum- 
mable (CO), or convergent according to Pringsheim’s definition, it should also 
be summable ((')) for any ¢ = O, and to the same value. We shall prove that 
our definition satisties this requirement for all classes of convergent triple 
series for whieh the condition of finctiude® is satisfied, i.e. for which 


y 0) 
Ones ’ ‘ 
(11) s; —— |< ¢ (J, m,n * & Sere * 
min “o 
Aimn 


(‘being a positive constant. It is possible that this restriction is more narrow 
than necessary, but this question will not be considered here as the theorems 
on convergence factors which we shall have to prove present the same 
restriction, 

If a convergent triple series satisfies the condition (11), it also possesses 
the property that as 7, m and x become intinite. the quotient S),,, Ay. con- 
verges to the same value as s,. and will also remain less in absolute value 
than the positive constant C for all values of /, mand x. Hence, to insure con- 
sistency with the definition of convergence, we shall consider only triple series 
Which satisfy the conditions that 


° A ol . 
(12) lim exists, 
lim n KH SNlmn 

and 

(7) 

Si} © 

(13) — <C Coane £35, cs) 

ir 

Aimn 


Where C' is a positive integer, and + a positive integer or zero. 


‘ This term was introduced by Bromwich and Hardy in their paper, Some extensions to 
multiple series of Abel’s Theorem, Proc. Lond. Math. Soce.. ser. 2, vol. 2 (1904), p. 161. 
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Before proceeding to the discussion of the theorem of consistency, it 
would be well to note that the (; +1)" difference of the triple sequence 


Tix (i,j, k = 1, 2, 3,...) is entirely analogous to the (+ 1)" difference of 


the simple sequence, and is defined by 


-] s/ 
(14) a = > (—1)"(— 1)*9(— 1) 


i VU, q =U,s vu 


r+1 r+) f yt] 
( a 1 - ( + 1 /] (. es Ji Dd U hos 
We shall now proceed to the discussion of the consistency theorem, proving ‘ 


first two necessary lemmas. 
LEMMA 1. Uf the tivo triple sequences 


(15) (lnine a (/, vile Ul i. vs en a 


satisfy the conditions 





: llmn 
(a) <n (/. m,n hm & Sees 
1 hy, , 
1 vt 
1 q 
(b) ; Winn <O, (J, m,n * & Sees ‘ 
(¢c) lim —— zx, 
limon a 2) 
h; ) h : 
‘ AYS ° ps ‘ pa ; 
lim j 0, lim j 7 2, lim } Q, 
por I pys 77 —>S Iyqs 8 -x qs 
(d) 
b; h; h 
° AjLs P AyY s yy 
lim == ©, lim , == @, a = (), ; 
pq>e Fngs ps—aw pgs 4, 9—>& Vigs 1 
(4,0, 9 = 1,2, 3,..+), ; 
. 1 1 
* In forming 2: a,,,,, and £.1b,,,,,, for the sake of uniformity we set . 
‘7 
Cimn = 0 3 Donn (1, m or n < 0). j 
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where the limits are approached uniformly, the first for all positive integral 
values of q and s, the second for all positive integral values of p and s, the third 
of p and q, the fourth of s, the fifth of q and the sixth of p, and 


7: 
. / aa Almn : 
(e) lim — exists, 
/ —>o / 
mn oa rat. Dimn 
then we shall have 
: Aim 
(16) i <G (i,m, 2 = 1,2,3,...), 
Dimn 
and 
én ‘ Almn 
(17) lim ‘ 


Lmjn—a>a Dimn 


will erist and be equal to the limit in (e). 
We shall first establish the inequality (16). From conditions (a) and (b), 


we have 


1 aan 


(1) : limn | < —t' _— 
and therefore 
l—1,m—li,n—1 1 7/—-1,m—l,n—-1 1 
’ . %, 
a9 Sl Alaw|<—c 3 Alte. 
i 0,)=—0,hk= 0 i—0,7=0,k —0 
From this and condition (b), 
/ im 3,0 1 4 
hk ; ijk 
(20) §=0,j)=50,k=0 (’ 
™ l1—1,m—1,n—-1 1 Rehaaly 
=) 
hyip, 


at 
i—0,7=0,k=—0 
In view of the fact that Onn = 0 when 7, m or n <— 0, it is obvious that 


l Lm 1,n—t 1 c—1,m—=1," 1 = 


\ 4 ai . — —h 
L\i a... = a ; dad f ijk imn? 
i=0,j=0,k=0 1 ik imn i=0,j=0,k=0 / 
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and therefore, making use of (20), we have 


/—1,m-—-1,n—1 


I—1, m—1.n—1 1 2 ' ! 
’ | 
ly b2 ly 
1 oa a ijk fam” 1 ijk 
) Cian $=0, j =0,k—0 i=-6,j;=0k=0 
(21) ) l—1l,m—1,nu—1 1 l- mln) 1 : 
’ 
lmin 1 h ¢ N 1 h 
~— yuk — + Pek 
i=0,j=0,k=0 ‘=0,) Ok 0 


We have thus proved that the relation (16) is true, and it remains only to 
be shown that the limit (17) exists and is equal to the limit in (e). Sinee the 
limit in (e) exists, we can find a A, # and » corresponding to a positive & as 
sinall as we please, such that 


1 
1 Ama LA 
(22) L, f<— 1 i é ( n} 
n ¥ 
: —- 


where Z is the value of the limit in (e). Henee from condition (b) it follows that 


> 
1 1 1 i= "| 
(23) (L é) 1 Wien > Bina it, + 2) 1 a {mi = at. 
! 1 1 nm 


If we add all the inequalities (23) for all sets of values of 7, m and n such 
thaté<— <p, pmm<q,v<n<s, we have 


(L—e) Dans : Dos ans Dis Dans T h, yet Bases u Wigs ings) 
‘ “Gan npr = ar is f ng i Opps u Cjy4s wi “pas 
ay 1 ; -- - W)) ‘ney “tT 7 “J 
i, &) ( Vine Doar Way Vins | ae ' Don s hj had igs P 


From condition (¢) it is obvious that we can find a p,q ands so large that 


hygs > O, and hence we may divide the above inequality by b,,,, which gives 


-. 
(L —e) F has bins Vig bins ar ame ae | 
7 — — — anh = Ss -+ , 
| i i i 
bps bogs Db nas Dyas buen b nas bngs 
a tj ; : . 
(24) gs gs ns “nqe » “lus , Gav , Typ , Gar 
: . +t x 4 
a ee ee ae ee Se a ae 
h, ; 
(IL —e) |; Aqs We Doge bins Vig mr 1 Pape | 
9 ladies —_— a — — atm - : 2 
T . 
boas ngs bogs bngs ngs bonus bngs 


AER te Se 
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From conditions (c) and (d) it follows that, as p,q and s become infinite, 
the limits of the parentheses in (24) which involve only +’s exist and are equal 
to unity. The last seven terms of the second member of the inequality (24) 
may be written in the form 


j ' 
Uys Days ps pps gv bingy |. “ns "ins 
Dans Dies wn Dias Day on Dans Digs 
, Gage Nag ‘ npr Dons Our Dany 
" By h h - j, h; : h : 
“qe pas py pas Apt pqs 


hence, by virtue of conditions (ec) and (d) and the inequality (21), the limit as 
p,q and s become infinite, of these seven terms, exists and is equal to zero. 
Hence, from (24), we have 


an — ines 
os lim —" L 


(2h) L—e=< lim 
Ones h 


pays 


and since ¢ is an arbitrarily small positive quantity, it follows from (25) that 


(ne ad 
qs li vas ] 
Im 4s 
h h 


yys pus 


lim 


and consequently the limit (17) exists and is equal to L, the limit in (e), and 
therefore the lemma is proved. 
LEMMA 2. If the triple series (1) és summahle (Cr) where ris zero or 


a positive integer, and if moreover 


a) 
N; ee 
(26) a an’, Come = §,3,9)«5-% 
= 
Aimn 


where C isa positive constant, the series will be sammable (Cr +1) to the same 
value to which it is summable (Cr), and furthermore we shall hare 


vr; 2D) 
Stimn 


C, (i, m, 2 = 1,2, 3,..-). 


{\” -1) 
«Limn 
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From relations (6) and (7) we have 


Shon yl ”" A (1 “4. rt r “foe ah -t- y +- y? -+- eee) 


em, O,& 


e Ts aT) 
? a } Ps al rl y" 2” 
i=1, m=1,n=1 


Oo, 20, 0 
*, (y---] F 
>» Aimn x! y"2"*m(l+-2r+- ree )A+ yty?t+ see) 
1m=—ln=1 
Oc, 00, OF 
3 J 


F ’ r) 
-(l+2+2°-+--::) , Ainnz y™ 2”. 
=i 


me 
i=1, m=1, n= 


Equating the coefficients of the corresponding terms in each of these 
expressions, we have 


loom? Tlmiyn 
a ee @) "he a) ’ 1) ~\’ (r 
(28) Simn — a_ ijk} Aimn ' ad Ag, 

j= 1, fei, k= pe 1 
and from these equations we obtain 
1 1 

(29 ig.” = ahd ; i - 
ze) _ Iman =n wae (+1, ma —1, m1 1 Arman ~ Aleit mein le 


= : ér- Dd iy -1 . 

We may now apply Lemma 1, taking S),,,,. and J1/,,, as the two triple 
sequences. It is necessary first to show that the conditions under which 
Lemma 1 holds true are satisfied. Condition (a) is satisfied; for, from (29). 


1 * 1 
1 mn Sis. ws 1-1 
1 . ir 
F tig Ar ssiliaiatl 
1 
Which from (26) is less than a positive constant ('(/, m,n 1, 2, dy «+ +) 


Condition (b) is satisfied by virtue of the second of equations (29) and the 
definition (5). That conditions (c) and (d) are fulfilled also follows from 
definition (5). That condition (e) is satisfied follows from (29) and the hypo- 
thesis of this lemma that the triple series is summable (Cr). 

Hence it follows from Lemma 1 that S/,,,,."’/Ay,,,” satisfies the condition of 
finitude, and that the series is summable (Cx +- 1) to the same value to which 
it is summable (Cr). 

We may now prove the consistency theorem itself. 
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THEOREM I, Jf the series (1) ts summable (Cr), where r is zero or a positive 


integer, and 
Tene y ¢€ 
-|<G (1, m, wn = 1, 2,3, ...), 


he 
<llnin 


where C isa positive constant, then the series will be summable (Cr'), where r’ 
is any integer greater than r, to the same value to which it is summable (Cr), 
and furthermore we shall have 
ir) | 
Simn <-() 


4”? . 
<ilmn 


(2, m, 2 = 1, 2, 3, «+ )e 


It’ = + +1. the theorem reduces to Lemma 2. If 7’> 7+ 1, the theorem 
may be proved by successive applications of Lemma 2. 

2. Convergence factors in triple series. Before proceeding with the 
work of this section, it will be necessary to introduce and define a notation 


which we shall need. If we set 


r-1—u,r-+1—r,r+l—w 


‘ ates Ss 
(30) . i, = Pe 


Pp 0.4 0O.s=0 


ate r+il—g¢ r+1i—s]/v PY a kess 


we see that it is analogous to the notation (14), and also that the right hand 
side of (30) is equal to that of (14) with certain of its terms suppressed; the 
terms which are suppressed are indicated by the indices added to those of 
expression (14). We may further abbreviate our notation by setting 


(—2) (—1)" (— 1 


yr level 0 
rly = r+ E, ete 
reivu r--lu 


We are now ready to prove the theorems on convergence factors, restricting 
ourselves in this paper to the treatment of convergence factors in triple series 
Which are summable (C1), as this is the only case necessary for the appli- 
cations we wish to make. 

LEMMA 3. Jf the triple series (1) is summable (C1) and, moreover, the con- 
dition (13) is satisfied for r = 1, then, for all positive values of «, B and 7, 
the series 


PO eK 


(31) Zz Almn Simn (a, B, 7) 


‘=1,m=—1,ra= 
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will converge and have the same value as the series 


x ” 
me a) i ie . 
(32) ihe S ijk * Fajk (ec, B. ree 
1.) 1k 1 # 


which will also he Corie Vit ne, provide d thi CONVEK YE eer fu fors Siik ((, B. y) 
satisfy the conditions 


00, 20, % 
’ ” . . 
(a) P 3 rph a i. (ee, By) < Ki. (a, By -Q), 
ly Lh l 5 
of, Oc 
‘ ’ 
(b) lim? jk fixe Bey) 0, («e, By > 0) 
[—>oo J 1k 1 
and thre tira other conditions of the SOD pbe hype, 
a 
(e) lim /m hs KN fink le, Boy) (), (@, Boy) > O), 
/—»20, m—> 2 k-1 
and thy hin other ronditions of this AY, and 
(dl) lim (mn Prion (ee, Bey)| (0), (ec, By > 0), 


l->y7.m-—--4vNn->s 


it heing wnderstood that the limiting PPOCESSES sndicate d hy conditions (a) (dl) 
all have a meaning. 
Substituting in the expression 


29° \' 
(35) pe Wik ijn (@, Boy) 


the value of a,j, given by putting 
we have 


1 in (X), and rearranging the terms, 


~ 


mu / ‘ 
’ 

2 . \’ fl , 

way Qe ik Sisk . Sik 2 

i=1,j=1,k=1 i 1,j=1,k=1 : 


te 


. (1) 
Six + Rijk 
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1 . . 
where #,), consists of three terms of each of the types 


2,.%—2 * m—2, a2 n-2 


n—2 « » 9 
~\’ (1 “ ; ~\' 1 A 2 b wf) R: ie . 
aoe Ay 3 Iti iy lg Se C2 S ajhey ey St-1, m1, k 3 Sta, m1 ky 
a < er , j=T.k=1 k=1 2, 
n—? - u-—2 e 
NT gi! . # QW oD ae 
dat Am 69 Sty ks aes Mym—ik L228 ft, m—sy ks 
k 1 = Kk==1 


“ 


0 
» . vil f ’ 
2.1 fi; 1, mt—I1, i> Si—1, m,n ae 1, Ht, u—ls 


(1) ‘ 
es 


=a a 
hens Simk Y Pluk NS] l,wu-l, 


c—2 


2,3 
° al mi , ’ . v1) . 
and in addition the terms 4; lLw-l,a-1 att 1,m—1,n—1 and Simn Jimne 


We shall now show that the right-hand side of (34) approaches a limit as 
/, wv and x» beeome infinite fer all positive values of @, 8 and y, and that the 
second term approaches the limit zero. Then it will follow that the left-hand 
side approaches a limit under the same conditions, and that these limits will 
be equal. Hence we may conelude that the series (31) converges to the same 
value as the series (32), the value of (32) being the limiting value of the first 
term in the expansion (34). 

The first term of the right-hand side of (34) is the sum of the (7— 2) (m— 2) 
(n — 2) terms of the series (32), contained in a reetangular parallelopiped of 
dimensions / — 2, m——- 2, n— 2, taken from the upper, forward, left-hand 
corner of the series. From condition (13) where + — 1, we have for the 
general term of (32) 


1 2 (!: TE) a a ae 


(.32)) Stmn 2 Finan =<€ ‘Tm rn - Sram a. 8, 7 > 0 


From condition (a) it follows that the series whose general term is the 
right-hand side of (35) converges, and therefore the series (32) is absolutely 
convergent, and the first term of (34) approaches as a limit the value to whieh 
the series (32) converges as /, m and n become infinite. 

By expanding each of the terms, except the last, of Ryks and applying con- 
ditions (13) for » == 1, and the appropriate one of the conditions (b)-(d), we 
may show that these terms approach zero as 7, m and x become infinite. That 
the last term of Aj, approaches zero as 7, m and n become infinite may be 
shown by applying condition (13) for » = 1, and the condition (d). Hence 
Rik approaches the limit zero as 7, m and x become infinite, and the lemma 


is proved, 


LN Ce 0 
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We are now ready to prove the theorem: 

THEOREM II. Jf the triple series (1) satisfies the conditions of Lemma 3, and 
the convergence factors fijx (@, 8.7) satisfy the conditions (a)—(d) inclusive of 
that lemma. and the additional conditions that 


= = k = 1, 2 3, 
(e)  Sijk (@, B, ¥) es continous im &, Band y ( , a, f,y >0 ] p 
(f) lim [fix (@, Be y)] = Six (0, 0. 0) l (2,7,k = 1, 2, 3,...), ; 
a, 3.70 q 
i xz » 
SH. .2, 
(g) lim Qt 2 fix (@, Boy) = 0 for ereryy and Iz, and the two other 


a, 8,y—0 i=1 


conditions of the same type, 


i= OO. j— x ” 
(h) lim z= mT] 2 Sik (@, B. y) O for every k, and the two other 
ap.you (=1s=1 - 
conditions of this type, and i 
we, 0, & 2 
4 (i) » 4 ijk 2.2 fi, uniformly convergent in (@ > & > 0, B By 
i 1j=1k—1" il 
+ >0, y>70>0), 
: then the series (31) wall define “ function of “. B and Y, F (a, B, Y) which is 4 
continuous for all positive values of @, B and y, and for which 
- 
(36) lim [Fle, 2, y)] N, 
a, p,y—> +0 


where S is the value of the series (1), 

From Lemma 3, we know that the series (31) converges to the same value 
as the series (32) for all positive values of «, 8 and y. Henee if we can show 
that the series (32) defines a function of @, 8 and y, which is continuous for 
all positive values of @, 8 and y, and for which equation (36) holds true, our 
theorem will have been proved. 

Since by hypothesis, the series is summable (('1) to S, we may write 4 



















dd 
Qr Simn . 
(34 ) Dy) + tran | lim Fimn 0). 


Im n Jimn —— TF 






Using (37), we can reduce the series (32) to the form 











Fi, Rh, KH, WH 


(38) S DD ijkhifinlea y+ > 
t=1,j;=1,k 


i=1,)- 1,k 1 


« 


to to te 


ij lees C2 fin (a, BY) 
; ; 
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We can evaluate the series in the first term of (38) by applying Lemma 3 
to the triple series for which 


(39) Miro le diy (0) (4,, ork > 1), 
observing that this series is convergent and satisfies the restriction (11). 


Hence by Theorem 1 this series is summable (C1), and therefore we can say 
that for this series the equation 


Or, KH, OH LF, PLL x 
“¥ : ‘\' “DD ‘ = : 
(40) Zz ijk Aik (@, Bey) > Pa Sin 2 fir (@, BY), 
i=1,,-1,6=1 $=2, J==1, 8-1 - 


which expresses the equality between the expressions (31) and (32), reduces 
to the form 


tte 


“— 
(41) Jin (@ By) z ‘yk \i 


we 


~ 
~ 
| 
| 
~ 
~ 
t 


mo, ae ~” “Ea 
(42) Sfin (a, Boy) 4 po ph &ijx i? fix (@, Bey). 
1 


i=1,j=1,.k 


tro 


The first term is a continuous function of « 8 and y for all positive values of 
«, Band y, by virtue of condition (e), and by condition (f) approaches the 
value S as «@, 8 and y approach zero from the positive direction. Hence it 
we can show that the second term of the expression (42), which is equal to 
the expression (32), is a continuous function of @, 8 and y for all positive 
values of those variables, and approaches zero as @, 8 and y approach zero, 
we shall have proved that the expression (42) is continuous for all positive 
values of «, 8 and y, and approaches S as a limit as «, 8 and y approach zero 
through positive values, and the theorem will have been proved. 

By virtue of condition (i) and equations (11) and (37), we infer that the 
series in the second term of (42) is uniformly convergent in the region 


(43) (a a ky > 0, B > Bo = Q, Y Pr Vo > 0). 


From condition (e) its terms are continuous there, and therefore the series 
will be continuous in the region (43), and consequently, since @, 8) and 7o 
are arbitrary positive quantities, will be continuous for all positive values 








aa 
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of «. Bandy. That it approaches zero as «, 8 and y approach zero follows 
from the fact that ¢;,, remains finite for all values of ¢, / and /, and approaches 
zero as é. / and k become infinite, together with conditions (f), (g) and (h). 
Therefore, as pointed out above, the theorem has been proved. 

The above theorem has been proved only for the case where the series (1) 
consists of constant terms. By extending the proofs of Lemma 3 and The- 
orem II, they may be made to apply to the case where the series (1) consists 
of terms which are funetions of three variables. The analogous statement for 
this case is made in the following corollary: 

COROLLARY. If th: triple series (1). whose tevims ave functions of yan 
is vniformly sromomahble (C1) lo f(r, y, 2) throughout the region Rand 


(". (! mtu 


PS ae ee 
, 


hi 


linn 


where Hy is uf positive constant, and thie Conrerqgeiler five a) ‘ Sisk lec, B. 7 ) sitisfy 


the conditions of Theorem //, th i ad 





= (a) (re yz) Ain (, Bey) 


1] ’ 
. t 


eon 


will converge uniformly for all positive values of a, Band y, and for all values 
. of wo yand 2 in Ry, and its value, Flav ye 2. a. Bey). well approach flay y. 2) 
uniformly as @, B and ¥ approach zero. 

3. The summability of the triple Fourier’s series at points of 
continuity of the function developed. Before proving the principal 
theorem in this connection, it will be necessary to prove several lemmas. 

LEMMA 4. Let P bea region in space, lying within the che whose sides av 














a + (7 — 0;). B — (7E %)7¥ = tl 0,). where O, wd small 
positive quantity, and such that no point of BR les within the sphere whose 
center is at O and whose radius is Os, where Oy is (dso aosmall positive quantity. 
Then ify (a, A. 7) ix a function that ix finite and cnteqrable’ an the region he. 
the limit 







, l “(Ce sin*/« sin?mB sin? ny 

(44) lim yle.Byi .. . : 8 am ae dedpidy 
linn tek oF « sin? sin? B sin®y 

R 


will exist and be equal to zero. 





* Here and elsewhere throughout this section, when a function is said to be finite and 


integrable, it is meant that the function has an integral according to the definition of 
Lebesgue. 
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Represent by M the upper limit of the absolute value of /?, and by @ the 
smaller of the two quantities g, and e,/V 3. Then, if ¢ is an arbitrarily small 
positive quantity, we can take a positive integer g, such that 


oi a) 
(45) qsin?o a 3 ° 
We shall show that for values of /, m and x greater than g, the expression in 
brackets in (44) is less than ¢, and our lemma will be proved. 

Divide the region 2? into two parts, 2, and /?}, such that #, contains all the 
points for which @*-} 2? << 27/3, and Ry all points for which @* + 2° > 2@7 3. 
If there are no points for which the first of these two inequalities holds, the 
region J’; will coincide with PR. 

Since no point in the region 7? lies within the sphere of radius @., whose 
center is at the origin, we have «*-+ 8*-+7* > @?, and tor points in A, 
®t B* << 2o°/3; it follows on subtracting the second inequality from the first 
that 7° 92/3 > g*, and hence y > @ in Rk. 

Dividing /?; into two regions, /’, and Jy, such that 2, contains all points for 
Which « < e,/) 3, and Ay all points for which «@ ~ o/b 3, and proceeding 
as before, we find that, for points in #., 2 ~— e, and, for points in fy, « 0. 

We then have 


l a ar ig sin? /@ sin?mB sinFny 
y la By) er — ‘ ar : dudpdy 
lmnJd J. sin-«@osinF RB sin®y 
R, 


] - we i sin? /« sin?mP sin? ny 
yl, Bz) a = wn : da dpdy 
(46) fmu.d J), sint« sin?s— sin*y 
R, 


M "(°C sin?Z7e@ sin?'ms 
“— a a de dg dj . 
Jmnsin®oJ J J sinte  sin®s 


R, 
From Fejér’s theorem* that 
a 1 j sin? ne 
—-_-— da, 
2 e-< SIN’ 
0 


together with (45) and (46), we have 


l j { { ; sin? /a@ sin? mB sin?xny | 
nS a —; ladBidy 
mn J J ¢ # (a, By) sin?'e =sin*s — sin*y tins 
(47) R, 





—— < es (un > q). 


n sin? : 


* L. c. -p. 5b. 
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If there are no points such that @*-}+ 8* < 2937/3, the inequality (47) still 
holds, 

By similar methods, we find that analogous equations hold for Ry Qn > q), 
and for Rs (1 > q). Combining these three equations, we have 


ow * sin?/@ sin? mB sin® ny 
I | fyi az) P . fled — } duedBiy <e, (hmn ). 
lmnJ J. sint@ sin?s sin*?y 
. R 
and, as pointed out before, the lemma is proved. 
LEMMA 5, If 4. he heh. heh, are positive numbers less than at, the limit 


sinte oo sinFB osin*®; 


i. mit 


g h h 
l “ (° (sin? Je sin?mB sin? ny 
(48) lim | ; , tedBdj 
x Imn e is ~ 
“a hy hy 


will exist and be equal to unity. 
The expression in brackets in (48) may be written in the form 


2. “ae 


] | | | sin?/e@ sin?'mB sin® ny la lp dj 


Imna® sint« sin? pS osin®y 


(49) 


Py, 


1 “(° ( sin?/@ sint'mB sin?ny 
+, aia . a“ : — dadpdy. 
Imna”’ J J J sinte sin?’ B  sin®y 
R 





where # is the region that must be added to, or subtracted from, the cube 







, a m1 a 
whose sides area = +5,8 = +5.7 + |, to produce the parallelo- 
piped whose sides are @ = y, « = —qy, B= h, B= —h, y = |, 
y= —hKk,. Since this region # satisfies the requirements of the region in 






Lemma 4, it follows that the second term of (49) approaches zero as 7, m and x 
become infinite. Hence we need only to evaluate the first term, which may be 
written in the form 









/ 


| 1 i] sin*/« ] || l j sin?m~ 


| 


val | [site | 


ae = a 
sin* « | | mx F sin? B | | P sin” y i 
n/2 —n/2 





o/s 
7/2 







which we know from Fejér’s work to be equal to unity when /, m and n are 
positive Integers. Hence its limit as /, m and x become infinite is unity, and 





& 
bu 
: 


= 
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since the limit of the second term of (49) is zero, it follows that the limit of 
the entire expression (49) as /, m and n become infinite is unity. 

LEMMA 6, Let R be a region in space, lying within the cube whose sides are 
a= +(a—o,), B= + (a—@,), 7 = + (1— 9,), where o, is a small positive 
quantity, and such that the point « = 0, B = 0, 7 = 0 les within or on the 
boundary of R. Then, if ¢ (a, B, yx) is a function that is finite and integrable 
in PR, the limit 


: ; 1 7 on _sin?/@ sin?mf sin?ny 
(90) lim | f j | 7 («, B, 2 eee —s B -— } dadBdy 
ln —> ooh lM J J « sint'« = sin®?8  sin®y 


R 


will erist and be equal to zero, provided 


(51) lim = [y(e,8.7)] = 0. 


a,p.y~—>1+0 


In view of (51) we may choose a quantity @,, so small that 


(52) g(a, By) <5 73 (a? + B+ 7° < 02), 
where € is an arbitrarily small positive quantity. Now divide & into two parts, 
dt, and Ry, where #&, is the sphere with its center at the origin and radius @s, 
or as much of it as is included in #, and 2, is the remainder of A. Then, 
from Lemma 4, it follows that 


1 "Ce  sin?/@ sin®’mf sin®n 
lim | | f fs («, By) — 3 —< oY dedpdy| = 0, 
sen SOM oF Ff « sinfke sin?f  sin*y 


lim n - 


Ry 
and henee we ean find a q so large that 
. 1 oo sin?/e sin?mB sin? ny é ‘a 
(93) } f | | y («, By) B 5 dadBdy < 5 (myn qs 
mired J. 


sint« sin? sin*y 2 
R, 


Using (52) and Fejér’s theorem,* we have 


1 on sin?7@ sin? sin? ny | 
(D4) f | | («, By) 3 eal ee dad Bdy 
lmn JJ. J B.7) sint'e sin*8 sin*y B 4 
R, 


e {1 { { { sin®/« sin?mf sin*n) ledB 14 ie 

: 7 — ae . ( ( <«. o* 

22° \Imn J J) sinta sin®s- sin®y }~ 2 
R, 


~ See previous footnote. 
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Combining (53) and (54), we find that the absolute value of the quantity in 
brackets in (50) is less than ¢, (/, m, 2 > q), and hence the limit (50) exists 
and is equal to zero. 

We wish now to consider the summability of the development of a function 
of three variables. f(. y. 2), ina triple Fourier’s series, 1. e., the summability 
of the triple series 


ao, 
_ o: 1 
(OO) ; ~ 
= — JH i+ BU no Evil x o 
l =l,m—1,7 1 - al 


. | | the’, y'. 2") PP»... [z. y, 2, r, y', 2’) da’ dy’ dz’, 


where 
(Pinal, He F495 2) 


cos [(7—1 V(r’ -.r)}eos [Gn —1 iy'- y)}eos[(n —f )z’—2)], 


E(s) representing the largest integer contained in s, 
THEOREM IIT. Jf the frneection fla, y, 2) is finite and integrable in the region 


(57) (j=-2<2£<4, —2 29 < 4, —2 Se < 5), 


the derclopment of the function ava triple Fourie’ s series wil be semmable (C1) 
to the value of the function at every interior point of the region (57) at which 
the function is continuous. 

For the series (55) we have® 


“l ‘ 
Din Cr, Y. 2) ade (ry, Y, 2) 
! 
Aina linn 
a a V(r’ —-a) \ 2 
+ . . SIn 
aay | reno : 
P a Es 2 
Silmna® J J SS 4 em oe 
od od - sin 5) 
. mily’—y)\2/. nle’—e 
i. =? sin 
2 2 , , , 
; ; da’ dy’ dz. 
. i . 2 
) sin = z sin 


* The reductions involved in arriving at this value, are exactly analogous to those for the 
simple series. See Fejér, |. ¢., p. 54. 
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J 
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Making the transformation 


U 


- U 
(OS) z-- xz = 2a, oe = 2 8, zz : ZF, 


we have 


iis zy mz 

gi (2. 2) l ° ° . 
wea. | | | f(e-+%ea, yt2eB, 2+2y 
/mn Imna’, 7 J Yr =P, z+2y) 

w+ m+y m2 


sin?/a@ sin? 8 sin? ny 


._ . ¢ " de dp dy. 
sin*a@ sin? sin? y 
If we can show that the right-hand side of (59) approaches f(a. y, 2) as 
a limit as 7, m and n become infinite, at any interior point of the region (57) 
at which f(a, y, 2) is continuous, our theorem will be proved. 
Let 
(60) yg (a, By) Slat 2a, y+28, 2+27)—S (a, y, 2). 


Then the right-hand side ef (59) may be written 


as J 
Imna®, , J 


sin?/e sin? sin? ny 


ae or a dadp dy 
sin-@  osin?p — sin*y 


————_ 
= 
— 
. 
“~ 
a 
~ 


(61) 


flay 2) ( i { sin?/a@ sin?mB sin® ny da af dy. 


Imnae sinte sin?Bssin®y 


From the definition (60), ¢ (a, 8. 7) is finite and integrable in the region of 
integration of the integrals in (61), and, moreover, 


lim [9 (e, 8,7)] = 9, 
a,h,y>o 


provided f(x, y, 2) is continuous at the point (7, y, 2). Hence, from Lemma 6, 
the first term of (61) approaches zero as 7, m and n become infinite, if (x, y, 2) 


is an interior point of the region (57), and if f(x, y, 2) is continuous at that P 
point. | ry 
\ ’ 
Pt 
Sena: 
Sx, , 
Soe 
aN 
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From Lemma 5, it follows that the second term of (61) and therefore the 
entire expression (61), and hence also the right-hand side of (59) approaches 
f (a,y,2) as a limit as /, m and xn become infinite, and therefore the development 
of the function in the triple Fourier’s series is summable (C1) to the value of 
the function. 

COROLLARY. If f(x. y, 2) is finite and integrable in the region (57), its 
Fourier’s developme nt will he unifornly summahle to f (a, Y, Zz) throughout any 
region RB’ whose boundary is interior to the boundary of a region of continuity 
of F(a, Ys 2). 

By making slight modifications in Lemmas 4 and 6 and Theorem III, this 
corollary is easily established. 

THEOREM IV. Jf f(a, y.2) satisfies the conditions of Theorem III, then 
for its Fourier’s development 

4d lm,n 
Sinn (a Yy Z) 


< M, 
/mn : 


L< 


where Land M are the lower and upper limits respectively of flay y, 2) im the 
region (57). 
From equation (59) we have 


° ¥ ° ° . ” . 1 
sin*/@ sin-mA sintny Sinn (x, ¥, Z) 
ae ._¢* — ee dadpidy ; 
Imnit sinte sin?B sin®?y Imn 


(62) 


5 4 sin*/a@ sin? mB sin? ny 
? ] ae = a —- dadBdy, 
mn sin-@ = sin*f — sin*y 


t-—.0r 


1 sin? Te le sin? mB sin? ny 
: ( . «@ ( 
sin® @ 7 sin? 8 7 sin® y 


R+rr 


2 


waeek 3 is equal to unity,* and therefore the theorem follows at once. 


. Fejér, L ¢., p. 60. 
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4. Application. We shall now apply our results to a problem in the flow 
of heat. We wish to determine at any instant the temperature of any point 
of a rectangular parallelopiped whose initial temperature in known, and whose 
surface is maintained at the temperature zero. Let a be the length, ) the 
width and ¢ the height of the parallelopiped, and /(z, y, z) a function giving 
the initial temperature of the parallelopiped at any point, when we take the 
origin at the lower, forward, left-hand corner of the parallelopiped, and let 
the x, y and z axes fall on the sides whose lengths are a, ) and ¢ respectively. 
The formal method of building up a solution for this type of problem gives us 
for the temperature of any point at any time* 


am, am, oO 
s’ ile. 
ie Urn (Ls Ys 2b) 
i=1,m—i,0—2 
(63) 
0. 20. 0 7? 2 2 
<i ~ n?( = _ = )e lav . may . nmz 
dj a, € . e* sin ~~ a, 
a6ci—1,m=1,.=1 “™ a b c 
where i is an essentially positive quantity, and where 
abe 
i p laa’ may’ nivz’ 
. ’ Ul . ow 9 . ? . oF & Ul , Ul 
(64) a, > f(a’, y’, 2’) sin sin “— sin -—— da’ dy’ dz’. 
Tne r : a “ ” ad h Cc f 
0 0 0 


In order to show that the expression (63) really furnishes a solution of the 
problem we must show that: 
(1) the expression (63) converges and defines a continuous function of ., y, 
zand ¢, say u(x, y, z, ¢), in the region 


(65) O<2z<a, O<ysb, OS2z<0, t>90,; 


(2) the function u (x, y, 2, () satisties the equation 


a a2 a2 2 
ou or"u ov Oru 
66 =< & . ee 
( ) at ’ ( 9 2 4 a y? + 6 2? | 


* Carslaw, Introduction to the mathematical theory of the conductivity of heat in solids, 


p- 108. 
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throughout the region (65); and that 


lim whey, 2,0) S tis Yrs 21) 
t—+0 


LPM, YO Fa 


where (2). ;.21) is a point within a region throughout which fr. y, 2) is 
continuous; and that as ¢ approaches zero through positive values, «(ry 4,2. 4) 
remains finite as vy and z approach the codrdinates of any point in the region 


(67) 


We shall first show that the series (65) is convergent in the region (6d). 


kmdtatse mb sn ert 


Due to the presence of the convergence faetor ¢ in (63), 


we have for the general term of the series 


(68) 


in the region 


(64) 0 


where A is a positive constant and 4, an arbitrarily sinall positive constant, 
provided f (a. y, 2) is finite and integrable in (67). The right-hand side of (68) 
is the general term of a convergent triple series of positive terms, and hence 
the series (63), of which the left-hand side of (68) is the general term, is 
absolutely convergent in the region (69), and, since f) is arbitrary, in the 
region (65). 

The terms of (63) are functions of ., y and z in the region (69) and hence 
the series (63) is uniformly convergent throughout the region (69) by virtue 
of Weierstrass’ test, extended for the triple series. Since the terms of the 
series are continuous throughout the region (69), it follows that the series 
defines a continuous function throughout that region, and, since fy is arbitrary, 
throughout the region (65). Hence the condition (1) is satisfied. 

We shall now show that the condition (2) is satisfied. i.e., that the series (63) 
satisfies the equation (66). Each term obviously satisfies the equation, and 
therefore the series will satisfy it provided we have a right to form the deriva- 
tives involved in differentiating (63) by differentiating term by term. We may 
form the derivative of a triple series convergent in a certain region by 
differentiating term by term if the derived series is uniformly convergent 
throughout the region and defines a continuous function there. We have 
shown that the original series converges in the region (65), and it is easily 
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shown that the derived series is uniformly convergent and continuous in this 
region by a method analogous to that used in proving the uniform convergence 
and continuity of the original series in that region. Hence condition (2) is 
satistied. 

In order to show that condition (3) is satisfied it will be necessary to make 
use of Theorem IL on convergence factors. The convergence factors which 
occur in the series (63) are functions of one variable only, whereas those 
involved in Theorem II were functions of three variables, for particular values 
of 7, m and n. We may put the convergence factors of (63) in a form where 
they are functions of three variables by making the transformations 


ke u*t ]: 7 t Jc 7 t 
—— B = - i? —, 7 = : 


am 


The convergence factors then have the form 


(70) err Pr, 

We shall first prove the first part of condition (3), i.e., that, as ¢f approaches 
zero through positive values and as ., y and z approach 2;, ¥:, 21, Where 
(7\, %1, 21) is a point of continuity of the function, the function u(a, y, 2, 0) 
approaches f(a,, 4, 2). In order to prove this we shall have to show that 
the series (63), without the convergence factors, satisfies the conditions of 
Theorem II, and that the convergence factors (70) satisfy conditions (a)—(d) 
of Lemma 3 and (e) and (f) of Theorem II. It will then follow from the 
corollary to Theorem II] that u(a, y. z, 0) has the desired property. 

It follows from the corollary to Theorem II], by a change of variable, that 
the series (63) without the convergence factors is uniformly summable through- 
out a region whose boundary is interior to that of a region of continuity of 
J(a, y, 2), and the condition on the series is satisfied. 

Hence it remains only to show that the convergence factors (70) satisfy the 
conditions (a)—(i) inclusive of Theorem II. It is obvious that conditions (4d), (e) 
and (f) are satisfied, and hence only conditions (a), (b), (e), (g), (h) and (i) 
remain, 

Consider first condition (¢). Since 

Kk 


(71) pe Pdat mf WY) & 7 Por (7, m. 2 ef Sa ° 
i 


Where &, 8p. vo and K are positive constants, we have 


% ag co . 
Ss"). 0° (agi moth yo. K > 1 K, 
got ’ . /! m' Fee Fea i! m! 
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where Kj, is a positive constant. Hence 


22) 


lim im Dk|e Cet *r | = 0, (a, By y > 0). 


— 
lmoax k 1 


The proof for condition (b) is carried out in a manner analogous to the 
above proof for condition (¢). 
Consider now condition (a). We have 


As. ie. ve Ps A» 
— i] \ 9 -(Pa+pp- Ky) . \’ -(,-®a__9 @-ifay (i+ 2)°a@ 
ye hd » ¢ : dew Me ~ ¢ ) 
Ric fy A i A; 


the is 
bs ( FP 39 oI - OB 4+ 4 a) | p2 Ie key > p-tk- Wy 4 ¢ ~(k 27) ; 
J yy h s 





and therefore condition (a) will hold for some A’ such that 


x 

" .. _ = Y= 
(72) > i (e— PY — DoF Wu p- Pnye Y K, (uw — QQ). 
j 1 


é 


From the law of the mean it follows that 


Fi 


(73) ec PM — Qe FHL 9 hu 6 COP UT + g)8uF§—2u}, (0<0<2). 


From this we see that the terms of the series on the left-hand side of (72 
are negative for all positive integral values of 7 when i+2>1/V 2u, and 
positive for all positive integral values of i when (> 1/V 2u. Therefore the 
series consists of a group of negative terms followed by two terms whose 
signs may be plus or minus, followed by a group of positive terms. It is 
readily seen from (73) that each term of the series (72) remains less than 
some positive constant J/, and hence the inequality (72) holds for some A 
provided any sequence we may choose, consisting entirely of positive or of 
negative terms of the series in (72), remains less in absolute value than some 
positive constant. 

Consider such a sequence, giving i all integral yalues from p to q, where 
p and q are positive integers. The sum of this sequence is 


(74) per" aa (p — 1) eo Wn _ (4 ! l)e (q+ 1% + qe-4 12) 


‘ 
| 
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which differs from 


(75) yp [e-™ —- po wul — (q+ 1) [e-4 iPe __ oq a | 


by ¢ (tl*« — ¢~4-2"") which can never exceed unity. But by the law of 


the mean, 


(76) m (e~ ™"* — eK) = 2 (m+ 0) ue Mt" (<< 1), 


the right-hand side of which always remains less than some positive constant 
for all positive integral values of m and all positive values of uw. There- 
fore the left-hand side of (76), and therefore also (75) and (74), remains 
less than some positive constant for all values of «> 0; hence, as pointed out 
before, (72) holds, and hence the condition (a) is satisfied. 

It is obvious from the fact that expression (74) is finite and from condition (f) 
that conditions (g) and (h) are satisfied. That condition (i) is satisfied follows 
from condition (a) and the equation (71). Hence the convergence factors 
satisfy the conditions of Theorem II, and as pointed out before the first part 
ot condition (c) of this article is satisfied. 

If now remains only to prove that, as ¢ approaches zero through positive 
values and «, y and z approach the coordinates of any point in the region (67), 
the function wu (a, y, z, f) remains finite. Since the convergence factors satisfy 
the conditions of Lemma 3, it follows from that lemma that, for all positive 
values of a, 8 and y or, what is the same thing, for all values of ¢ > 0, 


om, Oe 


ied . (1) Ra 
(V4) P Sic (7, y, 2) 2: 
1 


i=1,j—1,k 


Mas AA+ky) 


tot r 


converges to the same value as the series (63), and hence, if we prove that (77) 
remains fimite for all values of ¢ > 0 when 2, y and z approach the coérdinates 
of any point in the region (67), we shall have proved that the series (63) satis- 
fies this requirement also. 

Since f(a, y, 2) is finite and integrable in (67), we have from Theorem IV 


| og) “me 0s754,05y5), 0275¢) 
Sik (a, y, 2)) << Cipk i,j,k = 1, 2, 3,... 


where C is a positive constant. Making use of this inequality and the fact 
that the convergence factors (70) satisfy condition (a) of Lemma 3, we have 
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and hence the final condition is satisfied and the series (63) furnishes a solution 
of the physical problem. 
CINCINNATI, OHIO, 
December 1921. 
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ON THE MINIMIZING OF A CLASS OF 
DEFINITE INTEGRALS.* 


3Y PAUL R. RIDER. 


Introduction. Several special problems in the calculus of variations lead 
tou the consideration of a definite integral of the form 


Yr, 


. ab ag! 3 Lan) )em 
( 1 ) | [1 # A (a )] dar. 
5 y (x) 


Te 


For example, Euler's historic problem of finding the curve which with its 
evolute encloses a minimum areay gives rise to the particular case m = 2 in 
the above integral. The case m == 1 arises in obtaining the curve which with 
its caustic encloses a minimum area. In finding the curves of minimum mean 
radius of curvature with respect to the are and with respect to the abscissa, 
we are led to the cases m = 2 and m = 3 respectively. It would thus seem 
desirable to develop a theory for the minimizing of the integral (1), to which. 
moreover, peculiar interest attaches on account of the fact that the second 
derivative appears in the integrand, comparatively few problems of that kind 





having been completely solved. 
It is the purpose of this paper to derive such a theory. In section 1 are 


obtained the equations of the extremals, or curves that minimize the integral (1). 
In section 2 it is shown that these curves actually do furnish a minimum value 
for the integral. The question of the determination of the arbitrary constants 
that occur in the solution of section 1 is studied in section 3. Sections 4—6 
treat various cases of variable end conditions. Finally, in section 7, a con- 
crete illustration is given by means of the curve of minimum mean radius of 
curvature with respect to «. 

1. The minimizing curves. Our problem is that of finding a curve 
y = y(x) which joins the point Po (a. yo) to the point P; (21. y:) (wo <1); 
and which gives to the integral (1) a smaller value than any neighboring curve. 
Let us assume that such a curve exists, and consider comparison curves of 


* Presented to the American Mathematical Society, April 14, 1922. 

+ See Todhunter, Researches in the calculus of variations, chapter XIII. 

t See Rider, The minimum area between a curve and its caustic, Bull. Amer. Math. Soc., 
vol. 27, p. 279; also Dunkel, The curve which with its caustic encloses the minimum area, 
Washington Univ. Studies, vol. 8, scientific series, p. 183. 
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the form y = y(r)-+ eg(r). The value of the integral (1) for one of these 
comparison curves is 


I (é) 


Since the comparison curves reduce to the minimizing curves for ¢ — 0, 
we must have 7'(0) = O for a minimum. We find that 


Ws 
"Tomy yy", by’), ] 
(2) I'(0) | oe uh y| ae, 


Y Y 


te 


4 


which, by the usual integration by parts employed in the ealeulus of variations, 
becomes 


‘ 


2 ‘2)m—1 }_ ,,/2)m a 1 4,/8\m_ i, | 
(3) T' (0) 2m (l+y eh L d (] y ) |: (1 ry ) , 
r yi) 


y” da y* the re 
Bal 
| d 2 my | 1+ y*)" —1 , ad? (1 4 2m 
, > = Had. 
J ds y' ee eae i 
/@ 


If it is prescribed that the end points 7, and P, are fixed and that the 
minimizing curve shall have the slopes po and p, at / and P, respectively, 
then we choose as comparison curves those for which 7 and 9’ are zero at 
the end points, and therefore the first two expressions on the right side of 
equation (3) vanish. If the integral in (3) is also to vanish, it follows from 
the fundamental lemma of the calculus of variations that the coefficient of 7 
in the integrand must be equal to zero. This gives a differential equation 
whose first integral is 


2m (4 -L y2ym 1 d ( ] -t 2m 
: : + r constant 2 A, 
q da qo 


where we have set p = y',g = y". This reduces to 


2mp rm y A q 
| -4 py y” (] }- ®)™ 


AIS “inp aeetig On, 





< TIE, 


peat 
we Art 
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Multiplying by dp = qd, we get 


2mpdp ~ dq Aq dp 
l +) q ~ a+ py : 
‘or 
(4) d log f - as, 


where 
(1 -t p*)* 


v 


Integrating (4), replacing f by (1 + p*)"/q, and solving for q, we obtain 


2m 
(5) qq = A nt 5 7 


Since q = dp/dv, and dy = pda, we find that 





}? 
‘ Ap+B 
. (' 
7 | (1 + p?)™ sik se 
(6) ‘: 
"ApP+Bp , , 
y = f , ro dp+D, 


in which Cand D are arbitrary constants. Thus 

The extremals are given by the parametric equations (6), the parameter p 
heing the slope of the curve at the point (a, y). 

It is not difficult to show that changing the sign of A merely reflects a given 
curve in the line a = C, and that changing the sign ot B reflects it in the 
line y = D. Consequently, if A = 0 the curve is symmetric with respect to 
the line « = C, and if B = 0 it is symmetric with respect to the line y = D. 

As a typical case we select A <0< B. Suppose B = —rA,r>0. Then gq 
is positive and the curve is concave upward as p increases from — © to 7, 
for which value g becomes infinite and the curve has a cusp. For r<p< ©, 
q is negative and the curve is concave downward. By a study of dx/dp we 
discover that as p increases from —oo to 7, x increases up to a maximum 


value at the cusp, and then recedes as p increases from 7 to 0. By a study 4 
of dy/dp we learn that as p increases from — © to 0, y decreases to a minimum , 
value, and then as p increases to 7, y increases to a maximum value at the w” 


cusp, and then decreases as p increases from 7 to ©. 


= 
_. 
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) 

», Sufficient conditions. To show that under certain slight restrictions 
é the curves (6) actually do give a minimum value to the integral (1), let us 
i consider the difference between the value of the integral for a comparison 
| eurve y = y(x)+ @(r) and its value for the extremal. If we denote this 
difference by 4J, it follows by means of Taylor's theorem, that 


Pea] 


ary ' LL yy! 2ym 1 : (1-4- '2)™ 
41 | j2my (1 r y os JRE a 0" dx 
J) | y y 
" 
. 2 , _” 2 l- 
(F2m(m— Dy Ft y 2)" » ml y )™"'] oo 
+ | =< —-*——- — —_ 7 | @ 
\L y y J 
Ty 
2m y’ (1+ gy" : Oa (i oy we 
— 7 woo 4 7 onl da, 
U y 
Y Y 
where y’ = y'+00', 4” = y"+60" (0<0< 1). 
; The first integral, however, vanishes, since the functions y' and 7” refer to 
the extremals. (Compare equation (2).) Thus, after a simple reduction of the 
second integral, we have 
i 
; " 
4 “a+ y"?)" fp my'o' wo” 2 T(m—l)y'a' 7? 
41 = 7 — eon — or | + | | 
‘ . y Ll+y ysl tts 
. 0 
t fe 
w'® , (m—I1)o@*| 
a i \ ae | ‘2 da. 
(i+ y *)° l+y } 


If we assume that our extremals are concave upward, that is y” > 0, and 
consider only comparison curves which are concave upward, we see that 4/ 
is positive for m — 1. If m = 0, the sum of the last three terms in the inte- 
grand is zero; consequently 4/ is also positive if mm = 0. Therefore: 

Tf m = 1 or m = O the curves (6) will give a smaller value to the integral 1) 
than any neighboring curves for which y" is positive. 

We can also reduce 4/ to the form 









ry 






2 


AI =} p=* jp2myio oP 2m(l--y") 4g, "| 


” j 5 1S 7 ” i ge ; ) -+- ” dur, 
: y ity’? —y"! a+y’yF OT yl 


Lo 







This is positive if m(1—y"*) > 0. But m(1—y"%) will be positive if m>0 
and y <1, orifm<Oand y’ >1. Thus we can add to the above con- 
clusion the following: 
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1fO0—m<1, and we consider only curves having slopes not greater than 
one in absolute value, the portions of the curves (6) for which p> <1 will give 
a minimum value to the integral (1). 

If m<0, and we consider only curves having slopes not less than one in ab- 
solute value, the portions of the curves (6) for which |p > 1 will give a minimum 
value to the integral (1). 

3. The arbitrary constants and the minimum value of the inte- 
gral. If we make use of the conditions that the minimizing curve passes 
through the point Py with the slope jo and through the point P, with the 
slope p,, We obtain from (6) the following four linear equations to solve for 
the arbitrary constants A, B, C, D: 


By A+ a B+C = am, 
vy AthRBt+D= py. 
BAt+aB+C=> 1, 
ni+8,B4+D=y, 


(7) 





where 


, DP; 4 


. F dp | 7 7 hd dp j py dp 
(As) P aay , “nee % 2° 
vs J (1 + p*)y" B J (1+ p*)" ’ J (1+ pr 
0 


The determinant of the coefficients of equations (7) has the value 
i" ” ie Mn 
4 j i dp | dp | pedp 
J (1+ pry J atpye J ad+p yr 
by }ho dio 


which, by Schwarz’s inequality, is negative. Therefore, we can always solve 


for the arbitrary constants A, B,C. D, and they are wreiquely determined in 


terms Of Tos Yos Pos Tis is Pr 
Since we wish to use the values of A and Bin the next section, we solve 
for these values here, obtaining 


A" 1 











I ' pap = | dp 
A 4 (zx, — vo | d+ pt m7 Yo) ad +p?" | ’ 
(9) " a 
. ” rig) ‘ F 
1 ae , a.) ae 
= 4 (4% — Yo) f r 1 +p (2; Xo) Ja + pm 
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By using equations (6) in (1), we discover that the minimum value of the 
integral J is 
(10) I — Aly aa Yo) + Biz, — Sa). 


4. Variable slope at an end point. Let us now consider the case in 
which the slope at one end point, say P;, is not fixed. In such a case the 
value of 7’ in equation (3) is not zero for 2 —= 2,,'and therefore, if J’ (0) is to 
vanish, we must have 


(1 + ‘Bm 
. Z — =0 
y 


at Py: that is, there must be a cusp at this point. We readily tind from (5) that 
the curve must hare at the point P, the slope — B/A. 

5. End point variable on a vertical line. Let us now suppose that 
the slope of the curve at the point P,; has a fixed finite value, but that the 
point itself is allowed to move along the line 7 = z,. To find the conditions 
that will give the minimum value to the integral J we set 0 //dy, == 0. Thus 
from (10) and (9) we get 

a1 oA AB 2A 


A+(y, —- yo) —— + (7, — a9) — (), 
oN + a 4 Om ” . ay A 


Be ee eet ue 


Since 4 can not be infinite if po and p, are finite, A must be equal to zero. 
From the first equation of (9) we find that the value of y, which will make 
L=O6h 


tere 


n= ot 6, — Bo (x 


' a, — po 


1— Jo), 


where the @’s and 4's are defined by (8). 
That this value of y, does furnish a minimum value for the integral / in the 
case under consideration is seen by observing that the second derivative, 


" 
o*] 2 ££ dp 
OY; 4 J (1+ phy’ 
ik) 
is positive, since 4 < 0, 
When A — 0, we obtain from (7) or (9), B= (4, — a9)/(@, — @), and thus 
I reduces to 


——a— 
I= Bla — am) = = To) 





{ dp 
J (1+ p*)” 


Jo 
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The fact that A must be zero if the end point is variable on a vertical line 
can also be shown as follows: 
The expression for J can easily be changed to the form 


A 
a dy 
, =a Bocas 
s I= f (1+ p*) es dp. 
= 34g Do 
‘| 


In this integral the limits are constant, since the curve has a fixed slope j» 
at the point P, and crosses the line « = 2, with a fixed slope p,. Moreover, 
the values of a corresponding to jo and p, are constant. Therefore we can 
obtain, by the usual process of the calculus of variations, for the differential 
equation to be satisfied by the minimizing curve, 


(1+ p*)™ oe constant. 
dp 


If we designate this constant by B and integrate to obtain x, we get 


} 
Badp ¢ 
J dtp +O 
0 


Since dy == p dx, the value of y is the same as in (6) with A set equal to zero. 
4. End point variable on a horizontal line. If the point P, is allowed 


to vary along the line y == y,, but intersects that line with a fixed slope p,. 
we proceed as in the preceding section. We find that 


6 6A aB 2B 
=r — A pe E = as . ). 
Bay (~i— Yo) ox, (13— 20) "i B= aaa ( 


and therefore B must vanish. 
From () we find that the value of a, which will cause B to vanish is 


: B, 8 Bo 
3 “yy ST — Yi Yo). 
j 1 ot y1—Yo ("1 Yo) 


That this value of 2, does give a minimum value to J is shown by the fact 
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al ae f _ p'dp 
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If B 0 we see that l= (y,— yo) G1 — o), and that 


W/1— Yo - 
nm 
| p* dp 
. ( 1 aL sa 


I = A(m— sy) 


fio 


7. The curve of minimum mean radius of curvature. As an illu- 
stration, let us examine the curve whose mean radius of curvature with respect 
tov is a minimum. If we set up the integral which expresses the mean radius 
of curvature, we obtain, as was noted in the introduction, the special case 
m = > in (1). 


It follows from (6) that the equations of the extremals are 


* Lot B * Ap? + Bp 
—— | Aj . dp, y - | Aj By dp. 


‘ 3 
(1 -+- p*)? (1+ p?)? 





b To integrate, it is convenient to set p = tanz. We get 
es 
“z= —Acosrt+ Bsini+C, 
(10) 
~ y = Alog(seer + tanr)— Asine — Beosr + D. 
% 
If A = 0, equations (10) reduce to —C = Bsinr, y—D — —Beosr, 


a cirele, 
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A PYTHAGOREAN FUNCTIONAL EQUATION.* 


By EINAR HILLE. 

|. Introduction. It is well known that 
(1) sin(e-+/y) * = sin?a + sinh’ y. 

This relation can also be written 
(2) sin(e+/y)* = sina *+ sinzy *, 
or, in other words, the function sinz(z = 2+ /y) satisfies the functional 
equation 
(3) f(2)? = f@) P+ fy’, 
a Pythagorean Theorem in the theory of functions. 

It is easy to see that sinz is not the only solution of (3). Evidently C sinz 


will also satisfy where C is an arbitrary complex constant. A special solution 
is found to be given by Cz. It is not hard to verify that 


sin az 
a 


(4) C 


is a solution of (3) where C is an arbitrary constant and @ is either real or 
purely imaginary. We shall prove that this is the general solution, if we 
restrict ourselves to analytic solutions. 

In § 2 we reduce the problem to the solving of a differential equation in 
two independent and two dependent variables. This equation we integrate 
by a specialization of one of the independent variables which is equivalent to 
assuming the solutions of (3) single-valued and analytic in the neighbourhood 
of the origin and at that point. 

In § 3 this assumption is justified in different ways. This section also con- 
tains an a priori discussion of the singularities of solutions of the functional 
equation. 


-* Presented to the American Mathematical Society, October 28, 1922. The results of 
this paper may be considered trivial, but the author believes that the methods used are 
of some interest and may find applications to more general problems. 
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» The reduction. Let us introduce 
[f@)P = Fiz); 


F(z) = R(2); F(r); = G@(a); F(iy) — Hy), 


which carries (3) over into the form 


(6) R(z) = G(r) + Hy), : 
& 
; } r : y : a » Ee 
which is easy to solve. We can define G(x) and H(y) arbitrarily and F(z) id 
will be defined by (6). But when is the solution so obtained, the absolute i 
value of an analytic function? ; 
It is necessary that log [R(2)| is a harmonic function. Hence 
(7) A {log(Riz)]} = 0, 


where 4 stands for the Laplacian. If we substitute for A(z) its expression (6), 
form the Laplacian and simplify, we get 


(8) (Gia) + Hy) (4 (a) + A” (y)| — [4 i? — [HM pf — 0, 


where the primes denote differentiation with respect to the argument of the 
function in question. Here we have a mixed differential equation containing 
two unknown functions @(7) and H(y). In order to obtain G(x) we specialize y. 
The most natural specialization would certainly be to equate y to 0. This is 
allowable, at least if the solutions of (3) are single-valued and analytic at 
the origin. 

We assume that this is the case and shall justify our assumption in the next 
section. Suppose a solution f(z) of (3) is given by a power series 








(9) Se) = otaetez?+---, 


convergent for small values of z; f(z) being analytic we can put 
equation (3) obtaining 


(10) FiO) = %= (0), 








Further put ¢; =r, then 


(11) Re) = 27 {1+ pl 29), 


4, 
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~] 


where p( 27 *) is a power series in |z|* vanishing with z. Hence 
(12) HO) = H'(O) = 0; H" (0) = 2%, 
Substituting y = 0 in (8) we obtain 


(13) G(r) G" (2) — [4 (a) PF +24 G(r) — 0. 
If we put 


(14) G(r) = uw, 
the differential equation (13) is carried over into 
(15) uu” —(u')?+c = 0. 


This equation is integrable by elementary methods and the general solution is 
found to be 
sin a (a — @) 


(16) “uc , 
a 


where « and « are arbitrary constants. The limiting value for a>0, namely 
c(e#—a), is also a solution. We want to get the solution which vanishes at 
the origin. Hence « = 0. Further «? = G@(a2) > 0 which shows that u must 
be a real function of «. ¢ being real, we have to take a either real or purely 
imaginary. Thus 

2 Sin’ax 


(17) G(r) = S (a) “= ~~ ‘ 


In a similar manner we show that 


sin*l 
il Hy) = fey? = ee, 
But /(z) is analytic at the origin, thus 
ial c=d, b= ia. 
Hence 
9 ~\j2 — ,2[ Sintax — _ a{ Sinaz ? 
_ fe) ; rr a* a 
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If the absolute value of an analytic function is known in a simply connected 
region, then the argument is determined uniquely up to an additive real con- 
stant. Consequently 

sinaz 
(' 5 


(21) Te) > 
a 


where C is an arbitrary complex constant, C = ¢, and ais a constant, either 
real or purely imaginary. When ¢ = 0. formula (21) is understood to mean 
Ste) C'z2. 

3. The singularities. We have assumed in § 2 that an arbitrary solution, 
J (2), of (3) is single-valued and analytic at the origin. This assumption can 
be justified in different ways. 

We can use equation (8) for this purpose. Suppose that every analytic 
solution of (3) is single-valued and analytic in the neighbourhood of some 
point on the axis of imaginaries. This point may, of course, differ from one 
solution to another. Suppose that for the solution f(z) we may take y — 
and assume 





H(y) . A. H' (yy) BL. H" (yo) oe 
Here A>0O,. Band ( are real. The equation (8) becomes 
(22) (G(r) + AJ[@" (4) + C]—[C' (PP — BP = 0. 


j This equation is also integrable in terms of clementary functions. The 
general integral is of the form 


(23) Gi (4) asin (hae +e) + d, 










Where two of the constants are expressible in terms of the other two and A, B,C. 
Their values are of no interest in this connection. 

Supposing f(z) single-valued and analytie even in the neighbourhood of 
vo. We obtain in a similar manner 














(24) H(y) a sin(By + y)-+-0 





Where, of course, a, B, 7, 6 are not independent of a, b, c 
expressions (23) and (24) in equation (8) and we obtain 


d, Substitute the 


’ 






(25) — a®b® — a? B® — (d+ 0) [ab? sin(br + +) + @ B* sin (By + y)I 


—— “a(h? B*) sin( ba + c)sin(By + y) =, | 





f 
4 
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se 
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From this relation we get 


1. a®l? + «eB 0. (Put ba+e = 0, Byty = 0). 


2 d4-d 0. (Put ba +e = O). 

3 1?+ BF = 0. (Put « and y arbitrary). 
Thus 
(26) R(z) = alsin(ba +e) + sin (biy+y)). 


If we remember that F(z) is positive for 2 — 0, y close to yo, and for y = 0, 
wv Close to zo, we conclude that ab and ac are real, and, moreover, a, b, ¢ 
either all real or all purely imaginary. If we take / real, we find further 
c (4ma-+3)0/2, y = (4n+1)2/2. Then (26) takes the form 


R(z) - +4 |— cos ha + cosh by] 


= ie [sin : r) +- sinh? | : y) | 


or the same result as in formula (20). 

Finally, it is possible to gain some information concerning the possible 
singular points of analytic solutions of (3), supposed single-valued within their 
domain of existance, without solving the equation. The following principle 
Will help us to discuss the singular points. 

A solution of (3) such that every simply connected region im the plane, no 
matter how small, contains an interior region, also simply connected, in which 
the solution is single-valued and analytic, can not have a finite singular point 
29 = to+ ty, such that it is possible to find a monotonic point-set 2, %2... 
Vee OF Yrs Yay vves Yn vee With Vim an = 7 or lim yr= yo and lim f(x) = © 

rin run ran 
or lim f(y) = &. In special no limit is possible at the origin other than 0. 
aD” 

As the function /(z) exists in the whole plane the line « = 7 can not be 
a singular line throughout. Hence we can find a value z= 2+ Yo in the 


neighbourhood of which /(z) is analytic. But 


lim | f(an+ Yo) |? = lim | f (an) |? + | SUV) | 


u—> eo rue * 


7 
° er vale td ” ~ # > o 
which leads to a contradiction, no matter what value /(7 Yo) has. The special ‘ | 
statement for the origin is proved in the same manner. AS 
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This principle excludes poles for the solutions. It also excludes isolated 
essentially singular points. because we can always find a Jordan curve along 
which /(z) tends to the limit oo.* We project the curve on the axes. f(z) can 
not remain bounded on these projections, hence we can pick out a point set 
as required. The extension to non-isolated points is possible as long as f(z) 
can not remain bounded on its singular points. Hence the principle is appli- 
cable if the set of singular points is enumerable but generally not if the set 
is perfect.7 

* Proof by Valiron: Démonstration de l’existance pour les fonctions entiéres, de chemins 
de détermination infinie, Paris, C. R., 166 (1918), pp. 382-384, for entire functions. The 
extension to general essentially singular points is obvious. Also W. Gross: Ober die Sin- 
gularitéten analytischer Funktionen, Monatsh. Math. Phys. 29 (1918). pp. 3-47. 

7 Examples of single-valued and analytic functions whose singular points form a perfect 
discontinuous set but which remain less than a constant have been constructed by Denjoy 
and Pompéju. 


STOCKHOLM, 
August 15. 1922. 
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ON THE POTENTIAL OF A HOMOGENEOUS 
SPHERICAL CAP, OF A MAGNETIC SHELL, AND OF 
A STEADY CIRCULAR CURRENT. 


By (. DE JANs. 


1. The potential of a homogeneous spherical cap has been expanded by 
Maxwell in an infinite series of Legendre’s harmonies.* It is my purpose in 
this little paper to represent that potential by formulae in finite terms, 
following a method similar to that which Mr. Ek. Mathy has used in the case 
of a plane, homogeneous, circular dise.t 

















Fig. 1. 


Let A FE BC (fig. 1) be the given cap, belonging to a sphere with centre 0 
and radius 2; the cap is bounded by the small circle A 2 B, of which C is 
the pole situated in the cap. We suppose it to be charged with a single layer 
of an agent which acts according to Newton's law, and whose surface-density 
is the same in every point. We assume this density to be unity, and desire to 


* J. Clerk Maxwell, A Treatise on electricity and magnetism, 2d ed., Oxford 1881, vol. 2. 
art. 694 (pp. 304-305). 
+ E. Mathy, Sur le potentiel d'un disque circulaire homogéne. Nieuw Archief voor Wiskunde, 
2d ser., vol. 10. 
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ealeulate the potential of the layer at an arbitrary point P, defined by the 
distance O P rand the angle CO P A, 

If we bear in mind that the potential of a complete sphere, covered with 
a uniform superficial charge. is constant in the inner space, and has an elemen- 
tary expression at any external point, it is evident that we may limit our con- 
siderations to the case of a cap at the utmost equal to a hemisphere; for in 
the opposite case the potential will be the difference between the potentials 
of a complete sphere and of a cap smaller than a hemisphere. 

2. Let the cap be determined by the radius 2 of the sphere and by the 
angle CO A «: according to the remark just made, we may suppose 


It follows from symmetry. that the equipotentials are surfaces of revolution 
with OC as their common axis; the point P will therefore be sufficiently 
determined by the polar coordinates +. 6, introduced above. 

¢ We regard ry as a magnitude which cannot be negative, and make @ vary 
; within the interval from 0 to 7 only: if 6 were comprised between a and 2 7, 
we should have the preceding case by inverting the figure about the axis 0 (. 

Draw the plane PO C cutting the sphere in the great circle AC B and the 

basis-cirele of the cap in the diameter A B. Let A’, B’ be the orthogonal 
projections of A and B on the straight line O P?: (7. the intersection of O P 
and A B; J, I’ two points on O P, taken arbitrarily between A’ and B’ except 
as to their mutual distance, which we suppose infinitely small. 
; Through J and /’, draw two planes perpendicular to O P. These planes 
intersect the sphere in two small circles, limiting an infinitesimal ring. all the 
points of which are at the same distance ) from P. We take the part of this 
ring, Which belongs to the given cap, as the differential element dS of the 
latter; its contribution to the potential at P is dS D. 

Let JN be the perpendicular to O P through the point / in the plane COP: 
T, its point of intersection with 1B; M,N, its intersections with the great 
circle ACB; MEN, the small circle with diameter MN; FE, one of its inter- 
sections with the basis-circle of the cap; u, the angle HIM; ., the distance 
OI, reckoned positive in the sense from 0 to P: dur. the distance 7/7’. Then 
obviously 





COREE er, 


Ss wie dates 


dS — 2wkds, 


and, in the triangle WO P. 


(1) 


t 
t 
§ 
t 
8 
e 


Peach 


Port 


Bg h MEE TERE 
i aPeaig RARE 2 


PR HEG Ef Ne, 


SPHERICAL CAP, MAGNETIC SHELL, CIRCULAR CURRENT. 183 


From these relations we derive 


dS : 
») — ‘iD 
(2) D —* dD. 


te 
~ 
~~ 


3. Let D, represent the distance PA, D, the distance PB. We have 
D, > Ds. 

If the indefinite straight line O P does not meet the spherical cap, we will 
obtain the value of the potential in P, by integrating the formula (2) between 
the limits J, and D,. This potential is therefore, when « << 6< a — «, 


dD, dD, 


9 > e 9 . 

(3) v= — 2k j wd D = had | wd D. 
a , « 
i dD, D, 


If, on the contrary, the indefinite right line OP does intersect the 
given cap, the integration of equation (2) between the given limits sup- 
plies only a part of the required 
potential. For clearly this integra- 
tion leaves out of consideration 
asmall cap, which is a part of the 
given one; its basis-circle touches 
the circle A EB, and its vertex is A 
the point Q where the line O P cuts 
the surface of the given cap. In 
fig. 2 this small cap is represented 
by its vertex and its basis-circle 
I'G B, for the case 0< 6< a. In 
order now to exhaust the whole 
area of the given cap, we must still 
take into account the infinitesimal 
rings corresponding to the distances 
D), comprised between the limits P#' = D, and PQ = Ds; as a consequence, 
the formula (3) has to be completed by a term Vy, determined by the equation 
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so that the whole potential in P? becomes 


1’, denoting the function (3). 

Now, if D lies between VD. and Dy. the corresponding element dS is equal 
to the total area of its infinitesimal ring; we have therefore to assume us — a, 
and consequently, when 0 -< 4 «, 


Rs , 
(4) Vy 222 (D.— Dy). 


= r 


This formula for the potential of the remaining small spherical cap at a point 
on its axis. can be easily demonstrated by other modes of reasoning. In the 
centre of the sphere. i.e. for + == 0, it furnishes the value 


s : err 
(5) } 4a Rsin* .. 


~~ 


Replacing V, and Vy. by their expressions, we get, with the hypothesis 


‘ 0-—d0<«a, 

4 

: ‘ 2k 2ah 

: (6) y= wd DP (DPD. — Dy). 
; : 


In the same way, we obtain, when a — @ <<a, 


(7) V, 


(D, D,). 


and therefore 





D, 


| wid D+ 


dD, 





2h 


, 


; Pale 
(S) J (Dy -D,), 


r 






Where Dy; still means the absolute distance between the point P and the 
point Q, the intersection of the indefinite straight line OP with the given 
spherical cap. 
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4. Integration by parts gives 


Dy; DT, 


(9) f WwlD = [vy D]> + { Ddw. 
D, D—_D, 


In the case @ << 6< a —e the angle | vanishes at both the integration 
limits; hence the formula (3) becomes 


D=D, 
~) ) ° 
(10) , = 2h ( Ddw, 
r ig 
D—D 


In the case 0 — 4-— « the angle w vanishes for D — D,, and becomes equal 
to a for D D).; so from (6) we have 


DD, 
» ° ‘)- > 
(11) y= | Dduw — ada Ds. 
. r 
D dD; 


In the ease a —— «@ — 6< 2 we are led in like manner to the equation 


DoD 
2k _ 2aR 
(12) V ; | Ddw -- Ds, 
, i» r 
DD, 

: as a consequence of equation (8). 
i Before passing to the extreme cases @ == «@ and 4 — +—«, it will be 

useful to calculate the angle wy. Let us put OU m, this quantity being 


reckoned positive in the sense from 0 to P; then we find, observing that #7 
and MN are perpendicular to each other, 


(72 — .r) COLA 
| R?—z?* 


(13) cos Wy 


(14) mcos@é = Reose. 
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so that the whole potential in ? becomes 


r=Vi4tt, 
1, denoting the function (3). 

Now, if D lies between D. and )y, the corresponding element dS is equal 
to the total area of its infinitesimal ring; we have therefore to assume us -— a, 
and consequently, when 0 -< 4 «, 


*. > 
(4) - oaR (Dy — Dy). 


r 


This formula for the potential of the remaining small spherical cap at a point 
on its axis. can be easily demonstrated by other modes of reasoning. In the 
centre of the sphere. i.e. for ¢ == 0. it furnishes the value 


‘5 e a 
(3) } 4+aRh sin= 


Replacing V, and Vy by their expressions, we get, with the hypothesis 


A UO<4 (“ 

5 D, 

- 2B 7 x R 

e ’ > ae a 2th 

(6) ' = | wd Pp - (DP. — Ds). 
* e e a : , 
; dD, 


In the same way, we obtain, when a — « <@< a, 


(7) V. — (D, D,;). 


and therefore 
dD, 
F Pak 
| d+ (Ds — Dy), 


/ 


($) \" 


24h 
r 
D, 


Where PD, still means the absolute distance between the point P and the 
point (@, the intersection of the indefinite straight line OP with the given 
spherical cap. 
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4. Integration by parts gives 


Ly Dl, 


(1) | wlD = [yD]; + | Dd, 


dD, DD, 


In the case @ < 6<— a —e the angle & vanishes at both the integration 
limits; hence the formula (3) becomes 


D-DD 


ae ° 
(10) y — 2A ( Ddw. 


yr 
D—D, 


In the case 0 — 4-— « the angle w vanishes for ) — D,, and becomes equal 
to a for D D,; so from (6) we have 


Db dD, 


Sy A ad 
(11) , = 2h | Ddw — 


r 


Ds. 


Pak 


/ 
D—D, 


RO ace. 


In the case a -— @— 6< 4 we are led in like manner to the equation 


DoD, 
, 2h ; _ 2aR 
(12) J | Ddw -- Ds, 
c of r 
DD, 
as a consequence of equation (8). 
Before passing to the extreme cases 6 == @ and @ — a—ae, it will be 
useful to calculate the angle wy. Let us put OU’ m, this quantity being 


reckoned positive in the sense from 0 to P; then we find, observing that £7’ 
and MN are perpendicular to each other, 


(m—xr)cots 
| R?—2 


(13) cos Uw 


(14) mecos@ = Reose. 
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. 
\ | 
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The supposition @ — « gives m — A, and therefore 
a 
cos = cola, 
R+<«r 


F - wT , 
thus the angle uv’ vanishes for 2) D,, and becomes equal to | for D = Dy, 


Hence 


LD, 1 
[UDip, = — 3 Dr 


so that, according to (9), the formula (3) becomes 


D--D, 
P : 2k ; ah 
(15) v= : | pe —— Ds. 
r r 
D ; dD, 
Similarly, when #4 = a—e, 
" 
2 DD, 
DB > 4 R 
, (16) 2 | Ddw- D,. 
“ae = 
D=D, 
: 


5. We have now to reduce the preceding expressions of Voto known 
functions. Beginning with (10), we transform it, by means of (1), to 


D= D, 


zm v= | Lb he+ Prd, 
D—-D, 






Taking w as the independant variable, the limits of integration will be 





, 


a’ = OA’” w= OF, 








whilst from (13) we deduce 





(h?— mr) cot 0dr 
(Rh? — 2*)V R?— sx? —(m—-zx)* cot? 9 | 


(17) diay 
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The substitution of this value in the last formula leads to the equation 


r 


Ix rtand " h*--msr | Re+ 7? —2 re j 
(18) = “s , ~~ 9, 
2B , k?—x* R?—2*—(m—-z)* cot? 46 *’ 


x 


which shews that the potential is expressed by an elliptic integral. 

6. In order to perform the integration, we use the notation of Weierstrass. 
Suppose + to differ from zero, and let « be a new variable, connected with « 
by the equation 


}? + y? 4Rr COS @ COS 4 
(19) ao se 6. ill 


the y-function being defined by the real constants 


Rh? 4+- 7° — 2 Rr cose cos @ 
v — 
' 


Sr 


Rh? +77 —2 Rr cose cos : ’ 
(20) Us : P + R sine sind, 
ir 


Rh? 4-77 — 2 Rr cosa cos 


: m ar Piece. — PR sine sind. 
¢ 67 





whose sum is evanescent and which satisfy the condition ¢ > ¢3 > ¢s. 
Now it follows from the consideration of the triangles POA and POS, that 


2(R? +? —2 Rr cose cos@) = Di + Ds, 
(21) 
4Rrsine sing = Di — Ds; 


hence the equations (20) at onee take the form 


Ds Di — 2D: _ 2D 


6r 24 or 


(vo 


~— a = 


The y-function here introduced admits a real primitive period 2,, and 
i purely imaginary one 2,; we define a third constant ; by the equation 


w, + o,+o, = 0. 


\ 
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7. To the values «= a”, v=." correspond, by equation (19), two values 2), 
uw” of w: and when we observe that 


(23) vw = Reos(d+ea), a Reos(@— «@), 
we obtain, in virtue of (20). 


, 


(24) ya = @9, vue = th 


so that, leaving multiples of the periods out of account, 


~)- , ” 
(29) u = @Me, uo == — Ws. 


These relations prove that. within the limits of the integration, has the 
form m, + ¢, where ¢ is real and variable between 0 and @,; hence yu is real 
and positive. 


Z Therefore 
ie 
YF dr 1 2 sin 4 
4 (26) - : : du, 
. (R= 22 rv) [| R2—2?— (m— r¥ cot? 4] Lr 
4 Moreover 
(27) (R?— mer) (R? +? —2 rv) ) | A B 
re Zé 2mr- -} ‘ 
4 l?— x i r—h r+h 


where 















(}) hy (92 I) (y— hy (97) -+ 


A : . B s 


= 


Rir—-Rhy? . #44 A « Rirst- Ry? A--« A-—« 
cos 4 


It we define two constants 7, 1 by the equations 







wn R hs 7? 4-4 Rr cose cosa 
y7/ tit : 
bor 


R?+ 77+ 4 Rr cosa cosd 


ye = _—-  — 
or 
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we obtain, from (19), 
(30) z—Rk = yu—pre, ct+tR = yu—yu, 


Cod 


so that (27) becomes 


; (R?— mar) (RP+ 7? —2 rv) A , B 
(31) ~—— — = —2mr+— + -—-—_., 
kR*—x yu—yr gu—yw 


By this equation, together with (25) and (26), the formula (18) is changed into 


a — Gg 


. = j (—2mr+- i + . du. 


.\2 
1 2 Reos9¢ yu—ye yu—yw 


8. Now from (21) and (29) we deduce 


bryr dD; 1 be—3—aB7, 6 ryw = + es G+ ky, 


or, according to (22) 


(r--k/? ao r+)? 


(33) yr a— : yu = ey 


2r 


The last formula shows that yee), ve —es, yre—es do not vanish, so 
that wis not a semi-period of the y-function. For this reason we have 


- Os 


° du l a(uta) "a gs 
=: log —2Qucw. 
J yuyu you o(u—w) 
Oy Oe 
But, by the formulae for the addition of a semi-period, 
6(-- om, + w) 2Haee a(Ms + ww) 272 
— == £ “ — @ ; 
d(-— @, — wu) O(@, —w) 
hence 
6 (— ae -+- a) : a(m mw) , . if 
log a = —2yw+2Mia, log —— Oe a 2yguw +2 Mia, “ 
d(— ms, —- w) ; O (ms — w) \ - 
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where J/ denotes any arbitrary integer. So we are led to the equation 


dl 4 mh 
(34) p— (a, mow). 
JY 


r= yur yur 


9. Exeluding for the moment the case » — A, the first relation (33) shows 
that + is not a semi-period of the y-function; therefore we have also 


and now equation (32) is transformed to 


8 
: (38) ry" V 2A, iy. aoe 
ob - sian Te pn) F re Mo, ou)— ; yw mol), 
| 2! Reosa yor " se yw ws si 
4 The value of « being comprised between Rand + hy, we have 
; 
| r—R< 0, r+kR>0; 
ai, 
— 
3 en 
hence it is plain, from the relations (30), that 


ye a yu ay, 


Thus the constants ywroand yor are outside the range of variation of the 
function ya. But we know, by the equations (24), that ya varies between ¢; 
and vz; therefore 





VU = 3, ye - - Ug. 


Since, on the other hand, in virtue of the first equation (33), ye— ey is 
negative, we conclude 














(gs yt <r, yr << ep. 








These inequalities shew that v is of the form , -+ /#, ¢ being a real quantity 
comprised between 0 and o,/7, and that ow is a purely imaginary magnitude 
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whose modulus lies between the same limits. If follows at the same time 
that y’v is a positive pure imaginary, y’w a negative one. 
To calculate vy’ r and y’w, we apply the formula 


(ya z )® 4(yz — €) (2 — Gs) (2 — Cg). 


The values of yr e,, vue — e, are got at once from (33). Making uw = o, 


in (30), and taking (23) and (25) into account, we obtain further 


2 9+a 
yu — eg = R—<«z« = 2 RF sin® as : 
(37) 
A+« 
yl — —R wv’ = —2R cos? - 4 
whilst for « — — os, we have 
P P A—« 
\? oO - C73 R a : - 2? R sin? 9 ’ 
-_ 
(38) 
~a—« 
Ww — és; = 7 R — x” ee hr 2 Rk cos” 9 . 


When these values are substituted in the above formula for (y'z)*, it gives 


, .212 . O+«@ . 6—«4@ 
yu=i Biri - oe; 
Vr ~ 
(39) 
’ .2V2 A--« A--«@ 
yuw=—i 7p R(r + R) cos—,— cos —5 
r = 2 


and so, on account of (28), 


(40) 2A r—R Vr 2B G+ R)V r 
m —* ‘ . x 3 — ‘ r Te 
yu iV 2cos@ yw iV 2 cosa 


Combining these results with equation (30), the function V finally is given by 


(41) 

A 2k om Cr — ae mae — ote : 

J poi +(+B— a oe ge, IE 27 cose, 
r Z i 
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and this equation affords the means of calculating the potential, when the 
angle 6 is subjected to the condition «<@—71—e, 
10. In deriving the equation (41), we have excluded (art. 4) the hypothesis 
, = R. When, however, this particular value is assigned to 7, we ought to 
write, instead of (27), 
(AR? — mor) (RIF r? — 2) 2h* (m+ R) 


s) >} 
5 2mRh-- , 
R* — a* a R-+- ow 


so that the right-hand side of equation (31) has to be replaced by 


Sn 
yt =a yi 

with B 22?(m+ kh). Thus, in the present case, the term containing .1 
disappears from equation (32), and the formula then obtained for the poten- 
" tial is the same as that furnished by (41) for the value , = PR. Therefore 
equation (35) is seen to hold for any position of the point P corresponding to 
an angle 6 between @ and a — e«, and to a non evanescent value of r. 

11. Let us next consider the case O— 6 < @, 

The integral in equation (11) has still to be caleulated as above. First 
a suppose 7 7 Rf. 

Remembering that y’ + must be a positive imaginary, we must change the 
sign of / in the first of the formulae (39), by which change in the first of the 
equations (40) the sign of the right-hand side is altered. Accordingly, the 
first term in the second member of (41) has its sign changed, so that we find, 
when we further consider that D,; — r+—Rk, 


Pa Ss, 


ee ae 


(42) V 


yy Oy, La 
‘| 


2h | — (” 


F | 
the same terms as In (41),. 
9” | 7 | 





This formula too is easily seen to remain correct for the value + Lv. 

In the third place, when 4 satisfies the condition «—e—-—@< 7, the 
potential, given by equation (12), is found to be expressed by the formula (41), 
where the second term is replaced by 







, (on Sue — aye 
(7 4+ h) | a + a), 
/ } 


and this is still true when + becomes equal to R. 
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12. When 6 —-«, we have m = A&R, and therefore. instead of (27), 
(R?-— max) (R?+ r?—2 rr) st on ilk Ri -+ rR)? 
hR?—a? r+hkh 
whence the right-hand side of (31) becomes, putting B — R(r + R)*, 
—2?2Rr-- ma 


yet \? w 


Thus the integral in equation (15) aequires the value 


| ‘Da uw (r+ Rye “oe 20, RV 2reose: 
and, bearing in mind that in (15) D. r— TI. we obtain | 
(43) V = “ y—Ri+(7+ PR) hl uate —Po, 1 2rcose ‘ 
Which formula holds good also for r R. | 


It is to be noticed that the last equation is a particular case of (41) as well 
as of (42). For if we attribute to 6 the value «, ¢ becomes, according to (38). 
i equal to —o,. The coefficient of »— AR in (41) therefore gets the value 


RIGGS LAF = 


oe 


] ] 
: (—— @ 2 Ory +, Oy) . (— on Ys > 91 3) F (2, — I, M2), 
é 


Which is known to equal — 7/2. Thus in the present case the formula (41) 
coincides with (43). In like manner the coefficient of +—#) in equation (42) 
is seen also to become — 7 2, so that (42) in its turn is changed into (43). 
Accordingly the formulae (41), (42) and (43) agree with the necessary con- 
tinuity of the potential in space. 

Similarly, when 6 — a — «, it can be shown without difficulty that, for all 
values of + except perhaps the value zero, the equation (16) leads to the 
following result: 


_2Ri{a @,4U— me 


r | 


—+- &)+'r—B —2o0,RV2r cose 


( 
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and that this formula constitutes a continuous transition between the equation 
: (41) and the one which is arrived at when 6 > 1—e, 

13. Finally it is easily proved, that in the cases 6 — O and 6 =a, in 
which the Weierstrassian functions degenerate, the formula (42) and the 
corresponding one for the case a—e@< 4-2 supply the elementary 
expressions (4) and (7) for the potential of a spherical cap at a point on its 

axis. Again, all the above formulae remain valid even when + is made equal 
to zero (the ease hitherto excluded: vide art. 6); they then lead to the 
formula (5)*. Lastly, they make the potential vanish at infinity. 

14. Having now discussed all the alternatives, we see that, of the formulae 
given above, only the three following are to be retained: 

1° when 0<6< a, 


. 2R (paper —o, Ser 
Fon SE ee 
r H / 
(1) 
mw ow, ow 
e1 u 2 (r + R)— 20, RV 2¢ cone’: 
: , 
2 when « <d0<7—«, 
: 2R fo, Se —aye 
J \ r—RKk 
/ / 
(11) 
* i, —— oo 
y + “ 1? (y+ Rh) — 2 ow, R ber cuca! 
% é | 
; 3° when a—--e<@< a, 
r 2R fo cr—ar . f 
| — f ' 
Fy 
(111) ‘ 
ow, ou se. 
- | _ + a} (4 ht) — 2 wy RV 2+ caste. 
/ 


It need hardly be said that, although these formulae are general, in the 
special cases r = 0, 6= 0, 6 = 7 the actual calculations are to be performed 
by means of the simpler equations given in art. 3. 

By subtraction of the potentials of two spherieal eaps, the potential of 
a spherical zone will be obtained. 


“This fact may be more easily veritied in the formulae (1'), UI’), (IID) of p. 200, whieh 
are equivalent to those hitherto established. 
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15. All the elements which occur in the expressions just written down, can 
in each particular case, the point P being given, be calculated numerically 
by the help of the classical methods of the theory of elliptic functions, based 
on the use of Legendre’s tables or of expansions in infinite series. If we wish 
to use the tables, the formulae may, however, be thrown into a more con- 
venient form. 

Calling the modulus /, and the multiplier g, we have, by equations (22), 


(44) }7 C3 —— Di — D; » om Di 


aoe Di am 


and, if A and #’ be the complete elliptic integrals of the first and second kind 
for the modulus /, 

_K 
(45) wo, = , ny qgE— a , 
4 g 


The complementary modulus will as usual, be denoted by /”, and the corre- 
sponding complete integrals by A’ and E’. 

Let us now represent by the symbol y» a new y-function, defined by the 
constants 


(46) (Jo = —ts, — (¢s)o = — es, (#2) = 


Which give (e;)o > (es)o > (es)oe If gg. gs be the invariants of our original 
yv-function, defined by the equations (20) or (22), the invariants of the 
function y%» will be gz, —g3; and, if we associate a subscript index zero with 
the different functions of Weierstrass and of Jacobi that can be constructed 
by means of these last invariants, the well-known formulae expressing the 
homogeneity of these functions give. z being an independant variable. 





y (iz) (623 gee Js) == —y(F3 Gos — Gs) = — vol2). 
y"(iz) == 795(z). 
(47 gees = 
ti) G(vz) = —7G9(z). 
. Slo (Z 
sn(7z) / o(2) 
CNg (7) 
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The constants corresponding to the functions with the index 0 we will also 
affeet with the same index; on so doing we find, in addition to (46), the 
following relations between the constants of the two sets of funections:* 


q Yo. i= ks, i ko, 
(4%) 


(wy) - y > rr » 
: ° : Wy i(@, lo» kK x A Ky. 


( 


W, 


16. The known formula 


F 


ye ts 


smA(ge) 


becomes, in virtue of the first equation (37) and the seeond (44), 


1 


(49) su (yr) 
4-—-« 


4Rrsin® 


acer 5 same 


The right-hand side is ~ 1, beeause 
L sd a) e a 4 + ( 

(oO) dD; (y— RR)? + 4Rrsiné = 
k We have observed (art. 9) that ¢ is of the form w, + ¢/; since, on the other 
‘ hand, », is known by the first equation (45), we shall know the value of ¢ if 
’ we determine that of tf. Now 

2 . , ; cn? (igt) l —sn*(igf) 
sm*(yr) = sn®(qo, + iqgt) sn? (K+ fy) a qian FF : 
I wn sd y dn* (ey t) 1-- h*sn*(igt) 






Substituting in this equation for the left-hand side its value given by (49), 
and for sn*(/qgf) its value deduced from the last equation (47), we get 













R 
SNo (yf) , 








} 
Dz 


Therefore, if we define & real angle g (comprised between 0 and ot 2) by 
the relation 







r—R 


(51) sin & 7 


* We define gy by qu + VW (e1)y —— (2). 








TT CMRP, 21 os ac. 


“ Pn aed $ 


ee on 
vai liee apy Bistta se 
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we have 


a 
, V1} —2 sin? 


“0 


Hence, seeing that hy i’, we find 
‘ B iene 
(D2) t File, g). 
4 


and the value of ¢ is thus obtained. It follows trom this equation that, accor- 
ding to our former remark, ¢ is real and comprised between O and A’ g, or, 
Which is the same thing, between O and o,/¢. 

17. We have further 


oe ca iparia 1 y' (it) 
Cv = C(w, +?) n+ S(t)— 7 a—oun’ 


or. in virtue of the equations (46) and (47). 


. ’ 
on f é \’o t 
ge we <4" . 
. 2 wol— (eso 


But, on account of a well known formula of the theory of elliptic functions. 


.., 8 gt ; 
so t + v0 — Yo E (ko, Ff )— (e; \ f. 


2 wo t—(es)o 
or, by means of the relations (46) and (48), 


= gE(k', p) +e; 
therefore 
Sr = m— ig Ek’, p)— lest. 


From this and the value of « we deduce 


Oo =e me —(y, + oe.) t— K E(k’, @). 
l 











me 
re 
= 
ia 
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Sinee the equalities (45) give 
(93) Py, OM bs y(h BW), 
we have, considering also the equation (52), 


Ww Ccu—? 7 
(4) 


t 


(K-- BF) Fik.g) —- KEK. @). 


18. Again. 
y Dy 


\ 2 a 
4 hr cos? 
Now. « being a pure imaginary, we put — /f, and so obtain 


eny (yt) 


| Sy (yt) D; 
4 Rr cos? 


Si-+ 


Combining this with (50). we get 


D 
sn, (yt ) 


and pitting 


(3) sin, 


(56) f’ Fk w), 


where the angle «is real. 
Phis result shows that +r is comprised between O and /A’/g, i. e. between O 
and »,, In accordance with the assertion in art. 0. 


Further 
(294) Cr Cit) ‘tof. 
sut 


’ ] (5) f' 


= yo {'— (ry Ny ‘ 


qy Elly, w) (Jol + Cyt 


Het SPP ar” a poe ty 


+t eo ee 





oe pene 
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or 
1 V0 ' 


, . 
2 ol — (#s)o 


(58) fot = g E(k w)ytet— 


On the other hand 


/ j 6 is 
yo f — (es )o J | 9 
L Sly (yt) | 
whence, by differentiation. 


2¢" (No (y t') dno (y t’ ) 


yo f’ — 


[sno (yt! i} . 

Therefore 

] yf eny (yt) dng (gt) 

~—e ; ( ; : 

2y,f—), 7 sty (gt) 

and, since 
SNo(yt) — sind, eno(yt) —— cos, dny(gt) = V1 —2k" sin? wy, 
we have 
] yy t' 92 
- g cot u | 1-—k "sin? uw, 


» oa 
- wot (2), 


the positive determination being taken for the square root. 


Substituting in equation (58) and then in (57), we obtain 


mow eer " y2 os 
-— KE (i'w) +o, et + K eot u by — ke? sintw, 
/ 


go, having been replaced by its value A. 


Since 4, = (4, U, we further get 


y, uw —w, Cw Serer ; . 2 = 
- = KEE, ws) + (4, + oer) t + A cot w V1 — 2k? sintw, 


or, by (53) and (56), 


y ida C ; , r : ed 5 . a vy 
ne Me _ RR, ww) 4+ (EP -K) FR.) + Kootu V1—k’ sin? y. 
é 


15" 





ee 








URRY a ar 


a 5: 


t 
t 















If in the last term of this formula we substitute for uv the value deduced 
from (55). we obtain 
(4) 


- 4 , -_ 
ye Osw 2AK Ri 


= KE(k'.w) -(K—E) Fk’ w)+ 
(; L R)D, 


(cos4 + cosa), 
td 


2 being + 1 when 6 < 7 — e, and —1 when 64> 4 TH 
19. Writing. for the sake of brevity. 


(60) N(z) K E(k’. 2) —(K — E) Fike’, 2), 


the formulae (54) and (59) become 


w, Cr -- me 
2 eS —NS(g), 

/ 

(1) 
ye — wo, Sw , 24AKLRr 
S(t) + . (COS 4 -- COS @), 

( Dy tr +- be) 

whilst 
. 4KRy 
(H2) Po, RI 2+ cose COS, 
dD, 


sy substitution in the formulae (1), (11). (IID) of art. 14. we obtain the 
following expressions for the potential: 
1 WhenO0<4<« 


; 2k 2K Rr 
ic) Y= y—R (Sp—a)+r+R Su 2K h) (cosa cose): 
y | dD, 

2° when ¢< 4<a—ae, 

—* 2k 2K Rr 
(i’) J , — r—k Sg+0+RSu+ ~ D : (cos — cose); 

/ 
1 


3° when t#—a@<6< 7, 


2K | 


(q’) v= — 


—r-R So—r+ R)(Sw— a) ao 


2KR 
/ 


, 
(cos# —cose } 7 


; 
% 
& 








i 
a 
i 
< 
F 
é 
: 


FSR 


ite 


=e aa 


ee 
Bisleas 


Sas neck 


g- SOS ISB 


tents 
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These formulae agree with one another for the limiting values of 6, as will 
easily be seen if the relation 


5 (5) KE'+EK'—~KK' = : 


be kept in mind. They also subsist when 7+ is made equal to zero; in this case 
they lead to equation (5). When @ = 0 they furnish the relation (4), and 
when # = a the relation (7), where of course D, = Ds. In the general case, 
after g and w have been determined by the equations (51) and (55), the for- 
mulae allow the direct caiculation of the potential by means of the tables of 
elliptic integrals. 

20. Remark. We may incidentally notice that the form of the expressions (1), 
(11), (U1) of art. 14 undergoes but a very slight change when, instead of the 
variable « and the y-function introduced in art. 6, we adopt a variable ™, 
bearing to «a real and constant ratio «, say 


uy = bY, 


and the y-funetion with periods 24@, and 2a. If we characterize by 
a subseript 1 this new y-function and the functions of Weierstrass associated 


therewith, the formulae of homogeneity of these functions give 


Cy ty C (pens oy, Jes) = Pa C (a; 0, @s) = —bu, 


ft 


yy iy 2 yu, 
/ 


ete.; and, when (¢;); denotes the greatest and (es), the least of the e-constants 


of the function y,, and 2(,),, its real period, we have, since 2 is supposed 


(o be positive, 


I I 
(m,), = feo, (ay); fl @s, (en); 9 Chy Qa = Hh, ete, 
/ denoting any one of the numbers 1, 2, 3. 
In this way, putting 
uy = “te, uy = pe, 





le 
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we obtain. instead of (1), 


JANS 









r | 


and similar formulae instead of (11) and (111). By the substitutions considered, 


2k {I 


(my ey (Mp ory 


L / 


es 


/ 


— (Oy), Sy MY 





SARI ITO 5 yg 


a 


the equations (1’), (I) and CIT) of art. 19 suffer no modification whatever. 
21. In order to deduce from the preceding formulae the potential of a uniform 
magnetic shell in the shape of a spherical cap, or the magnetic potential of 


a steady circular electric current, we have to perform some preliminary eal- 


culations, leading to the following results: 


oD, 


or 


and putting 


ah kr? 1") 
oF 27 Di 
y?>— RB? £ 
27D; h* 
(hk Kk) 
or 


y— Reos(@- «@) 


D, 


At) = { 


Where the positive determination of the square root is adopted, 


a S(z) COSZ y? 7 Rk? 
- A(z) | 2rDi 
Putting 
« = +1 whenr>R, 
x= -+1 whend>ae, 
4A -=-+1 whend-a—a, 


(K — F) sinz -+ 


>, 
> 2 (om, iF Ril Dy k 
I’) COS @y, 
lu | 
k?(r? R?) 
2h! + Di é 
Ie "il oo , 
. (A I), 
, 2r Dy; 
R* PE 
2+ Di _ i 
, Re eos(@ () ; 
Ds, 
:’* sin? z, 
E—k?® K sin®z 3 sinz 
COS* 2 or ; 
- 1] whenr < BR, 
| whené< «, 
~ 1 when@>a— e, 


d 








i 


LOR TOI, 


ee 


Bees 


ORES SNE tit tui 


% Ree inate ie 





OT 


or 


SPHERICAL CAP, 


we further have 


; r—R 
SIN 4 é 9 
ing D 
inv a 
sin uy = : 
r+h 
e(r — R) 
(r+ Le) 


a Kr 
or D), 


COSY 


cos us 


aN f 
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QV Rr . A—« r 2) Rr . 6 

4 sl . ij sli 

Ds ? ' dD, 

.2VU Rr A-+-« 2V Rr 

d sora OS ~ aw a 
r+h 2 r+ikh 
Ro’? — K)E 

z (COS COSA), 


D, D: 


Riv — Rh) i 
D, (r+ BR) 


K  *— BR 
2D, Ds 


2D, 


(cosa + COs 4), 


E. 
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4— 


to 


—- & 


We are now in a position to determine the potential 2 of a uniform magnetic 
shell, which covers the spherical cap hitherto considered. We suppose this 
shell to have unit strength, its positive side being turned outwards with respect 


to the sphere. 


With these conditions we have* 


i” 
te 


Applying this formula to the function V’ detined by the equations (I), (IV) 
and (IIJ’), and using the foregoing relations, we obtain 


1 whenO<4d<a4, 


t~ 


rs 4 


(11”) 


2° when «<= 46< 


2e(t1 — Sq—) —28ur4 


Sy -- 


4A R 
D, (r+ B) 
um —«; 


4KR 
| Dy r+ R) 


INS ur = 


(Rk cosa — 


(Rh cosa — 


* J. C. Maxwell, op. cit., vol. 2, art. 670 and 694. 


yr eos@): 


reos@): 


7 
a 
\ ° 
fo: 
f; 
en 
‘3 bf ‘ 
“a : 
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3 when 1—e- 0< 4, 


_4KR 
D, (r+ B) 


(11”) 2 = 2eSq¢+2(Su— a) (R cosa — r cos), 


Owing to the relation S(O) = 0, the first of these equations implies a dis- 
continuity of the potential when the potentiated point P traverses the shell, 
i.e. for r = R; this discontinuity is measured by 47, as it ought to be 
according to a well known property of magnetic shells. 

22. The expressions (1”), (11”), (I11”) are at the same time those of the 
magnetic potential of a steady linear current of unit strength, flowing along 
the circular boundary of the spherical cap. But, as the potential of the current 
tor a given radius of the latter does not depend on the aperture @ of the cap, 
the formulae expressing that potential must be equivalent to one another. 
We therefore shall use only the last of the three written above and, with 


a view to simplification, we will choose « equal to —>, so that the origin of 


the radii vectores lies in the centre of the current circuit.* 

Then & is the radius of the circular circuit, while D, and J). still denote 
the maximum and minimum distance of the potentiated point to that circuit. 
If, moreover, we suppose the positive side of the shell to coat the inner side 
of the hemisphere, the expression of the potential, as given by (III), becomes 


4A Rr cos 
D, (r+ BR) * 


2 = 2a—2eSG—2N5wW 


Now we may, without altering the value of the potential, replace the 
hemispherical shell by a flat one coinciding with the plane of the circuit. 
It, in addition to this, we measure the angle 4 from the normal to the positive 
side of the shell (on which side P is supposed to be situated), we must change 
the sign of cos4, and the formula then becomes 


4A Ry cosa 


(63) 2 = 2na— 2EeS (go) —2S8(w) — ° 
4 D+) 


In this formula g and are defined by the equations (51) and (5d), the 
function S by equation (60), k by the first of the equations (44), 


“ » fay g ‘ ete ray ’ i i 
As far as the author is aware, the formulae expressing the potential of a circular 
current in terms of elliptic integrals, hitherto published, all suppose the origin of the radii 
vectores to coincide with the potentiated point. 
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23. In the particular case where the potentiated point belongs to the axis 
of the circuit, we have 6 = 0, and consequently 


“9° ’ r ’ Uv ' 4 . 
Dd, Dz : } R? 4. yr’, }; = 0, i: — i. K == E -- rs) 9 S(z) a_i sin Z. 


Then from (63) we have 


ee Lt . Ry 
2 = 2a|1—- sing —-5 sin — aS 
= - + RV 4+ RR?! 
But 
: r v Vr?+ RB 3° 
éesing +sinu - — =< ss ' captain, 
| ad 4. he? rah (7 - R) I yet k- 


whence, calling € the parallax of the potentiated point with respect to the 
cireult, 
- 


V 7+ R? 





= %9a(1—cos§&). 


tm 
t~ 


2a (1 — 


This is the well known elementary formula. 

24. Finally, it may be interesting to remark that the equations (1"), U1”) 
and (111”) ean be arrived at directly in the same way that has led us to (1), 
(1), 1’). For if 8 be the angle formed by the straight lines O17 and 
MP (fig. 1), the expression of the potential of the magnetic shell in P is, 
according to a known formula* 


D-DD, 


* cosh 
Seis N. 
° J p ¢ 


D=D, 


Now 
; _— — 7)? 


= 2RD 
so that we get, on account of the formula (2), 


DD, 
. 2 p2 + Re? 
= | ! : g : : ued dD. 
Pa D 
dD; 


and magnetism, 





’ Vide, for instance, J. H. Jeans, The mathematical theory of electricity 
Cambridge 1908, art. 418, p. 366. dS has the same meaning as in Art. 2. 
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Integrating by parts, this becomes 


(64) £ dial, 


~ 
~ 


D 1), 
ee ’ s9 2), + ° | o 9 
| ra - PT | | D* +7? — 
D, aw DD 
D dD, 


When @< 4—..1—«e, the integration between the limits 7), and 2, supplies 
the total value of the potential. 

When 0< 46 «, we must, in order to obtain the whole potential, add to 
the right-hand member of this equation the term 


p= TD), 
* vos, t " JP 4. Re [pr+,? hp? 1 
[emt yy PER yy | 
, LD Pa DD ) D D, 
D—D, dD, 
and, when «a — @<— 6— cr, the term 
p= BP, 
* eos I pe - y-* Rey 
Bis iB Be ' 
e 1 eA DD D 
D Dy, 


In the case @ — A<— 11 «, the formula (64) gives 


D— 
| j 1D? + »? — R? 
‘ dD 


‘ 
~ 
t~ 


ry 
D— Dp, 


In the ease 0 — 4— @ we must add to the right-hand side of this equation 
the term 


x ?—R4+ Di 


where ¢ has the same meaning as in art. 21. 
In the case w —- @ <4 <7 we have similarly to majorate the right-hand 
side by the term 
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Now, putting 
(i (ar) 1) (R? + +? — Pra) [2? — 2* — (m- ry cot? 4], 
we have, in virtue of our previous equations (1) and (17), 


P= Dy xr 


= * pry? k? ° (R? mar) (r— a7) de 
(62) dup 2recota = = . . 
° dD é u — Zz Gia) 
D—D, r 
But 
(Re? mr)(r— zr) yi B 
Rk? — ::? os a—kh ' «r+R’ 
where 
; A , B 
A . B ae 
a r+ 


A and B being the constants defined in art. 7. 
Accordingly, in virtue of (26), (30), (384), and (35), the integral in the right- 


hand side of equation (65) becomes 


ae 24 2 B aed 
SIN | mo, 4 s— (Que — 60) + SG (Qt 18), 
V L t \? 7 \? uw J 


so that, aecording to (40) and remembering equation (14), the left-hand side 


of (65) becomes, when «@ < 0< a — e, 


> o, 1 2 Reose Rye Oye Hy Ooi 
— Z . F . . 
br be . : 


and has similar values with the hypotheses 6-—« and 6 > 1— «, 
Therefore we have, for 0-< 4< @, 


- \ i + - » . 
: _— » yy U— OSU . » 1 1Vsw 2 V2 bald fh cose . 
)} «a= —Ze - —w}—2Z : — 
7 ( | r 


again, for «<< @0< 1 —«, 


pot “- ‘ > ‘ 
Mm GUr——hye > M110 —— 6 Ww 2V2 oy; R cose : 


a = 


(i’”’) 2 = —2Ve 2 | 


i ( 


* 





Sei Sen 
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and finally, for 7 - «<a 4, 


2 | 2 o,R COS @ 


by 


i om Sr—mr C/o Sa — ayy i 
(’”) 2=—2e —" 2 —_ +x) 4 
/ ; 


These are the expressions of the potential of the magnetic shell in terms 
of tunetions of Weierstrass. 

Transforming these formulae by means of the equations (61) and (62), we 
obtain the expressions (1”), (11), CII”) established above. 

By the introduction of the functions and variables of art. 20 in the formulae 
Q’), (1), and (11), the ditferent terms keep their form unchanged, with 
the exception of the last term of each equation, which is divided by yf as in 
the article referred to. 








ON CYCLIC-HARMONIC CURVES. 







By HAROLD HILTON. 














1. In these Annals* R. FE. Moritz has given some properties of the curves 
Whose polar equation is 


PK SELe eee ite 













E (i) r= acospo/q+h,.... 

iG where p and qg are positive integers with no common factor, and a. i are 
: positive constants. 

¢ A more complete description of these curves is here given, and his results 






are summarised so far as is necessary to make the extension of his work 
intelligible. 
The curve (1) is unicursal; for « reosé@ and y rsin 4 can be expressed 






rationally in terms of tan 4/24q. 
Equation (1) gives 














(ii) 2cosp4 R! —¢, R'" +0,R'“*— .... 








where R 2(r —hk)/a, « 
This may be put in the form 


—— A jae eo hy 
C, Cry 












(iii) 2cos pO = art+ Brit yrt 2 + drt FP 4+ oo. pert, 








where «, 8, y, 0,... are polynomials in / whose values are easily calculated. 
Only odd powers of / are involved in 8, 0, .... and only even powers in 


“ay 


zo 2 oe 






The finite inflexions are given by 






(?—p*)a? cos*pa/qg-+(2q?+ prakeospag+Ge+2ya = 0. 










No inflexions are real, unless (p?+ q*)a > q®k > q?a. 

Let (x, y) be a real finite focus, and let ¢ — a-+¢y. The equation for ¢ is 

the condition that the result of eliminating 4 between (1) and re! — © shall 
have equal roots, considered as an equation in 7. We find 






* Vol. 23 (1922), p. 29. 
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on qi p= qv ' i + [2 hF + ( p g*)a®}e}4 -? 


(iv) 1 
= py {pk = [Ph ia (p> —q*)azpet? a’ po eve. 


where in the ambiguity the two plus or the two minus signs are to be taken. 

2, Suppose /: O and p. g are both odd. 

The curve consists of p loops, is of degree p-+ gq, and has the symmetry of 
a regular p-sided polygon.* The origin is a p-ple point,+ and there are 
} p(q—1) finite erunodes. The only other point-singularities are at the 
cirewiar points at infinity. 

We shall call the origin in vy" = o"*" a “singularity of type lw, 7]. It is 
equivalent to 3(7— 1iu-++r—3) nodes, «—1 cusps, 3(°— 1+ er—3) 
bitangents, and + — 1 inflexions (H. P. A. C.. p. 119, Ex. 1) 

If p >. each circular point is a singularity of type [qg, 4(»—q)], the tangent 
at the singularity being the line at infinity. The class of the curve is 2p. 

It q>p. each circular point is a singularity of type [} (g+ p), 3 (q—p)). 
the tangent at the singularity passing through the origin. The class of the 
curve is p-+ q. 

In either case there are p real finite ordinary foei. The equation § 1 (iv) 
ceiving the foei reduces to 


(p { q)- (p q)* (? pea’, 


3. Now suppose k = 0, and one of p,q even and the other odd. 

The curve consists of 2) loops, is of degree 2(p +4), and has the symmetry 
of a regular 2p-sided polygon. The origin is a 2p-ple point through which 
pass 2p real linear branches touching each other in pairs. There are 2 p(q-— 1) 
finite crunodes, The only other point-singularities are at the circular points. 

It p> gq. each circular point is a singularity of type [2q.p — q]. the tangent 
at the singularity being the line at infinity. The class of the eurve is 4). 

It yj, each circulay point is a singularity of type [g+p.q-— pl. the 
tangent at the singularity passing through the origin. The class of the curve 
is 2( p -L YJ). 


Ii p — 1, the curve has one «xis of symmetry. If pp 2. the curve has the symmetry of 
the rectangle. 
+ A multiple point of order p. 
* References will be made to Hilton's “Plane Aleebraic Curves”. Clarendon Press, 1920, 
hy means of the letters H. PL ALC 
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In either case there are 2p real finite ordinary foci. The equation $ 1 (iv) 


reduces to 






pra’?, 










(pe gPts(p— qyr-4 cP 





4. Take now the case i > 0. The properties of the curve may be deduced 
from those of the curve with i = 0 by the methods of H.P. A.C., Ch. XI, § 9. 
For all values of p and q the curve is of degree 2(p-+q) and has the 
symmetry of a regular p-sided polygon; while the origin is a 2p-ple point. 
First suppose p and q both odd. 
The rationalised form of the Cartesian equation is got by writing § 1 (iil) 














in the shape 














(i) ( 277 cos p4 Lg po 4 ! “9? y—2 1 vee ft gy? l)? 


‘ 












(Bi? . g—1 _ M4) pPta 3 = ss eoec->- d yP)*, 






The 2p linear branches through the origin have distinct tangents.” 
As is usually the ease for a eonchoid of an algebraic curve, equation (1) is 





not altered by changing / into — /. 

To obtain the nature of the curve at a circular point, we replace re™ and 
re ™ in (i) by x yand ly. We get thus a projection of the curve in which 
a circular point has been projected into the origin and the line at infinity into 
the axis of «, (H. PLASC... Cho 1. $3). We can now apply the methods ot 
H.P. A. C., Ch. VE, § 1. 

lip >yq. we find that there is at each circular point a single superlinear 
branch of order 2q with the line at infinity as tangent. This superlinear branch 
is highly specialised. Its nature is that of the singularity at the origin given 











by the expansion 
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where each of the g values of @!” is taken, and all the plus or all the minus 


signs, 





Similarly if q > p. 
®. Now suppose p is even and g odd. 
The rationalised form of the Cartesian equation is got by writing § 1 (iil) 







in the shape 









“We suppose in $$ 4.5 that the ratio ka is general. The results must be moditied if, 


for instance, k a. 
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to 
pairs 
to 


(— 27? cospd-+ Br?*4 V4 §ppea-8 4... + hy?)? 
(1) 
(cep Ub yy? q-- foots +- xy? 1)? 


The 2p linear branches through the origin touch in pairs. 

Equation (i) is altered by changing the sign of /. This is exceptional for 
a conchoid. It is paralleled by the case of a conchoid of a circle with respect 
to its centre. 

The nature of the curve at a circular point is the same as for the curve 
ofS 3. 

The above statements hold good for p odd and q even, except that (i) is 
replaced by 


(— 2,? COS pl - By? 4 Pate pho a -8 + 1. + gpl) 


(ae7P 74 4+ yrert ? 1. a . Arh)’, 


and the 2p linear branches through the origin have distinet tangents. 
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BY PHILIP FRANKLIN. 


The purpose of this paper is to give an exposition of the fundamental 
theorems on integrals in hyper-space. While these theorems go back to 
Poinearé,* the presentation here given is somewhat simpler than his, and may 
be of interest in view of the applications of these theorems to modern theore- 
tical physics. 

1. Ordinary integrals in Euclidean space. We shall take as our 
starting point the notion of an ordinary multiple integral (of the ath order) in 
Euclidean n-space. That is. given an »-region defined by a single relation 
of the form: 


(1) Slay +++ Lah < @; 
involving the 2 special co-ordinates 7, +--+ .”,. and a function of position 
(2) Ala, +++ 1p) 


defined inside this n-region, we set up the expression: 


(3) | n | Ar, see Ly) da, tee Ax, 


which represents the limit (shown to exist under suitable conditions on A) of 
a certain m-tuple summation precisely analogous to that defining double inte- 
grals in the plane or triple integrals in 3-space. 

In defining such integrals, no sign is assigned to the “volume” element, 
which is taken as always positive, so that, in any m-region in which A preserves 
sign, the integral also has this sign. This convention leads to no difficulties 
as long as all our integrals are of the same order as the space we are working 
in, and we use a single fixed co-ordinate system in this space. However, if 


* Acta, vol. 9 p. 321. 
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we change our co-ordinates, we are led to write as the equivalent of (3), 
referred to the co-ordinate system yj +++ nt” 


; ° Day ++ an) 
At 268 Yn) . li ++ dyn, 
a | ‘ | ” . Diy; giant Yn) mn y 


taken over the n-region given by 


(D) Shyer ynd =O, 


where the barred functions denote the values of the functions in terms of the 
new variables and the additional factor in (4) is the absolute value of the 
Jacobian of the old variables with respect to the new ones. Since the sign 
of this Jacobian depends on the relation of the senses of the two co-ordinate 
systems, the absolute value has the effect of changing the sign or not accor- 
ding as the new co-ordinate system is of the opposite or of the same sense 
as the old. 

2, Oriented cells and regions. Before proceeding to a generalization 
of the above definition of an integral, we shall have to discuss the regions of 
integration with which we shall be concerned. In a Euclidean x-space. with 
co-ordinates uw, +++ “#,, an expression of the form: 


(6) Pty e+ + ty) <0 


in general defines a connected portion of the space: if there exists a con- 
tinuous one-to-one point transformation of this portion of the space into the 
interior of the sphere. 


(7) “i+... +-a2—1< f) 


our region is an n-cell. 

The n-cell may be oriented or sensed by assigning a definite order to the 
co-ordinates in terms of which it is defined. Two n-cells defined by the same 
function, but with different orders of the variables, are of the same or oppo- 
site sense according as the permutation of the variables required to go from 
one to the other is even or odd. 


* Scott and Mathews, Determinants, p. 172. 
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In a space of m(m > 2) dimensions, an oriented n-cell is given by a set of 
equations 


Uy = Tilt... Un) O<m+<mm 
1 


() 
Sm... UH )d=< 0 


together with an order of the w’s, the equations (8) serving to map this cell 
on one in the w-space. 

By our definition. all our x-cells may be mapped on a sphere in »-space (7). 
If we assume the necessary partial derivatives exist and are continuous (as we 
shall for all cells here used) and construct the Jacobian 


(9) Duy... Mn) 
Dt, ..+ Mn) 

the order of the #’s being that given, and that of the w’s one fixed on once 
for all, we may associate a definite sign, that of (9). with each sense of our 
cel], The sign of (%) is the same for all points of the cell, since it is never 
zero (as the transformation is one to one) and is continuous. 

Our region of integration will be one given by a set of equations of the 
form (8), except that the function f therein need not correspond to a single 
cell. We shall, however, assume that, for each point of our region, there may 
be found a cell which contains the point and all of whose points belong to the 
region; it will be given by a different inequality in the «’s. We further assume 
that the sense of all these cells as given by the order of the w’s and (9) is the 
same; this restricts us to “orientable regions’’.* Finally, our regions will be 
so chosen that they may be broken up into a finite number of x-cells. 

3. Integrals over oriented regions. To overcome the difficulty men- 
tioned at the end of § 1, we use oriented regions of integration. We define 
the integral 


(10) | n | Ase...0 E21 «++ Ala 


taken over an oriented n-cell in the space of the z's (of m> mn dimensions) 
given by equations of the form (8) with an order of the w’s, as the ordinary 
integral of § 1 in the space of the u's 


; ; D(a, ..+ Xn 
(11) J n f Aje...n ae ie a du, ... AMn. 


* For a more complete discussion of the points of this section, see 0. Veblen, The Cambridge 
Colloquium, Analysis situs, p. 100f.:; p. 129f. 
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For regions consisting of more than one cell, we evaluate the integral sepa- 
rately over each cell and add the results together. 

We may deduce several properties of the integral (10) from this definition. 
First, the order of the d.x’s in (10) is an essential factor, since interchanging 
two of them will change the sign of the Jacobian in (11) and hence change 
the sign of our result. This also shows that the integral is zero if two of the 
differentials refer to the same variable or have the same subscript. It also 
changes sign when a pair of the w’s are interchanged, i. e., when the sense of 
the region of integration is reversed. 

The definition preserves two properties of ordinary integrals, one slightly 
modified. It is distributive with respect to addition, i.e. if A+ B— C. the 
same is true of the integrals of these functions, taken over the same region. 
Also if the variables are changed, the space being referred to a new co-ordinate 
system, the integral is transformed by the Jacobian, i. e., 


. F ; : Daye ++ ay) 
(12?) | 7 | Ay ” dayese day, i Ay of = dy edly. 
e e ~ e Dy, eee y,,) ee | PY AY) 


4, Integrals of multilinear forms. The integral of a multilinear form 
of the mth order in the m differentials dr, +++ dary. ; 


(13) | n | Zz A. Sie dais dai,, 


where the summation is extended over all groups of 7, is obtained by summing 
the results obtained for the separate terms by § 3. 

Such an integral can always be replaced by one in which the A’s are shev- 
symmetric, i1.e., are such that any two A’s, with the same subscripts but in 
different arrangements, have the same numerical value and the same or 
opposite signs according as the arrangements differ by an even or an odd 
number of interchanges. To verify this fact, we notice that all the terms 
involving a given set of differentials dr;,--- dai, can be replaced by a single 
term Bdzj,---dz;, and this in turn by n! terms, one for each arrangement 
of these m subscripts, the coefficients being + B/n! according as their arran- 
gements may be reduced to that of the single term above by an even or an 
odd permutation of the differentials. Evidently all terms with two or more 
subscripts identical in (13) may be omitted without changing its value. We 
thus see that the integral of any form may be reduced to that of a skew- 
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symmetric form, and in future we shall assume all the forms we are dealing 
with have been so reduced. 

Certain skew-symmetric forms have the property that their integrals taken 
over any closed n-region, is zero. Consequently their integrals taken over 
any open n-region, only depend on the » —1-region bounding it; and this 
second condition is completely equivalent to the first statement. Such forms 
are said to be ¢ntegrable. Our next problem is to determine necessary and 
sufficient conditions for an integrable form, or ¢tegrability conditions. 

5. The generalized Green’s theorem. To deduce these conditions 
for (13), we shall require a generalization of Green’s theorem for triple 
integrals, which we proceed to prove. The theorem is 


Ju-i fda, 1..n.1 ..i-1 4Xji41°++ day day-++dai-y 
e ° 


(14) 


ry > - { 
Y (wt --1)a—] 0 « . oe ] 
fuf Yan pitas = — — day-++ dxn, 
° e 0X; 


where the first integral is taken over the (2 — 1)-region bounding the n-region 
over which the second is taken with suitable sense. 

We shall prove this equality by evaluating the integral on the right. Let 
the n-region (in the n-space of the z's) be bounded by the (2 — 1)-region 
given by the equations 


(15) Xi = Ji (ty +++ Uns), O<i <n. 


Since (15) bounds a portion of n-space, each normal to it (i.e., the straight 
line perpendicular to the hyperplane at its point of contact) will have an outer 
and an inner direction. Let us call the outward direction the positively directed 
normal, and denote its direction cosines by «, --- @,. If we take an (x — 1) 
cell in (15) associated with a single point of the (2 — 1) cell, we can then 
assign a sense to it in sueh a way that this sensed (2 — 1) cell, together with 
the positively directed normal at the point, gives a pre-assigned sense; for 
example, a sense similar to that of the 2, --- 2, hyperplane (with sense deter- 
mined by this order of the axes) taken together with the positive 7,-axis. Since 
the positive sense on the normal is never discontinuous as the normal is varied 
from point to point, the sense just described will be continuous from point 
to point. 


(GDP ot 
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From (15) we have: 


Of 
, w 
(16) dr, — an du; 
By the definition of @, --+ @, 
’ 
(17) > «; du = @; 


consequently, since the ~'s are independent, 


of 
) s\" i= 
7 tt ———f 
(18) mis, 
/ 
These equations show that 
D(a, 1 ! gy 
, , 1“ é-+-1 n 
(19) a; = K(— 1)! , 
D(a, w._.) 


where K is the same for all @’s and is « function determined by the values of 
the ws. (19) may be re-written 


D (ar, 4g °** Bg Dy +? By) 


Du, +++ 4,4) 


(20) {= AK (— 1)" 1} 1é—1 


since moving the first column into the last place in the numerator of the 
Jacobian involves (vn — 2) changes of sign. and this must be done for (7 — 1) 
terms, giving for the exponent of (— 1), 


(¢— 1) +(n 2) (¢— 1) (mn — 1)(.— 1). 


A is a continuous function of the v's throughout the »— 1 region and is 
never zero; consequently it preserves its sign. We may make this sign positive 
by a proper choice of the order of the w's, or sense of the » — 1 region, and 
in what follows shall regard K as positive, since this gives the sense required 
by the theorem. 


We can now evaluate the right member of (14). A single term of this 
integral is 


; ‘ 0 Aist...i— 
(21) | nN | (—- ] 1) i—1 ee 3 da, oe dary, 
e ° 


Aw 
wij 
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If we perform the integration with respect to «;, this becomes the ordinary 
integral 












cm ”. 
(2?) | n 1] f (—1)"-P) Od Cf’ ~A") day "9 * days Maja *** be 






where A’ denotes the value of A; 1...;-1 at points where a line parallel to 
the j-axis leaves the n region bounded by (15), i.e., goes from points on the 
same side of the n—1 region as the negatively directed normal to those 
on the same side of the region as the positively directed normal; while A” 
denotes the value of A;.1...;—1 at points where the parallel enters the n-region. 
For points of the first kind we have 



















(23) a; >0, 







while for those of the second kind, 










(24) a; <— 0. 






Consequently (ef. 20), at points for which A’ is to be evaluated. 










AX; AX;. a AX), 










day s+ 









D (a 1°°° Dn 2° °° ZK 1) 
: — : du +++ dttr—1. 


(—1)\"- 1) (@—1 
Din Pre er re Un—1) 










” 


while, at points for 4”, the absolute value on the left is the negative of this 
expression. Thus the value of the ordinary integral (22) is equal to that ot 
the integral 












(26) fn -] fa 1...c—y @dein°°> d2j-1, 






taken over the bounding 1» — 1 region with the sense defined above. 
The equivalence of (26) and (21), the first a characteristic term of the left 
member of (14) and the second a characteristic term of the right member. 
shows that these members are equal, and thus demonstrates our theorem. 
6. Consequences of the theorem. Integrability conditions. The 
proof just given of the fact that 










22) P. FRANKLIN. 


> 


| n—l J Aj-1...i-1 @j41- ++ Mais 
e 


(27) 


: ; (n—-lbv- ) 0 A ? 
o j n | (— 1) oe ae day-++drpn, 
; j 02; 


holds even if the A’s involve other variables .; (vn <)) given in terms of the 
u's by equations of the form (15); consequently (27) is true if the A’s are 
functions of position in an m-space, and the regions of integration are situated 
in this space. 

We may avoid the sign factor in (27), by writing (as suggested to the 
writer by Professor J. W. Alexander) the differential in the right member in 
the form da; dij. +--+ dx, day --+ daj-y, giving, with new notation 


(28) | Ti | Al...n day ict day - | rn -- 1 | OB At. dary 1 day: wus Elum 


OVn+) 


If we consider the integral (13), by combining equations of the form just 
written we obtain 


| n J 2, Ai,...in A%i, «0s U2. 


1 . + = 7 
»s 
n—nr | ' + | — 


(29) 
Ai. 


oo by 
azi., rr dr;,,, 
0 Wi,, 


Where the summation includes all the permutations of the m subscripts. 

This immediately gives the integrability conditions for the integral on the 
lett. For, if it is to be zero for every closed region, the right member must 
vanish. Consequently the coefficient of any one combination of differentials, as 


Seyi Att tat ete te 


/ OK;, 


which 1S the coefficient ot Ax;, dz, eee dy), cs must be ZeYO: and conversely, 
if all these expressions are zero, the left member will be zero for all regions 
capable of being the boundary of an »—1 region, i. e., for all closed regions. 
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Accordingly, we have, as the integrability conditions of 


oe , 
= 
(30) { 7 {> ae © Ax; , ae AXin, 
e e 


the summation involving all the permutations from m_ subscripts; 
m! (m—n—1)!(n + 1)! conditions 


a 


7~ sce a a oe ee 
(31) egy? ee oe & 
: j OX; 


or, as they are more usually written, 


oA ; , 
‘ a Ti l i nt CL oe Oe ee | 
(32) hang eee thes oo: 
/ 0 Xj; 


the 


It is of some interest to write these out in full for the first two orders, as 
in these cases they are more or less well known. Thus for line-integrals (2 = 1) 


equations (32) become of the type 


the components of the ‘curl’, while for surface integrals we have 


» 0 Aj OAj, , OAK 
(54) —_— + OT = , 
OXk OX; 02; 


the generalization of the curl appearing in the relativistic statement of Max- 


well’s Equations.* 


7. Properties of the integrability conditions. Since the integral of 
an integrable function over an x-+ 1 region only depends on the x region 
bounding it, we should expect it to be expressible as an integral over this 


boundary. We may write a given integral 


(35) J n+ 1 | B;, elles dvi, ane dXin.s 


* Cf FLD. Murnaghan, The absolute significance of Maxwell's equations, Physical Review, 
vol. 17 (1921), p. 73. 
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over any open region as an integral 


(36) | ” Aj,. ches day, * ee dizi, 
° ° 


taken over its boundary. by using (2%) provided we can find A’s satisfying 
the equations 


’ ) dy... by bjs tens 
> (— 1)/-? ‘ 


n+l a= 4 


(37) Bi. i 


We shall prove that it is necessary and sufficient for the existence of such A’s, 
(or the expression of the B's as “integrability conditions” for an integral of 
the nth order) that the B's shall satisfy the integrability conditions 


0B; aR SE re err ee 
pi iy-* Ae iB oe 0. 
/ 


(38) zs 
Oa 


j 


To prove the conditions necessary, we have merely to notice that, if (37) 
holds, a term of the form 


(39) —— 


will appear twice in the sum (38) once from the term in Bj, ...i,- je. --ines 
with coefficient (— 1)”: “~*, and once from the corresponding term in q with 
the negative of this as coefficient. 

For the sufficiency we first consider the case where we have only n-+ 2 
subscripts, so that we have n+ 2 equations of the form 


~y oA x , 0+2 
(40) By ...p—1,p+1...0 » = > (— 1)/ af 1...p—l,p+l...j—-lijrl...m+ 
/ 


to be solved for the A's, and one condition 


(41) at Jy OBL jAjth. nie == (), 


J Oj 


*jorj —lasp—or>). 
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If we write 





nm 


’ _¢ 0A}... —1,p+ti...m+l 
(42) By...p Lp+i...w+2 = B...p-1.p 1...n41 4 (— 1? PO BOP ’ 
OFn+2 















where p | 2+ 2, and J’ is detined to make this equation agree with the 
corresponding one of (40); determine the Aj... p—i,p+s...n41 to satisfy the 
remaining equation of (40) (otherwise arbitrary) 







s OAs... .j—-0.541...042 
0a; 









(43) Bi. ngs = D (— 1)" 
J 







and substitute (42) and (43) in (41); this becomes 














= 0Bi...j-1 j+1...n+1 
4 = — | ay 191... .j—1,j+1.. nt = Q. 
(44) . — | ) Bx} 











But, as the B’s are connected with the A’s by equations similar to (40) but 
with one less variable, and (44) bears the same relation to (41), the problem 
of determining the remaining A's is the same as our original problem for one 
less variable. Hence we may reduce the problem step by step until we have 
to determine a single function As._.,+2 from the equations 












0 As. no B, 6 Ag os 4 
— = 1) —_———— = Ho, 
Ory 01s 








with the condition 







a BY 6 BY 
On; Oe 






Which we know is possible. 

For n+ 3 subscripts, we have two additional conditions and n+ 2 additional 
equations. We first obtain valnes for the A’s not involving the subscript +3 
by the method just outlined, using the equations and condition not involving 
the new subscript. Each of the equations not used will now contain just 
one A which has been evaluated. As before we write 








B,.. 


ljprl...q-l,qrl...u78 





p- 









Bi (ye? BAL. pod ped goed 
1... p—l, p+1...q—1, gt+l...”+2 T AIMn~3 
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to separate out the A’s already determined, and, on substituting in the con- 
ditions, reduce the problem to that for one order lower, and finally to the 
case of the first order, which reduces to known conditions. 

We may evidently continue the induction to prove the theorem true in 
general. 

It may be noted here that the integrability conditions have one further 
property, important in tensor analysis. If they are formed from functions 
which are the components of a skew-symmetric tensor, they will themselves 
be tensors. This is easily proved by summing, instead of the derivatives, the 
covariant derivatives with the proper signs. The additional terms cancel in 
pairs. owing to the skew-symmetry, and, as the integrability conditions may 
be represented as sums of covariant derivatives, their tensor character follows 
from that ot the original A's. 

8. Complex integrals of the mth order in m-space. An integral 
of the mth order in complex Euclidean m-space, with co-ordinates 2, ---Zm 
(24 == Wer oe (XLo%). as 


(46) | m fF ey «++ 2m) dey + de 


where the region of integration is given by a correspondence with a part ot 
the real m-space of the real variables p, --- pm is defined as 


” ‘ . D (2, +++ Zm) 
(47) | m | Fiz, -++2m) Di a d py tee dpm. 


This is equivalent to 


(48) j m j (P+- iQ) (da,+ i dig) ++ + (dare gy + i dargg) ++ (Uhram 1 +t deem), 


where F = P--/@ and (48) is to be evaluated by performing the indicated 
multiplication (without changing the order of the factors) and interpreting 
the real integrals resulting by the definition given in § 3. 

Confining ourselves to the real part of this expansion, we notice that a given 
set of dx’s will occur at most once, and that its coefficient will be + P or + Q. 
When put in the skew-symmetric form (ef.§ 4) the coefficient will be + P/m! 
or + Q/m!, with a change of sign from the coefficient just mentioned if the 
order of the factors differs from that in the product of (48) by an odd number 
of transpositions. 
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The integrability conditions for the real part of (48) are given by (31): 


> (-- 1 1 GAG + ja Geass bats 


a] 0 Ti; 


If the group of (m+ 1) /’s includes two or more pairs of numbers of the form 
(2);—1, 24), all the terms will be identically zero. To give a non-zero result, 
the (m+ 1) ?’s selected must contain only one pair of this form (all groups 
evidently must contain at least one such pair) and a single integer from each 
other pair (i. e., it must correspond to a set which contains both differentials 
from one factor and one differential from each of the other factors of (48)). 
As a re-arrangement of the 7's selected merely changes the sign of all the 
terms of (31) at most, we may assume without loss of generality that, for the 
case under consideration, 7, = 2/— 1, 4, = 2k, these being the pair of sub- 
scripts corresponding to the differentials in a single factor. In this case all 
the terms of (31), will be zero except 

6A 0 Aj, is. 


ea ae » o bggt-3 


Ori, Oi, 


If the first term is + P/m!. the second is + Q/m!; while if the first is 
+ (@/m!, the second is + P’m!. Thus the last equation reduces either to 


iF © «4 28 5 


‘ c c ‘ © 
O7j, OF i, ON, Oi, 


These equations are precisely the Cauchy-Riemann differential equations 
Which are necessary and sufficient conditions for the function F = P+/Q 
being analytic in 2, = xv2~—1-+/22,%. By analogous reasoning we find that 
the integrability conditions (31) applied to the imaginary part of (48) reduce 
to equations (50). 

9, Complex integrals of the nth order in m-space. An integral in 
a complex m-space of the nth order, 


| n | F(e, ... &m) 2, ..+ dkn, 
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taken in a complex »-region given by m equations of the form 
(52) Vj Fi (tty oo. Mn), 


where the ws are complex co-ordinates corresponding to a complex Euclidean 
n-space. is defined as 


° é D(e, ... &n) 
(53) n | Fw... uy) —~du, ... duty, 
| | Din... tn). ; , 


an integral of the type discussed in $8. With this definition, the integral 
depends on the order of the differentials, changing sign when two of them are 
interchanged, and consequently the procedure of $4 will enable us to write (51), 
or the integral of any multilinear form in the complex differentials, as the inte- 
gral of a skew-symmetric form. However. this is unnecessary for the appli- 
cation of the integrability conditions. as if the functions F’ and the fj are 
analytic, the argument of $ & shows that these conditions will be satisfied 
identically. The theorem that (51) is integrable provided F’ and the /; are 
analytic functions, is a generalization of Cauchy's theorem on the integral of 
a function of a single complex variable. 
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ON SYMMETRIC FORMS IN N VARIABLES. 


By ARNOLD DRESDEN. 


The theory of symmetric functions as discussed in the treatises on Algebra* 
contains a proof of the theorem that every polynomial symmetric in the 
variables a,, @g,... 4», can be expressed as a polynomial in the elementary 
symmetric functions of these variables, i. e.. in terms of pe > Mits«es 
>a ly +++ My—1, A; Mg +++ A, There is moreover a quite extensive literature 
devoted to the problem of calculating the latter polynomials. <A historical 
survey of this question is found in the Introduction to Decker’s Tables of the 
Fitteenthic,7 to which the reader is referred for an account of the work done 
on this subject. This work has made possible a considerable simplification in 
the calculations necessary for tables of symmetric functions; but it does not 
make the use of such tables indispensable. As such tables can not for a long 
time become available beyond a limited range as to weight, it has seemed to 
the writer desirable to return to the problem of establishing a general formula 
Which shall enable one to express a symmetric form of arbitrary weight. 
arbitrary number of parts and arbitrary distribution of the total weight over 
the parts, in terms of the elementary symmetric functions. To this question 
the present paper is devoted. We shall use throughout the symbolic notation 
in which only the exponents of the factors in the representative term of the 
form are written and in which repetition of the same exponent is indicated by 
‘in upper index; thus the forms > «i ai aza,a, and > a3 a’ at a ab ab a? a, 
are represented by the symbols (4° 21°) and (5? 43* 21) respectively. 

1. We begin by considering products of the form (1") (1%) --- (1), 
S|; > 8 > +++ >sy, where, in accordance with the notation explained above. 
(1°) designates the symmetric form of s; parts, each of weight 1. i.e., the 
elementary symmetric function z= My Ag +++ Us. 

The product (1%) (1%) will consist of terms of the type Da ok a ee 

: s,+j, (7 = 0,1, ..., 89). A term of this type is obtained whenever factors 
of (1*) are used to form some of the s, — s,-+ 2/ first powers in the product. 


* As e. g. Serret, Cours de’Algébre, vol. 1. 
7 F. F. Decker, The symmetric function tables of the fiftheenthic, published by the Carnegie 
Institution of Washington, 1910. 


; See e. g. MacMahon, Combinatory analysis, p. 1—7. 
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a 


Hence it can be obtained in ways and will consequently appear 


pon 
/ } 


in the product with this coefficient. Therefore we shall have 
Wr (sy — sy $2) | " 
(1) (1%) (1%) = & | j — eh 


As a check on this result we count the number of terms on each side of this 


; , n\ [mn , : 
equation. On the left there are | ‘| fk , while the number of terms on the 
%1 oo 


Sao wee ae ee ae Sa . , 
‘ , ‘an bs! Se + 2) n | n $2 nm) oy sy n Sy 
right is >| ; \(. | 2; ") >|, . 
j=0 J o2 J \s1 52 2) “1 jo \P2 ot J 





n v/s \(un—as\* .., 
Since now {. | = Zz AF ' . it follows that the number of terms 
So j ny Se J Jd 


on the two sides of equation (1) are equal to each other. 
If both sides of equation (1) be multiplied by (1%), s. << s.. and the result 
simplified, we obtain the equation 


(15) (152) (185) = > Ba (* re (ad sia e f+ 2 oe heyy — Keay 
+31 *32 } 


* ‘2-7 4 han hs, hss] (3% ky—ku DS: 8y+ kg kay —kay 1* —S8+ hay: kay Kwa), 
‘31 


where the first sum is to be taken with respect to /z, trom 0 to sy and the 
second sum with respect to Ay; and Jz, from 0 to sy. under the restriction 
his, + Igy < sg. Besides the indices hs,. hs; and /y., we now introduce the 
indices ky,, ky, and Irs, such that hy; == s;. key + Ieoy = se and Meg, + egg + hess 


. . . Bi ge . . . 
= s. If, moreover, we write > /:,,; = 4, for j< i, while o;; — 0, for j > é, 


mJ 
we can write the above result in the tollowing form 


(15) (1%) (1S) — Ps P ie he, ~ (%™ ‘ia *" — “ (37% 2% ma Fay 1% Fan), 
‘21 ; 


ks, ‘ye 


in which the sums are to be carried out as specified above. 


*~ See Netto, Combinatorik, p. 13. or Chrystal, Algebra. vol. 2. p. 8. 
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This formula leads us to conjecture the following general formula 


f/ am 


2) a" YI 1 yada | 


‘ 


nt On iti > ee » 
} 5296°°* = 


i=1 


. . ’ . . . . a . . 

in which > designates an n-fold sum, the ¢-th partial sum of which is to be 
taken over all ¢-partite partitions of s;, consisting of positive or zero integers 
ieee ++. ky and designated by (A,;), and where 


‘y : we . 7 . 
= ey Meas for ;<¢, and 6; — O for ,> 4 


moog 


Since formula (2) is evidently satisfied for 2 = 2, 3, its general validity 
will be established as soon as we have proved that it holds for 2+ 1, assuming 
that it holds for x. 


2. For this purpose, we consider first the product are| I ] plate ; 
i=1 


If dey sap (9 = 1,+++.m +1) be an arbitrary (2+ 1)-partite partition of s, «1, 
consisting of positive or zero elements, let k,+1,. of the s,+1 factors in (1%+1) 
he used to form /-th powers in the product out of (7 — 1)th powers in its second 
factor. Of the o,,7— 6,,.-1 1-th powers in this second factor, ky+1,7+1 will 
then be used in the (7-+ 1)th powers in the product. so that the total number 
of factors of weight 7 in the product will be Ay21,7 + On,2 — On,t-1 — Anta, t+1 
= 6441.1 —Gy-4,1.1. Henee the product will consist of terms of the form 


“el 
([ ms soa But the part of weight / in this product may be 
\e=2 


obtained by using for the new /-th powers any hy 41,7 out Of Gni1,2 — Gn21, 0-1 

factors, i. e. in - a Cn ne ways. We conclude that the coefficient ot 
in? 1,l 

On -1,1-— Gn 


I+ ’ 
; . ), Consequently 
h n+1,/ 


the general term in the product will be [I| 
i=1 
we find that 


(4) am(T] ~~ m) > § (naan “i VU ‘geal “} 
=F 


17 
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in Which the sum is to be taken over all (v+-1)-partite partitions (/,.1, 1) of 
x,+1. If we now multiply both sides of (2) by (1°*') and then make use of (4), 
we obtain the following result: 


ul 1 


n-1 
Poe = ST Tae) (Lee eee 


/ 


in which 2 now represents an (n+ 1)-fold sum, the 7-th partial sum of which 
is to be taken over all /-partite partitions of s;. But this is exactly what would 
result from (2) if +1 were substituted for ». Hence the validity of (2) has 
been established. 

. If in the sum on the right of (2) we put Aj; = 0 for; <7 and kj; = s;, all 


the factors of the coefficient I] I] ¥ i M+ i+) for which ; <.7. are ob- 


(=1 j 


viously equal to 1; while, for = ce we tain 65 = G4 = hu, and oj,j-.1 = 9, 
so that the corresponding factors in the coefficient are also equal to 1. More- 
over, ¢,.7 reduces in this case to Ay, which is equal to s;, so that we obtain 


for those values of 4;; the term ( | | po*ewa ), which is precisely the general 
—s 


symmetric form with which we are concerned. We shall call this term the 
“leading term” in the sum on the right of (2). We now wish to set up a system 
of equations analogous to (2) and such that between them and (2) we can 
eliminate all but the leading term of (2). 


a“ “” a 
= —e * ‘i . _ Y ’ ’ 
From the definition of o; in (3), it follows that > oni P 2, kui 
l=1 l=1 m=l 
m a n 
‘sf . ‘ ‘ . 
=> mm = tins so that if we write 2 tin - SS. the set (o,7) Is an 
m m1 m 1 


line sextitive of S. But. since the indices /;;; are all non-negative integers. 


F - . i a] " y . : : : 
it also follows from (3), that p> Oni < pa s: and hence, in view of the relation 
s 


Zz Onl == >, sh that y Cpl = This fact may be expressed by saying 


= i=1 f=) 
that, if pneu by increasing the index / from 1 to », the partition (on) 


dominates the partition (s;), while, if generated by decreasing the index ¢ from 
n to 1, (s:) dominates (¢,.):; we shall now lay down the following definition: 

Definition. Two ordered n-partite partitions of N. denoted by (r,t) and (W»2) 
are related by the asymmetric dominance relation D. (ra) D(ty,1), provided 


Fy 


.’ - ~ . . 
Z Tal = = Wnt. fort 1,2,---,. Hence we ean say that (@p7) D (si). 


Where (s;) is understood to designate the n-partite partition of S, consisting 
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of the numbers s;.....s,, 80 that every term on the right of (2) has corre- 


sponding to it a partition (ty) such that (tr) D(si).* It follows from the nature 
of the coefficients that only such terms will actually occur in (2) as correspond 
to ordered partitions (¢,) in which ft > t:.1. Such partitions we shall call non- 
increasing ordered partitions. 

But it is also true that corresponding to every partition (f,) of S, such that 
(t)) D(si), there exists at least one term in the sum on the right of (2). To 


a” 


7- . 
prove this, we have to show that, if > ty >, st; and >» ti > there 
l i 


(=1 =} =] 
exists at least one solution of the sy wanin of equations 


a 
(5) > ki = Si, ¢ = 1,2, .. +, 0; 
(6) +1, t;, } * ae * 
i=) 
Equation (5), for = 1 gives us k,;, = s,;. We determine now an integer fh», 


subject to the conditions 


O<hn ih LITE 


and 


8g ty = Igy S 8p. 


From our hypothesis, (¢,) )(s,), it follows that f;— My, — fs; 2 sete, SO 


that these two conditions are compatible; there exists therefore at least 
one non-negative integer, which satisfies these conditions. If we now take 
iig,, it follows that O < /igg< fay so that we have found non-negative 


Keg = 83 
~ hay a th. 


integers /,,, Ky, and Mgg. such that hy; = 8, Ag, + Meg == 823 Mii 
and kgs < ts. 
Next we determine two non-negative integers /s, and /s. such that 


0 <. Ks, <= t — (hy, a key a, 
0 < hyp < ty — higg. 


83 ty < lig, + lis < 8s. 


Since the partitions used hereafter are all n-partite, we shall omit the subscript » from the 
partition symbol, i. e. we shall write (f) in place of (tn). 
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The compatibility of these conditions follows again from the fact that 
(t,) D(s,); for this implies that ss—fs < tr t+ te—(s; +53) = 4 4-te—(h, 
+ ks, +key). We now define ksy == s3— (ks; + /yg) and complete in this way 
the determination of the non-negative integers /,,, kz, Ae: and /is1, liga, Migs. 
such that hy, = 81. ker + hes = 89, higi t+ hse + hiss = 83, while ky, + he; + ks, 
< ti, Ke2t+ hisg te, ks3 ts. 
~ Suppose now that we have determined /— 1 sets of non-negative integers 





Seen ku, J] = 1, 2,.... ¢—1, such that 
/ 
- . al 
(Da) b 3 hy, 8). 
/ 1 
and 
s—1 
2 
(6a) bs hin < th 
i=t 
We determine then »— 1 new integers /,;, .... /y.;-) So as to satisfy the 
conditions 
O< ky 5 4— Dy, j =1,..., 1-1, 
/ 
and 
—1 
rom. if ae 
o% t o_ 4 k, ar 
/ 


From the dominance hypothesis, we derive now the fact that s,—f 


? 
i—1 i—1 


7-1 i-1 i—-1 
—y 2) =i 2 . 
ra ee t— At : p2 t ~ te p> hy, so that there exists at least one set of 
= ) i 


J : J J 
j=1 j=1 j 


s 


, Satisfying these conditions. If we now set h,, = s, 





integers k,,...,k, 
i—1] 


— Dh, we shall have determined i-sets of non-negative integers which 
j=) 


satisfy equations (5a) and (6a), in which i—1 has been replaced by /. Since 
the existence of such sets has already been shown for 7 — 1, 2, 3, we conclude 
that there exists at least one solution for equations (5a) and (6a) for i = x. 
To complete the solution of equations (5) and (6) we set 
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u—l 


’ . , 
hen) §— Dh, for, = hy vs a5 5, 
i=} * 


and 
Kaen whe sie Ene 


It follows then from (6a), written tor ¢ = », that /,,; > 0,7 = 1,..., 1 —1; and, 


a a” w—l n—-1 
, - . . ° .’ ~~ 
from (5a), written for 7 = n, we conclude, that Dh, = Dt; — D> D ky 
j=l j=1 J=1 l=j 
7 — 
a | 
=> 4-5 =m 
joi j=l 


We may now conclude that the sum on the right of (2) contains all those 
terms which correspond to non-increasing ordered partitions (¢,), for which 
(f,) D(s,), and no others. We see furthermore that the dominance relation D is 
transitive in the field of non-increasing ordered partitions, so that if we write 
a formula analogous to (2), but replacing (s,) by (f,), where (¢,) D(s,), then the 
terms on the right-hand side of this new formula will also correspond to non- 
increasing ordered partitions of S which bear to (s;) the relation D. 

4. We now write for every non-increasing partition (¢,) for which the relation 
(t,) Dis,) holds, an equation analogous to (2) and obtained from (2) by replacing 
(x) by (¢,)." In virtue of the remark made at the end of 3, the right sides of 
these equations will contain only such terms as already occur on the right 
of (2). Since there will be moreover one equation for each term on the right 
of (2), we shall have a system of linear non-homogeneous equations with these 
terms as unknowns. But the “leading terms” in these equations have 
coefficients equal to 1. The determinant of the system will therefore, it 
properly arranged, have a determinant equal to 1, so that we can obtain from 
this system of equations the leading term of (2), which is the general symmetric 


form which we are concerned with. viz. ([ [rs ). In order to carry 
1 1 


through the determination of this term. we seek multipliers 4 (4, 2... fn: 
Sj. +..+, 8) Such that in the equation obtained by adding together the equations 
Written for the partitions (f,), each of these having been multiplied by 
A(ty, 6... ths Sy 22+. Sn) the right side will consist of the single term 


” 
(T]” ms ). This final equation will then give us the desired result, viz. 
ry 


* All the partitions of S used from now on will be non-increasing ordered partitions. We 
shall therefore omit these qualifying adjectives in the sequel. 
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We have therefore obtained the following theorem: 


Ss; 


THEOREM. An arbitrary symmetric form (TI +) is expressible as 
ro 


n 
a linear function of such products of elementary symmetric functions I Ju ‘) 
11 
as are determined by indices ¢, such that (¢,) D(s;,). 
We turn next to the sealitens of icvmnaiaing the multipliers 4, and we ob- 


serve at once that we must have Als... 06: hit Bivens t.) = 1. 
; nN - ; , t 
» A form ( I | ' ' will appear in the formula tor [Ju ‘), analogous 
[—" (=1 


to formula (2), provided (7,) Dif,); if it appears, it will have the coefficient 


.’ 7; eae fe ° — 
> I] III ‘ ki, “ ty. the sum being extended over all those sets of in- 


. . ° e ’ *. 
dices /;;, which satisfy the equations >, ki - f; and > ki = y;, and where 
j=1 iz) 


’ 
F Za /:,;. In order to eliminate this form from our final result. we multiply 


m=) 
each of the equations in which it appears by a multiplier 4(4,, 6... fit sie ee ey Snb 
chosen in such a way that when these equations are added after having been 
multiplied through by the proper multiplier. the total coefficient of the form 


Ui ‘ 


( | Il" a shall vanish. Hence we obtain for the multiplers 4 the following 
1] 


reduction formula 


.. n : : 
(*) D> ir,. ie ae Me Mite 5 0 2 TT TI u my Jol : 0), 
. "yy 


Here, the outer sum is to be extended over all those partitions (1) of S, for 
which (7,) D(t) D(s,), while the inner sum is to be taken for all those sets of 
indices /;, which satisfy the equations 
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é “ 
_ ’ 
() > ki /;, and > kij = Nr, 
j=l ty 
and 
= 
(10) ij = Kinj. 
my 


It we take for (7,) successively sets which will yield for the outer sum in (8) 
2, 3.... terms ete., this formula (8) will enable us to determine the multipliers / 
explicitly. 

6. Examples. 

ny .’ » rm: . . im 

lo calculate > “, 2,7, This form is represented by the symbol (21°), 
so that we have sy = 1. s, 4. The partitions of 5. which bear to (4, 1) the 
relation D are (4, 1) and (5, 0)». We have therefore, by the use of formula (7) 


(2E5) = At4. 1: 4. 1-1) + 205. OO: 4, 10-01. 


Since A(4. 1: 4.1) 1, it remains to calculate 4(5, 0; 4.1). For this purpose. 
we make use of formula (8), with 7, = 5 and r, = 0. There are two par- 
titions (f,) Viz. f 5. te = 0: t; = 4. 4, = 1. The equations for Aj have 


a unique solution in each of these cases, viz. ky, = 5, hy = fey = 0; and 
Kis) 4, ke, 1, hes 0. It is now a simple matter to determine the 
coefficients in equation (8) and we find 4(5. 0; 4, 1)-+ 54(4, 1: 4.1) = 0. 
whence 2(5. 0; 4.1) =- —5. We obtain therefore the following result: 
Par Vy TS, = By By —5 E;. where FE; designates the elementary symmetric 


function of weight /. 


r .’ ” ” ” ° . ° pu 
lo ealeulate > a? va? va,. This form is represented by the symbol (2° 1°. 
80 that s, 5, sy = 3. By use of (7) we find 


(271°) = AD, 3: 5D. Bud 13) + Aw, 2: 5. BLS) 


L4Ai7. 1: 5. BLT) + ACK. 0: 5. BCL). 


6 and ry = 2. We find 
I. and Le 


To determine 4(6, 2; 5, 3) we use (8) with 7 
A(6, 2; 5, 3) = —4. Now we use (8) again with 7; 7 and rz 
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we find 4(7, 1; 5. 3) = 9. Using (8) a third time with 7; 
tind Z(8, 0: 5,3) = —16. We conclude 

a tataiae, ~ EB, B,—4E, BL +98, E, 





8, ry = OU, we 


16 Fy. 


When the weight of the form increases and particularly when the number 


of parts of different weight increases, the labor of the calculation increases 
a great deal. It becomes therefore desirable to develop general methods for 
the determination of the multipliers 2, which will enable us to determine them 
more readily. It is my purpose to develop such methods in a later paper. 


THE UNIVERSITY OF WISCONSIN 
August, 1922. 











ALGEBRAIC FIELDS. 


By J. H. M. WEDDERBURN. 


|, Introduction. The object of this paper is purely expository. It is based 
mainly on the ideas sketched by Kronecker in the first part of his paper 
*Cber den Zahlbegriff’* which in turn have their origin in Cauchy’s “Mémoire 
sur une nouvelle théorie des imaginaires et sur les racines symbolique des 
équations et des equivalences "’.+ 

The trend of the discussion will be best understood by indicating briefly 
the difference between algebraic and analytical methods. Both algebra and 
analysis deal with a class of entities — for instance real or complex numbers — 
subject to two operations addition and multiplication. Algebra is the study 
of these two relations, generally between a finite number of elements but not 
necessarily so; analysis on the other hand considers in addition a third 
relation, namely that of order which need not subsist as regards all the 
elements used but is nevertheless fundamental. 

In analysis — or perhaps one should say analytical algebra — a fundamental 
theorem is that every equation has a root, and the proof of this theorem 
depends on continuity considerations, and therefore on the idea of order. But 
a part of algebra at least deals with situations in which there is no question 
of continuity, as in the theory of finite Galois fields for instance. One should 
therefore suspect that thistheorem should inreality be inno way “fundamental” 
in algebra proper, and this is indeed the case, as its place may be taken by 
i theorem to the effect that, if an equation does not have a root in the class 
of entities under consideration (for instance rational numbers), then that class 
can be so extended that the given equation does have a root. 

The operations + and -— were originally defined for positive integers but 
it is readily seen that relations with similar properties may subsist in other 
sets. To take a useful, but rather trivial, example suppose that the set under 
consideration consists of only two elements a and >. If we define the opera- 
tions -+ and by 


aba a, a--+hb-—-h- b+a, bth=a axa=a, 


axh—a hooa, b><} = 5G, 


*Crelle, Bd. 101, pp. 337-355. 
+ Comptes Rendus, 24 (1847), pp. 1120; (Euvres (1) 10, pp. 312-323. 
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it is readily shown that all the processes used in algebra but not involving 
order® are applicable to this set if @ is identified with O. We shall therefore 
not assume the set of integers as our starting point, as Kronecker does, but 
shall start with a set of undefined elements subject to two operations obeying 
certain postulates.+ This set is then enlarged when necessary, that is, when 
a problem arises which leads to an algebraic equation which has no solution 
in the original set. 

There are three principal methods of doing this. In the first place we may 
add arbitrarily new elements or symbols which satisfy certain conditions as 
for instance /* —1. The logical basis of this method is not usually so 
secure as in the two that follow. The second method, due to Hamilton,= 
constructs an entirely new set ot elements by considering ordered sets of 
elements in the original system. For these new entities two operations, say 
® and @, are defined so as to satisfy conditions similar to those imposed 
on + and. For instance. taking the set B of pairs of elements (a, }) in the 
original set A. the detining relations for ordinary complex numbers are 


1) (a,b) = te, abit, and only it, « to & 
2) (ah) Bey /) (a—--«eh ), 


3) a, hy) & ir, i) (ae hd, ad- he), 


When this is done, it is found that B contains a set ( simply isomorphic with 
the set A, namely the set of elements of the form (a,0) The set A is then 
superfluous, C taking its place, and so there is no need to maintain any special 
symbol for ® and @ which are replaced by -- and < without chance of 
contusion. 3 

Cauchy's method is quite different. Starting with, say, the set of real 
numbers. we consider all real polynomials in a real raréable (Any such 
function ean be put in the form 


val) qa ~1ytarth 


* This does not include arithmetical theorems such as theorems regarding primes and 
factorization. The set given here is of course the set of integers reduced modulo 2 i.e., 
G F [2]. 

* This is in no way meant to controvert Kronecker's thesis that all analysis is based on 
the set of integers. The sole object is to avoid having to make a fresh start when it is 
desired to apply operations analogous to addition and multiplication to a set which may 
perhaps be defined in terms of the set of integers but does not include that set. 

: See the interesting introduction to his “Lectures on quaternions”. Dublin, 1853. where 
other references are given. 
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by means of the division transformation. Polynomials are then classified 
according to the value of the remainder a7 - b, all those that give the same 
remainder being said to belong to the same class or to be congruent modulo 
(7-1). As any class is completely determined by the sole linear function it 
contains, it is convenient to take this linear function as representing its class. 
Addition @ is then defined as ordinary addition and multiplication ® as the 
result of performing ordinary multiplication and retaining only the remainder 
obtained on dividing by 77+ 1. For example, the ordinary product of a+ / 
and «7+ dis ac? + the +- ad)i-+- bd; we therefore define (a7 + b) @ (e¢-+ d) 
as (be + ad)i-+ bd — ac, which is the remainder on dividing by 7*-+-1. The 
operations are then identified with + and ~ as before. 

As in the second method, the new set is seen to contain a subset simply 
isomorphic with the old set, which can therefore be discarded. This is the 
abstract point of view, but Kronecker emphasizes the fact that every relation 
in the new set corresponds to an identity in the old: for instance 


ie BIW Bh (ad + hei Bthd ac) 
corresponds to the identity 


(ae dbter + (ad heye + thd ac) + ac (@®-- 1). 


Since 


(re? + 1) (ys Ade ba F+W) (ae — Ae + mod, (* -+ 1). 


the polynomial ..* +- 1 is reducible in the new set. 

Any irreducible timetion may take the place of /*+- 1; for example, a? — 2 
is irreducible in the set of rational numbers and, if as above we take the set 
of rational polynomials in «@ reduced modulo «* — 2, the function « in this set 
has the properties of 1} 2 since 


Ta 2 + («e*® — 2) ? mod. (@*® — 2). 


Kronecker extends this process still farther and, starting with the set of 


positive integers (including 0). introduces negative and ratioual mumbers by ear 
this method. Thus, in place of the arithmetical relation ¥ I” 
o—gY 7 11 4, 
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he considers the identity 
5b+9r+2a+1) = T+ 1a = 4+7r4 Dd, 


which may be written 
5+97 = 7+1lez 4a mod.(2 + 1). 


This is the point of view which we now proceed to develop more fully.* 

2, The fundamental postulates. For the reasons indicated above instead 
ot taking the positive integers as the basis of our number-system, we shall 
assume that we are dealing with a set D of elements a, b, ¢, ..., finite or 
infinite in number, which satisfy certain conditions or postulates specified 
below. No attempt has been made to render these postulates independent. 
They have been framed to show the similarity that exists between the 
operations of addition and multiplication, and redundant postulates have been 
included so as to emphasize this similarity. 

It would be out of place here to discuss what is meant by an ‘operation’; 
it is sufficient for our purposes to say that if a and } are any elements of the 
set, not necessarily distinct, there exist two single-valued functions of a and b, 
denoted by a+b and a.<b respectively, and that these functions have the 
following properties: 

A 1. a+his an element of the given set. 

2,at+hb = b+a. 
at(b+eo = (atbte. 
Ifath = a+e, thnb = +. 
There is an element 0 such thatO+0 — 0. 
a~<b is an element of the given set. 
axb = ba. 


ro Oe ww 


we 


ax<(bx<eo) = (axb)e. 
Ifaxb = axchbutat+b+h, thenb = c. 
There is an element 1 + 0 such that1~1 = 1. 
l. (a+b) xe = axcthne. 
Vicx(atb) = exatexhb, 
2. Ifaxct+bxd=axd +h<c,anda + b, then = a. 
A set D which satisfies these postulates will be called a semi-field. As an 
example we may take the set of positive numbers and zero the operations + 


oF 


AM 


. For a more detailed account of the theory of fields, the reader is referred to E. Steinitz, 
Algebraische Theorie der Kérper, Journ. fir Math., yol. 137 (1909), pp. 167-309, and J. Konig. 
Algebraische GriBen, Leipzig, 1903. 
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and ~ being ordinary addition and multiplication; this example shows that 
division and subtraction are not necessarily possible in a semi-field. 

We now state some obvious consequences of these postulates. The postu- 
lates used are stated in each case but the details of the proof are in many 
cases left to the reader. 

THEOREM 2.1. AM1’ follows from A1, M2, and AM1. 

THEOREM 2.2. Jf a is any element of the set D, then a+0 = a. 

For 

0+(a+0) = (0+0)+a (A 2, 3) 


= 0+a, (A 5) 


and therefore by A4 we havea+0 = a. 
Any element z such that a+ z= a for every a is called a null element. 


THEOREM 2.3. 0 is the only null element. (A 2, 3, 4, 5) 

For, if a+ z= a, then, by Theorem 2.2, a+ z= a-+0 and hence z = 0 
by A4. 

THEOREM 2.4. ax<1 =a. (M 2, 3, 4, 5) 


An element 7 such that a < / = a for every element a of the set which is 
not a null element is called an ‘dentity element. 
THEOREM 2.5, 1 is the only identity in the set. (M 2, 3, 4, 5) 
The proofs of these two theorems are left to the reader as they are the same 
as the proofs of 2.2 and 2.3 with ~< substituted for +. 
THEOREM 2.6. If a is any element.of the set, then axO0 = 0. 
(Al, 2, 3, 4, 5; AM1) 


For, if b is any element, then 


axhtax<O0 = ax<(h+0) (AM 1) 
= @xb (Th. 2.2) 

therefore 
ax0 = 0. (Th. 2.3) 


THEOREM 2.7, M4 és implied by A 1, 2, 3, 4,5 and AM1, 2. 
For, if 
axb=a~xe, 
then 
axhbh+0O0-~ce =axct+0xb, (Th. 2.6) 


Hence it follows from AM2 that b = c provided a +0. 
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In place of AS and AM2 we might have used the postulate: 

AS. Tf aand bare elements of the set, there ix in the set an element c such that 
vither ate = hora=b+e. 

If we put a h 0 in AD’. we get AD so that the former is considerably 
stronger as a postulate. In facet. together with A2, 3,4 and M1, 2, 4 it in- 
eludes AM2. For. it ~¢ +h d= axd+h~ ce, a$h, then there is an 
element. such that either « ha-vorh = a+. and, owing tothe symmetry 
of AM2, we may assume without loss of generality that aq — b+ 1. 1 0. 
We have then 


h Cru rh = h dat-r<d+h- Cc; 


therefore 


and henee. by M4, ¢ == d. 

In the remainder of the paper we shall, as is usual, employ a/ in place 
of a >< b. 

3. Integral functions. It follows from M3 that the simple funetion .” is 
uniquely defined for any element. of J) when 7 is a positive integer, An integral 
function of « in J) is then defined as the sum of a finite number of elements 
of D and a finite number of terms of the form a;a°' where a;(7 = 1,2,...) 


are given elements and w is a variable clement of J) and n; are 
are positive integers. Since ar” + ha lathe, it follows that any 


integral function can be expressed in the form 


ty" + a, a” I re 
Where » is a positive integer and «; ( 1.2,... ) are elements of 2. Since. 


however, subtraction is not necessarily always possible, we must be careful in 
defining exactly what is meant by saying that two integral functions are 
identically equal. The definition we shall use is that feo integral functions 
of the same variable « are said to be identically equal if, and only if, they have 
the same value for every value of x in D. For instance, let us suppose that D 
consists only of the elements 0 and 1 whose existence is postulated in A5 
and M5. It is readily seen that our postulates lead to 1 -+ 1 = 0, that is, 
D is the field of all integers reduced modulo 2 which is usually denoted by 
(rF|2). In this set «? — « since 0® — 0 and 1? 1. That two functions are 
identically equal according to our definition does not therefore necessarily 
imply that they differ merely in form; in other words, functions that are 
identically equal in one semi-field may not be so in another. 
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The set ? of all integral functions of « in D has some, but not necessarily 
all, of the properties of D itself. We have in fact the following theorem if 
we regard functions as equal which are identically equal in the sense defined 
above. 

THEOREM 3.1. The set P satisfies A 1, 2, 3, 4, 5. M1, 2, 3, 5, AM 1 but not 
necessarily M 4 or AM 2. 

The second part of the theorem follows from the example GF'|[2] given 
above; for in this set «+a — «+1 whereas £1. The proof of the first part 
is almost immediate and therefore need not be given in detail. For instance 
in Ad, if a(x), Div) and cir) are elements of P, i. e., integral functions of a 
in J, and if 


alry—+ bir) a(x) + c(sr), 


then for every particular value of. in ) the corresponding values of ato), b(r) 
and e(r) are elements of 1 and therefore by A4, as applied to D, bia) = etn) 
for every value of 2 in /); by the definition of identity we then have b(2) = e(x) 
so that these functions are equal as elements of 2. 

The following theorems give conditions under which two integral functions 
are identically equal. 

THEOREM 3.2. Tf tivolmear functions nD are identically equal, corresponding 
coefficients are equal, 

For if ar+h crt d, then putting « = 0 we get ) = d; therefore 
ar ex. Henee, putting « = 1, it follows that also a = ¢ as required. 

THEOREM 3.3. Jf atc) and bia) are tio integral functions of x in D which 
are identically equal, then either corresponding coefficients are equal or there is 
an identity in D of the form «? — a. In the latter case there is an identity 
of minimum degree, 2”! av, and, when this is used to reduce the degrees of 
air) and bir) to less than m-+-1, then corresponding coefficients of the reduced 
functions are equal. 

Since by hypothesis a(r) — b(r) then a(O) = b(O); the constant terms of 
« and b may therefore be cancelled by A4 as in Theorem 3.2 so that the 
identity may be assumed to be of the form 


‘ ' ' ' n 
I” (tg Fy te Ey el") wr (he + h, etee- th, x") 


in Which @ and /, are not both zero. It follows from M4 that 


(lo + ar -t di + Amn xc" = ho + b; i + si + Dye", 
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when 7 $0. If a = bo. this equation is also true when « = O and is there- 
fore an identity which may be treated in the same way as the original one. 

If corresponding coefficients in (3.1) are not equal, there will be an equation 
of this form, true for all values except «2 == 0, in which the degree has 
a minimum value and in which dp = bo; we may also take m = n if we agree 
that either @m or bm may be zero but not both and we may also assume n+ 0 
without any loss of generality. 

If D consists of the elements 0 and | only, we have seen that «* —— w and, 
the reduced functions being then of the first degree, corresponding coefficients 
are equal by Theorem 3.2. Excluding this case, let y be any element of D 
other than O or 1; we may then replace « in (3.1) by yw giving 


lo tg Yrtees tany™s" = hy +- hy Yr +...+4 by y™ x™, (ar + Ory + 0.1), 
which, with (3.1), gives 


lo tay yut ees tay yma" + y" (by ny h, r+---+beaz™) : 


(3.2) 
bo + h, La ladinais te Imy a mae Yl (lg TO ee + Ame), ($0; y $01 '. 


The term of the mth degree is the same on both sides of this equation, namely 
Vm y+, ya, and hence this term may be cancelled. But this gives an 
equation of the same form as (3.1) only of lower degree, and this is only possible 
under our hypothesis if all corresponding coefticients in (3.1) are equal. In 
particular 


tot y” by = In-r y™ to. 


Since we have assumed a+ ho, it follows from AM2 that y” = 1, (y#0, 1). 
This equation is also true for y = 1 and therefore y”*! = y for all values 
of y, that is 2"! xz. This completes the proot of the theorem. 

It will be shown later that only semi-fields which have a finite number of 
elements can have an identity of the form #”*! — ws and we shall therefore 
in anticipation call them finite semi-fields. In such sets the operations of 
addition and multiplication always have inverses except in the latter case as 
regards the element 0. For 7” = 1 may be written 


tha”! + x 2 ras +a+ i = 1 (a 1 = ym 2 eae + rt+ 1) 


and therefore by M4, if + 0, 1, 


pl 4 mn? coe tot |] (), 
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Hence it ¥ eet... ty, then y+ 1 0 and if a is any element 
of Dand lh = ya, 


a+hb=atya=U1+ya = 0a = 0, 


Also if «0, then a” 1 so that .”~! is the inverse of « with regard to 
multiplication. We have therefore the following theorem. 

THEOREM 3.4. [fa is any element of a finite semi-field D there exists an 
unique element b such that a-+- b= 0, and, if a0, a unique element ¢ such 
that ac i 

We shall now show how to form from the original set V a new set in which 
subtraction and division (except by 0) is always possible. In doing so we shall 
assume that there is no identity «” !' — . in the set since Theorem 3.4 shows 
that it is only in this case that extension may be necessary. 

4, The introduction of negative elements. The theory of the division 
transformation* may be discussed in a perfectly general fashion in the set D 
but the results are somewhat cumbrous since it must not be assumed that 
cither subtraction or division is uniformly possible in D. As for the present 
we shall only need to divide by the simple function z+ 1, it is not necessary 
to go into the theory in detail, the following theorem being sufficient for our 
purposes, 

THEOREM 4.1. /f f(x) es any integral function in D, there exist two integral 
functions in D, p(x) and q(x), and a linear function ax b such that 


Aad + pla + 1) = axt+ b+ qtrv(e+ 1). 
For 
rtir+t) 1l+u(a4+ 1), 
Ptatw+) ata (art), 
w+ (atl) at wat) 


1+(a8+ rita t+ 1), 


* By the division transformation we mean the theorem in ordinary algebra that, if f() and 
q(x) are polynomials of degree m and n (m= n) there exist unique polynomials q (.r) and r (x) 
such that (i) f(7) = q(x) g(x) + r(x), (ii) the degree of q(x) is m—~n and that of r(x) is 
not greater than n—1. If subtraction is sometimes inadmissable, the theorem is no longer 
true, e.g., if D is the semi-field of positive integers and zero, x? cannot be put in the form 
(ar + b)(v@+1)+e as this requires a = 1, b+a = 0, b+c = O while there is no 
element in D for which b+ 1 = 0. 
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and so on, It is then readily proved by induction that we have identities of 
the form 


x" + py(Z) (x 7-1) l + yn (xz) (x 4+ 1), 


Fi Mpy (LD) (ae ot 1) LT Yn (7) (a -+ 1) 


for all integral values of », from which the theorem is immediately apparent. 
We shall say that f(r) is congruent to axe 4b modulo (a + 1) or 


flr) ar hb (mod. + 1), 


and also that ax has equal to fr) reduced modulo (ar - 1). Thus 


Fa 1 mod. (r+ 1) (7 even), 


rmod, (ar 1) (7 odd), 


Corollary. If the mtegral functions f(a) and gr) are congruent to the sam 
linear function modulo r— 1, there evist integral functions P (xr) and Q(x) 


such that 
flr) + Pr) Cr ot 1) qiryt Wr) ‘Zz +4 1). 
For, if 


tr) + pyle) (r-- 1) ar—ah -}- qi (r) (7 + 1), 


yr) + jis (r) (r+1) = art+h-- q2o(r) Cr +-1), 
then 


Par) Gy br) + gar) Ur +1) ar b+ (gy Gr) + gel) (1) 


g(r) +. (ps (7) +. N (r)) (x 4- 1). 


Integral functions which are congruent to the same linear function are said 
to be congruent to each other modulo # +1. If f(r) = g(r) and g(x) — h(x) 
mod. (7 +1), then evidently also f(z) h(x) mod, (# + 1). All integral 
functions in D which are congruent to the same function (7) modulo «+ 1 
form a set which is called the class [f(x)] corresponding to f(a); by Theorem 4.1 
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every class contains a function of the form az+b which may be taken as 
typical of that class as every function of the class is congruent to it. It 
follows immediately that the classes [/(a)] and [y(x)] are equal (that is, are 
composed of the same set of integral functions) if, and only if, f(a) = g(x) 
mod. (r+ 1). 

The classes [O| ane [1] are called the zero and identity classes. The sum 
and product of two classes are defined by 


[fir] aa [gio)| a [fi -; q(x)), [f(x] [gir)] = [f(x (r)). 


We then have the following theorem. 
THEOREM 4.2. The set K of all classes of integral functions of « in D forms 


a semi-field, 
This follows immediately for A 1, 2. 3,4, 5. M1, 2, 3,5. We shall therefore 
only give the proof of A4 as an example of the method of demonstration. 
Let «, 8 and y in AK correspond to f(a), g(x) and h(x) in #; then, if 
a -+ B= a-+y, it follows from the definition of A that 


Shr) gtr) Shr) > Ar) mod.tr-— 1). 


There exist therefore functions g(r) and wOr) in P such that 


Tr) + gr) + g(r) (r+ 1) Slay thtr) + wir) Ge + 1); 
hence 
yr) + G(r) (e+ 1) hir)+u(r+ 1), 
or 
qr) h(x) mod. (a2 + 1), 


that is B 7 as required by A 4. 
Betore proving M4 and AM2 we require the following lemmas. 
LEMMA 4.1. Zfa and b are elements of D and a = b mod.(a+ 1), then a = bh. 
From the definition of congruence, we have 


(4.1) at pr) (etl) = b4+ qa) (e+). 
If ) is tinite, there is by Theorem 3.4 a value ., of for which 7, + 1 = 0 y 
and inserting this value in (4.1) we get a == bh. , 
Wrous 


a 
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If D is not finite, the coefficients of corresponding powers of x in (4.1) are 
equal. Writing (4.1) in the form 


at (pot pi + +++ pma™) (aw +1) = b+(qotq ot e+: dm a™) (7 +1) 


we have on expansion 


Pm vO? (pm + pei) 2 + ++ (a + po) e+ po + a 
Gm 2" 1+ (Gm + dm—1) 2™ + +++ (Gi + Go) e+ Go + b, 
and on equating coefficients we readily derive a = b. 
LEMMA 4.2. Jf av+bh — ca+d mod.(7+ 1), then at+d = b+e and 


conversely. 
For it ac +b = cr+d mod. (2 + 1), then 


arth pelr+)) cr +d+a(r+1) mod. (r+ 1), 


or 


(atorthte = (a+e)r+atd mod. (r+ 1), 


and hence, as in the proofs of A4 and Lemma 4.1 above, h+¢ = a+d. 
Conversely, if h+« = a-+d, then 


(ate)rtht+e (a+r) r+atd, 
or 


arth+e(r+) cep-d+alre4+1), 
that is 


arth = ex + d mod.(x + 1). 
Returning now to AM2, let «, 8,7, 0 be elements of K such that 


(4.2) ay+BO = ad+ By, a + 8B, 
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and @a+«, Brt+ Bh, yor +n, 597 +4, corresponding elements of P 
so that 


(y+ «,) (yor + Yn) + (By + B,) (dyx + 0,) 


(4.3) 
(ay + a) (dy x + 0,) + (Boa + B,) (Fox oo n) mod. (a+ 1) 


and, since « + 8, it follows from Lemma 4.2 that 
(4.4) a +B, $ «+h. 
Expanding (4.3) and using 7* = 1 mod.(# + 1), we get 


(ay 71 + @ Yo + Bo 0, + A, 0) L + Gyo + a "1 + Bo dy + £, 0, 


(ay 0, +a, dy + Bo mt+B, Yo) Lt -- ty Oy +a 0, + Boyo + By, mod. (7+ 1) 


and therefore by Lemma 4.2 


HY, -- & Yo -+- Bo 0, + B, Jo + ao Jo + a 0, + Bovo + Ai rl 
: ty 0, + a J, + Bon + A, Yo + GYo+ an + By Jo + By 0; 
or 


(ay+ By) (y+ do) + (a, + Bo) (yo+ d,) = (ao + Bi) (yo+ 0; )+ (a, + Bo) i+ do). 


Hence, since AM2 holds in D and e@ + 2, =F a, + & by (4.4), we have 


nN + do == J0 + 0;, 
and therefore by Lemma 4.2 


yor tn = doa+ 0, mod. (x +1), 


that is, y — 6 in KX; hence AM2. and therefore 1/4 also, is true in A. 
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We can now prove that the operation of addition always has an inverse 
in A; this theorem, which is one of the defining properties of a field, we shall 
refer to as 16. 

Ab. Tf @ is any element of K, there exists a unique clement B of K such that 
a+ B= 0. 

Let «@ in K correspond to @ya a, in P, and let B be the element of A 
which corresponds to @,.° + @: then 


Gy 1 -- @, — I By (a, +- ay) (r+ 1) O mod.(a—- 1). 


Hence 


The uniqueness of 8 follows immediately from A 4. 

5. The inverse of multiplication; rational numbers. We shall 
now derive trom AK a set in which division by any element except 0 is 
admissible using methods similar to those already used in introducing sub- 
traction, As we have already seen that this is the case when there is in Avan 
identity of the form .”*! ~~, we shall assume in this section that there Is 
no such identity. 

In place of the single variable « of the last paragraph we now introduce 
a set of variables, one to each element of A except 0, denoting the variables 
Which correspond to the elements «, b, ete. by aa. 2p. ete. respectively. We 
then consider the set AJ of all integral functions of these variables with 
coefficients in A which contain a finite number of the variables #7, and are 
of finite degree. Then trom AJ we derive in turn a new set AP of all elements 
of AJ reduced modulis ¢a7g—1. bay,——1. .... that is. two elements / and 4 
of KJ correspond to the same element of AP it, and only if. there exist 
a finite number of clements qq. gy. ... 4, of AJ such that 


J Y- Ga ldra 1) + gy, (hoy, TL). ee bg, Chery 1). 
a relation which we shall denote by writing 
J g modd, (1), 
For the sake of brevity we shall also write 


“ J modd. (LL), or «@ Ls} 
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if « is the element of AP corresponding to the element f of A/. Addition 
and multiplication are defined in AR exactly as in K. If « and B are two 
elements of AR and f and g corresponding elements in K/, then «+ £ is 
the element of AR which corresponds to f+ 9 in AJ, and similarly «f 
corresponds to fg. The method of finding the element of AR which corre- 
sponds to a given element of AZ is not quite so simple as in the similar 
problem in the previous section but depends on the following theorem due 
to Kronecker. 

THEOREM 5.1. Every element of KI ts congruent modd. (L) to a linear 
function of the form @aa. 

This follows immediately from Kronecker’s identities 


(3.1) arg Buy (ah—-+ Ba) ray > Chaay(arq- 1) + Baralbay—l1) 


larg+Busp) la baray 1) 


(ah-+ Ba) rq, modd. (L), 


(5.2) Va tb teat bars, Lap tra 1) -+ Hab (hay 1) Tia rp lth arar- —]) 


vay modd, (1). 


and 


B8= £2;—8(ai—1) Ba; modd. (L). 


where «; is the variable corresponding to the element 1 of AZ. 

It is easily seen as in $ 4 that AP satisfies A 1, 2, 3,4, 5,6, M1. 2, 3, 5, 
AM 1. To show that it satisfies M 4 we require the following lemmas. 

LEMMADS.1. [fan element of KI is identically zero, all its coefficients are zero. 

The proot is made exactly as in ordinary algebra*, and we shall therefore 
vive it in outline only. Denoting variables in K by 2,, #,--- instead of by 
Yay To,+ ++ as formerly, let g (2; ay. ... 2x) be any integral function in K i.e., 
any element of AJ, which is identically zero. If there is only one variable, 
the lemma is the same as Theorem 3.3: we therefore assume that it is true 
for w--1 variables. Arranging g according to powers of a, We may write 


_ opm m--1 +- it lie 


y 9 an ss 4; Wn Pm 


“Cf. Bocher. Introduetion to Higher Algebra, p. 5. 


i 








aS a Se 
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where g; (¢ = 0.1, ..., m) are integral functions of 2, 75,2... an. If 
vy... u'-1 are then given fixed but arbitrary values, g becomes a function 
of ., alone and, being identically zero, its coefficients g; are zero. Hence 
Go. «++ Gm Vanish for all values of ,.... 2% 1. They are therefore identically 
zero and hence by hypothesis all their coefficients are zero. The lemma is 
therefore true for 7 variables and by induction for any number of variables, 

LEMMA 5.2. Jf an integral function @ (ry. ae... 2 tn) Nn KT is identically 


zero so ts Also the Hntegral function 


= l 
uw (x. Ga. ry) ls Di see lta y | } 
- 2 7) tas Le ry, 
where melt 1.2. ... 0) es the deqree of q im a. 
For it 
’ 1 . 
y g / he as io 4) ti T beat i y my (), 


then by Lemma d.l g;  O(7-— O11, ... m,). and henee also 


= Ss “ae Benge m 
Go oir qn, 2 = ©. 


The lemma therefore follows easily by induction. 

LEMMA 5.3. Jf auzq = VU modd. (ZL), then « 0, 

If },, by, ... are elements of A no one of which is zero, and v.07 ... the 
corresponding variables in A’/, there must be an identity of the form 


’ 
aSq> z Ww; Cig Wes csc) (b; #j- 1) (), 
/ 
and hence by Lemma 5.2 


1 1 


' ’ (ji 
M My 4.14 > NS am? m , 
ee BS _ see _— 1 owes . . " i. 
aan 1 / Wy; + souk ae x;) 0 
Ay Ws 


1 2 hot 7 i 
‘ 


Where the exponents m depend on the degrees of w,, us, ... in the respective 
variables, Putting xg = a. v; hy (j= 1,2,...) in this identity we get 


aa" by" bs... = O 


and therefore a — 0. 
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Suppose now that a, b, ¢ (a= 0) are elements of KR, that is, integral 
functions reduced modd (ZL) by means of Theorem 5.1, and suppose that 
ab — ae ov, Which the same thing, a(b—-¢) — 0. Let the elements of KJ 
Which correspond to @ and b — ¢ be as, («+ 0) and Bx, respectively; then 


0 G'y Bay «Bry, modd. (L) 


so the a8 — O by Lemna 5.3. Since @ - 0, we have 8 = 0 so that b— ¢ — 0 
or b> ¢; M4 is therefore true in KP. 

We can now prove the following theorem which we shall refer as M6. 

M60 Beery clement of KR, except O. has an inverse. 

Kor 


ary h, a 1-4 (hay, 1)- hry, (arg — 1) 


1 modd. (L). 


Collecting the results of the preceding paragraphs we have 
THEOREM 5.2. The set KR satisfies A1, 2, 3, 4, 5, 6. M1, 2, 3, 4. 5, 6, AMI. 

Any set for which this theorem is true is called a fie/d or domain of ratio- 
nality. A field then possesses all the properties that are necessary for the 
validity of any algebraic theorem* which does not depend on the idea of order 
or as we shall say, any theorem of rational algebra; and this is true whether 
the tield is finite or not, if care is taken in the finite case to reduce - degree 
of every integral function to less than m-+-1 by means of the identity 2” ~! 

We shall state here for reference the most important of these theorems but 
shall leave the proofs to the reader. For the sake of brevity we shall assume 
that all the functions used are integral functions whose coefficients are 
elements of a field F' that is to say integral functions rational in F’. 

THEOREM 5.3. If the degree of flv) isn. fcannot vanish for more than n 
different ralues of x. 

Here the degree must be reduced to m or less if F is finite. 

Definition. An integral function rational in F’ is said to be reducible if it 
ix the product of two integral functions in F’ neither of which is a constant. 

THEOREM 5.4. (f(r) is expressible in essentially only one way as the product 
of factors which are rational and irreducible in F. 

THEOREM 5.5. If f(r) and giv) are of degree m and n respectively (m =n) 
there exist unique functions qa) and riv\, inwhich the degree of v is less than n, 
such that flr) gird gir rr). 


a 


* In modular fields (§ 6) care must be taken that division by 0 does not occur; ef. second 
footnote on p. 261. 
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THEOREM 5.6. If hia) is the highest common factor of f(x) and g(x), h(x) is 
rational in F and there exist in F integral functions gtx) and wWix), whose 
degrees are not greater than n—1 and m—1 respectively, such that g (ir) fa) 
+ W(x) glx) = hiv). 

THEOREM 5.6. If fix) ts irreducible in F and gtx) ts a rational integral 
function which has a factor in common with fia), then gtr) is exactly divisible 
by f(a). 

6. Modular fields and finite fields. <A field F’is said to be modular 
if for some element a + 0 there are two integers m and » such that*® ma ~~ na 
or (m—n)a = 0. Let pa = O be the identity of this form tor which p has 
its smallest value. Since pa = (p ~ 1)a, it follows trom M4 that p= 1 0. 
Hence, if 7 is any element of F. 


pe {p L)a 0); 


the value of pis therefore the same for all elements of /’ except 0. It is easily 
seen that pis a prime; for it p ~~ mn, then (m>1)(n-- 1) — O and therefore 


either m1 = Oor n»*1 = 0, and, as pis minimal, either m or must 
equal p. Further any integer q such that ga — O is divisible by p; for if this 
is not the ease there exist integers / and m such that /p—+ mq 1 and 


therefore 


“ (Tp--img)a — lpa- mya 0. 


These results may be summarized as follows. 

THEOREM 6.1. Jf one element of a field is modular, all elements are modidar 
and all have the same modulus; further the modulus is a prime. 

As an elementary example of a modular field we may take the set of integers 
reduced modulo 3. In this field there are three elements 0, 1, and 2 such that 


1-1 = 2, 2+2=—1, 1+2=0, 1+14+1=0, 2+24+2=0, #?=1. 


Every element satisfies the identity «* =... Another example is the field 
with four elements 0, 1. 4, a? in whieh 


In this field we have the identity #4 — «, 


“ Here ma is used as a contraction for the result of adding a to itself m—1_ times, 
e.g.a+a = 2a. It is not implied that m is an element of the field, although we shall 
on occasion use m to denote m - 1. It is evident that ma == (n> 1)a. 
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It is clear that every field with only a finite number of elements must be 
modular; for if this were not so we could generate an infinity of elements 
by the repeated addition of 1 to itself. Further, if any element a = O is 
repeatedly multiplied into itself, we must at some stage arrive at the value 1; 
for as there are only a finite number of elements there must exist integers 
« and £ for which a* = a? and therefore a7 -° — 1. If m is the least common 
multiple of the exponents @ —- £ for all non-zero elements of F, then for any 

| 


such element a” 1, and therefore for every such element, including 0, we 
have a"! — », Conversely, if 2°! — «in F, the number of elements in /’ 


is necessarily finite; for every element except 0 is a solution of the equation 
z= 1 and this equation cannot have more than m roots by Theorem 5.3. 
further m-+-1 is the number of elements in /. For if the elements of F’ are 
Oa; 4 1.2,....) then the integral function 


gf (a) r[] (7 — aj) 


vanishes identically, or 


u(r) [][@e-—«@ = © 
i 


Se a. Se ea —— SL 


for every value of .. except 2 = 0. Henee, as m is minimal, the degree of ¢ (7) 
must be m -}-1 and in faet it is easily shown that wOr) > 2"— 1. We have 
therefore the following theorem. 

THEOREM 6.2. Any field which is finite is modular and, tf je is the number 
of elements in the field, af = « for every value of x: conversely every field in 
which there is an identity of this form is finite. 

The lowest power » of a given element « of / which equals 1-is called the 
period of a. Leta be an element for which the period » has its maximum 
value. If 2” -— 1 for some value of « + 0, there must be some element / 
Whose period o is less than » but not a factor of it; also, if @ is the G.C. M. 
of » and o and « = io, the period of b” is k and b? is therefore an element 
Whose period is relatively prime to 7”. We shall therefore assume that @ is 
relatively prime tov. If 7 is the period of ab, then 





1 (aby? = a, 


*E. H. Moore, A doubly infinite system of simple groups, Math. Papers, Internat. Math. { a 
Congress (1893), ni Sut. y ; 


1" \ 
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so that ro, and therefore also 7, is divisible by #; but 
(ab)? a" a" 1: 


hence the period of a) is veo and « — x», This period is however greater than», 
contrary to our hypothesis, and hence the period of every element (except 0) 
is a factor of » This means that there are a different powers of a and we 
therefore have the following theorem. 

THEOREM 6.3. If F és a finite field, there is an element a of F ivhose period 
is we — Land all clements of F vacept O are integral powers of a. 

This means of course that the non-zero elements form a evelic group of 
order « — 1, 

We shall now prove the following theorem, 

THEOREM 6.4.0 The nailer oof elements oma Hinite field Foisa power of 
the modulus p. 

The field F’. if it exists, must contain elements congruent to 0, 1,2, ... py ——1 
mod.p and it is in faet easily verified that these elements themselves form 
a field. Let P denote this subset of Ff and p»; 1,2, ... p) its elements. 
It», is an element of # which is not contained in P. the p*® elements p; + pj. 
(yj 1,2....p) are all different: for were p;- + pj prt pray, then 
(pj po ay pe-— pi and hence either pj — py, and therefore yp, pi or 
r= (py poo (pr, — pd. Which is impossible since a, is not contained in P. 
In the same way, if v, is not contained in the set P, of all elements of the form 
pi pj r;. the set P, of elements of the form 


Pit Pj 71 + PFs (2, 9, i }, 2 earn p 


are p* in number and all different; and so on. As there are only a finite number 
of elements in F. this process must eventually eome to an end after say 
steps, and there exist therefore n elements, 1,.7,..72.... 73, Such that every 
element can be uniquely expressed in the form 


w : Lis T Pi me ye ee T Pin, Jnl (ts. sno On~—§ 1, 2, o--* ps 


so giving p’” different elements.” 
: : —! , 
The elements 1, 2. 72, ... 7, 1 are said to form a basis of F relatively to P. 


* For a fuller discussion of finite fields see L. E. Dickson. Linear Groups, Leipzig 1901. 
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7. The extension of a field by adjunction. As was pointed out in the 
introduction, the idea on which the various extensions of the original set D 
is based is that, whenever an algebraic problem in a given set leads to an 
equation which has no solution, a new set is defined by algebraic processes in 
which this equation does have a solution. In $$ 4 and 5 the exposition of the 
method was somewhat cramped owing to the possibility that in some cases 
subtraction and division of polynomials might be impossible; it is therefore 
necessary now to consider the details of the method as applied to a field some- 
what more closely. 

We suppose a field /’ given as a starting point; this field may by infinite or 
finite. We then consider the set F, of all rational integral functions of x in F, 
that is, all integral functions of « of finite degree whose coefficients are 
elements of F. 

lf gir) is an element of F of degree n, and f(x), giv) and h(x) are also 
elements of this set such that 


(7.1) A r) yiay hr) g(r) 
then f(r) is said to be congruent to giz) modulo gtr) or 


flr) giv) mod. gtr) 


Since the division transformation (Theorem 5.5) is always possible in a field, 
every element of /, is congruent to a unique element g(x) if the restriction is 
added in (7.1) that the degree of gir) is to be 2 — 1 at most. 

We then form a new set, which we shall denote by F' [g(a]. the elements 
of which are in (1,1) correspondence with those elements of /, whose degree 
does not exeeed » — 1, and in this set we define the operations of addition as 
follows. If fand gy are elements of F' [g(a] and f() and g(r) the corresponding 
elements of /, of degree » -- 1 or less, then 

(i) f+4-y is defined as the clement of F'[g(~)] which corresponds to f(r) +- g(a) 

in F,; 
(ii) fy is defined as the clement of F'[¢(7)] which corresponds to the remainder 
in F’, when f(r) giv) is divided by g(x). 

We may without chance of confusion write f — f(x) mod. gv). f+ 4 

JS (v) + g(x) mod. g(r), and fg = f(x) g(r) mod. g(x) or in other words, 
the set F’[y (#)] is what the set F, becomes when polynomials which are con- 
gruent modulo gy (x) are regarded as equivalent; for this reason we shall often 
refer to the set F[g(a)] as the set F, reduced modulo ¢ (7). 
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The elements of I'l (r)] which correspond to elements of F, of degree 0, 
that is. to elements of F' itself. form a field simply isomorphic with /’; we shall 
as a rule not distinguish between these tields and will refer to both as the 
field F. This will be found to lead to no confusion. We shall now prove the 
following fundamental theorem. 

THEOREM 7.1. Jf g(z) és an irredwible® integral function of z ina field F, 
the set Fig (z)] of integral functions of 2 reduced modulo gz) forms a field, 

The only one of the postulates for a field which is not obviously satisfied 
is M4 and to prove that this postulate holds it is only necessary to show that 


(7.2) f(z) ylz) O mod. g(2) 


entails either f(z) Oor g(z) QO mod. g(z). 

Suppose f(z) + Omod. g(z). Since giz) is irreducible, / and q have no 
common tactor and there are therefore polynomials /(2) and /(z) in F; such 
that 


hiz) flz) + hlzy gle) i, 


that is 

hz) fiz) 1 mod. g (2), 
or A(z), is the inverse of f(z) modulo g(z). It follows that g(z) hiz) fle) 
g(z) mod. q(z) and therefore from (7.2) y(z) O mod. g(z), as required by 


the postulate, 

It @ is the element of F'[g(z)] which corresponds to the integral funetion 2 
in F’;, then, sinee q (2) QO mod. q(z), we have gla) = 0. Hence r—e is 
a factor of g(x) in F'[g (z)] and so g(r) is reducible in the new field. 

Every element of F'[q(z)] evidently has the form 


! 2 | 
a tg tty @ + ay OF He Od. yy 


where a, ( O,1,...%- 1) are elements of F (regarded as a subset of the 
new field). The field F'[q (z)] is generally denoted by F(@) and it is said to 
be derived from / by the adjunction of @ to F. F(a) is said to be an algebraic 
field over Fy and Fa subfield of F(a). The meaning of Fe) is of course 
indefinite till the corresponding irreducible function y(z) is given. 


e y . . . . . > 
We shall tacitly assume that only irreducible functions of higher degree than the first are 
used as, when this is not the case, the new set is the same as the old. 
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If the degree of g(z) is n, the field F'(@) is also said to be of degree n with 
respect to F. 

8. The field as a linear associative algebra. We saw in the 
previous section that any clement of F'[y(z)] is linearly expressible in terms 
of 1,a,a@*,...,@"~' with coefficients in F. In place of the powers of a we 
may take any x linearly independent elements of F(a), say ¢, ¢:,..., én, that 
is, any » elements such that there is no relation of the form > n;e = 0 
where the 2's are elements of F’ which are not all zero. If the e's are so 
chosen, it follows from the theory of linear independence that any element x 
of F(a) can be expressed uniquely in the form 


(8.1) 


where the £'s are elements of # and in particular the product of any two e's 
has this form, say 


(R,2) 


where, since ¢, 6) + ¢% 


. > 
(8.3) - VijAVdp 


and also, since ¢,¢, 


(8.4) dik _ Vk’ 


These equations (8.1, 2, 3,4) may be taken as defining the field together with 
a further restriction on the 7’s to ensure that every element except O has an 
inverse, 

Kronecker’s method of regarding this definition is as follows. He sets 


: 7 : : ‘ : ae ; aes ee 
Ii, = &G “de Vi — Fj the e's being variables in F, and reduces the set 


of all rational integral functions of the e’s modulis /;; Gj 1,%,...8; 459). 
The reader may easily show that this leads to a field if conditions are imposed 
on the 7’s so as to render multiplication associative and invertible. Hamilton 
on the other hand regards the field as the set of all sets (&, §2,...£n) of 
n ordered elements of F. Two such sets «= (&,, §:,... §,) and y = (41. Ya, +++ Yn) 
are said to be equal if, and only if, & = 9: (é = 1,2,...); the sum x+y 
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of the two sets is defined as the set (f,. So... . S)) where Si E,+- 7). and the 
product is detined as wy = (Ay, 4g... An) Where 24 = Za Yije £1 %j- 

Any set of elements which satisties the postulates for addition and also 
(8.2.3) is ealled a Jinear associative algebra which is said to be commutative 
if (8.4) is also true. Any set of linearly independent elements, such as 
Oy. fone e Oye is Said to form a bass of the algebra, and the number of elements 
in a basis is called the order® of the algebra. 

If e(e@.2) is an integral function of 2 which is rational and irreducible 
in F'(e@), we can extend F'(«) by taking the set of all integral functions of 2 
in F(@) reduced modulo u'(a@, 2), just as previously we extended /’to torm Fe), 
It follows then that, if 8 corresponds to z as a polynomial in F’(@), every 


. . = . . . 
element of the extended field has the form > EB’. and the field is again 
i . 


a linear associative algebra of order? mi. : 
Any field derived from F by a finite number of such steps is called an 
algebraic field over F. Every algebraic tield over F is therefore a linear 
associative algebra in F. 
9, The identical equation. Let F” be an algebraic field of degree n 
over F, and let a basis of it be +;, e....¢,. A variable element. of F may 
be written 


Where the &'s are variable elements of F. If we form the first 2-- 1 powers 
of 2, manely 2° = 1, a2", 00+ r", we have n+ 1 elements of F’ which eamot 
be linearly independent as the greatest number of linearly independent 
elements in F” is x. There must therefore exist a relation of the form 


Ae. Qo = hy art + h, gett... hy, 1 a by, 0, 


Where the b's are rational functions of the coefficients £ which may be taken 
to be integral, and the equation is an identity in the &’s when vw’ (/— 1, 2,... 20) 
are expressed linearly in terms of ;. ¢2, ... ep. 

The coefficients 4; may be taken to be homogeneous functions of the &'s of 
degree yo — 1-7 where «is the degree of as a function of the &'s; for if we 
replace by Av in (9.1), it becomes an identity in 4, &,,... §,, and, if 


he = A bo + 3% 1 aed vx (7; pe —nt+i), 


In the type of algebra F(a) considered above the “order” is the same as the “degree. 
7 If the order were less than mn, would satisfy an equation in F(a) of lower degree 
than m which is impossible since ¢(a,z) is irreducible in F(a). 
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then the coefficient of the highest power of 4 must vanish identically in the &'s, 

° ss . . 9 . ° . 
and this coefficient is the homogeneous expression pt boa", It is concei- 
vable of course that « might satisfy an equation of lower degree than ». 


Assume that the equation of lowest degree is 


° te t 1 t- j 1 t. 
(9.2) Sila, §) ag (SF) + a (pam tte .-. tant) = 0, 


and let f be of the #th degree® in the &'s (which occur both explicitly and in 
the powers of 7) so that @; is a homogeneous polynomial in the &’s of degree 
v—m-+é. This equation we shall call the ‘dential equation of the field F” in F. 

The condition that 1,4. ....42”~! are linearly independent while 1, 7, ....2”"~', 
eave linearly dependent can be expressed as the non-vanishing or vanishing, 
respectively, of certain determinants, hence there are always particular values 
of the §'s for which « satisfies no equation in F’ of lower degree than m. For 
such an element /(f, &) is an irreducible function of ¢ in F. from which it follows 
in particular that f has no repeated roots and therefore? its derivative f”’ (/. §) 
with regard to / does not vanish when « is substituted for ¢. An element 
Which satisties no equation of lower degree than im is called a primitive element 
of FF’. 

Let « be a primitive element, y = 
a variable in F; then 


Y 


ny, ©, a Variable element of fF’, and 4 


aa‘ 
(9.3) flirty, F +49) = 0 


isan identity im 4. $,,... Sas fie eee Ye Uf (9.3) is expanded in powers of 4, the 
coefficient of each power must be identically zero in the $'s and y's. Hence, 
if we set 


a(S hy) alEl + Aan l& yi - 


and equate the coefficient of the first power of 4 to 0, we have 


” me ’ a 
fr, Hy tD ain (& ye * = 0. 
| 4 
4 
~ Ps 
* [t can be shown that a —— 1 and therefore » =~ m, but we shall have no need of this fact: 


J is written f(r, =) to emphasize the fact that = occurs in the coefficients as well as in the 
powers of ur. 


} This is not necessarily the case in modular fields; ef. Steinitz, loc. cit., p. 212. 


H 
+ 
3 





Pe 
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Since w is primitive. f(r. €) 460, and it follows that 


an (Egan 


y > 


T tS S) Ata). 


We may take z as an integral funetion of «. For, if g(r) is any polynomial 
in « which is not zero, g(/) and /(/, §) have no common factor and hence we 
ean find two rational polynomials p(f) and g(f) such that p(O)g()+q() 
ft. &) 1: hence plo) g(a) 1 so that 1 g(a) — p(x), a polynomial inv. 

Since y is arbitrary, it follows that every element of F’ is linearly dependent 
onl, a... 2”! so that m is the degree of F’. We have therefore the 
following theorem. 

THEOREM 9.1. Krery element of fF’ satisfies an equation fla, &) = Om F 
of deqree n and there are elements, called promitive elements, which satisfy no 
rational equation ‘i F of lower degree. Further, ifr in primitive clement, 
every element of F’ van dn erpressed as rational polynomial ofa in FY. that es, 
BP xs Pik, 

10. Subfields. Let Fic) be an algebraic field of degree n over F and fk’ 
a subfield of F(@) which contains F. 

THEOREM 10.1. Any subfield of Fai iwhich contams Fis an algebra field 
over F, 

Let us denote elements of F’ by the letter & with appropriate affixes. If ¢; 
is any element of F’ which is not in F, then 1 and ¢, are linearly independent 


in F: for, were &) + &, ¢, 0(&, =F 0), then «, E,/&,< F. We shall 
denote the set of all elements of /’ which are linearly dependent on 1 and «, 
in F by «Ay = (1, €,); or more generally if .7,. 7. ... 4, are any r elements 


of F’, the set of elements linearly dependent on these elements wv, ... 7 Will 
be denoted by (7. 79, ....; r,) and the greatest number of linearly independent 
elements which can be chosen in the set will be called its order. This being 
so, let ¢ be an element of F’ which does not belong to .4,; then the set 
A, » = 0(& +0) gives 


2 (1, @, €,) is of order 3 since §&, + &,¢,-+ ye 
é = —(&-+ §,¢,)/&< A,. We then form A, (1, €. €y, 3) by adding an 


element ¢; of F’ which is not in Ay; and so on. At some stage this process 


must come to an end, that is, for some integer ¢ we have A,—; (1, #1, ... 
é;1) = F’, since all the elements of F’ also belong to F(e) whose basis is 


of order xn. The product of any two ¢’s, being an element of /” since the latter 
is a field, must then be linearly dependent on the same set of ¢’s, that is, these 
form the basis of a linear associative algebra which is in fact the field F’. 
By Theorem 9.1 there is therefore an element 8 of F’ such that F” = F(8) 
i,e., F’ is an algebraic field over F as required. 
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THEOREM 10.2. Lf FB) is a subfield of F(a), the degree b of F(B) is a factor 


of the degree a af Fla): and in F(B) @ satisfies an irreducible equation of 


Jegree a h, 
If we denote elements of /'(8) by y with appropriate affixes, then, exactly 
as in the proof of the previous theorem, we can find a set of elements of F'(@), 


é; = 1, &, ... , such that (i) every element of F(@) has the form 
(10.1) 4 = M1 €) + Yste+ “ee Ve &e 
and (ii) there is no relation of the form 4; 4; + 2#2+ +++ He & — O except 


when all the y's are zero, i.e., the e's are linearly independent with respect 
to Fip). 
, “2 - : : > ’ %, - -* 
Now if &, o,... G is a basis of F(8) and 4; = Za &;; Cj, the &’s as before 
J 
. . , Wine _ ’ h . 
being elements of F’, then y = Pa & €; ¢. The elements ¢; [;(@@ = 1, ... ¢; 


y 
) are linearly independent with respect to F’ since any linear 


pam cent 
relation among them would have the form 
0 = Di Qe Ve — Dues 
, 9 
Which can only be true if every 4; — 0, and this in turn is only possible if 
every &§& — 0. It follows that «0 (@ —1,...¢; 7 =1,...5) is a basis 
of F’(@) and therefore a = he as required by the theorem. 

From (10.1) it is evident that the elements of /’(@) form a linear associa- 
tive algebra of degree ¢ with coefficients in /'(8). A variable element of this 
algebra satisties an irreducible equation of degree « in /’(8) and this is also 
true of @ seeing that it is a primitive element of the field. 

11. Normal fields. If p() = 0 is an irreducible equation in F of degree n 
we can evidently extend F' by suecessive adjunction till we arrive at a field 
in which @(.r) is resolvable into linear factors. Not more than 2— 1 successive 
adjunctions will have to be made but the actual number of steps depends 
necessarily on the nature of @(r). If @,, @....@, are the roots of g(r) in 
the extended field, the latter is conveniently denoted by F'(a@, @.... @») 
although it is not necessary to adjoin all the roots to obtain the full field. 
rom Theorem 9.1 it follows that the same field can be obtained by a single 
adjunction, say F'(e,), where @, is the root of an irreducible equation g¢ (2°) = 0 
in F' of degree «, and as the e's belong to F'(e,), we may set 


a; = Xi (0), (¢ = 1,2,...%) 


where z;(@,) is an integral function of e, in / of degree « —1 at most. Since 
q(t) is irreducible, this is equivalent to saying that ¢(z;(‘)) = 0 mod. g(¢); 





6 
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henee, if a second root os of g(?) 0 is adjoined to F’(o,), we shall have 
g (zi(es)) = 0 as well as ¢ (zi e1)) 0 tor /=1,2....%. But » cannot 
have more than » roots: hence z;(e@,) is equal to one of the @’s say e), and 
the roots of g are all integral functions of e, in FL It follows that e,, being 
a polynomial in the @’s, is also a polynomial in gy or say 


0, = Aly). 


Henee F'(o,) < Fio.). The degree of F(e,) cannot be greater than the degree yu 
of F’(o,) since both oe, and oe, satisfy the equation g(t) = 0 of degree «, hence 
from Theorem 10.2 the degrees are equal and F'(9,) F’(o,). It follows 
that g, isan element of F’(o,) and is therefore an integral function of @, in F. 
Since o, is any root of g(f) ~~ O, all the roots of this equation are rational 
integral functions of @,. Such an equation is called a normal equation and the 
corresponding field is called a normal field. 

We have theretore proved 

Theorem 11.1.0 Every algebraic field over Fis a subfield of a normal field, 





A THEOREM CONCERNING CERTAIN UNIT MATRICES 
WITH INTEGER ELEMENTS. 
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In his C¢nquieme Complément to Analysis Situs* Poincaré makes the state- 
ment that the group of matrices, whose elements are integers and whose deter- 
minants are | and which leave the normal form of a skew-symmetric matrix 
of an even number of rows invariant, is generated by the matrices of the three 
following types of linear transformations on 2» variables: 


(hy) 


Where ; takes all values different from 2/— 


(he) 


where ; takes all values different from 27 -+- 2 


(kh) 


“ 


where i takes all values different from 274-1 and 2; + 2. 

The present writer has been unable to find a proof of this statement in the 
literature and having use for the fact stated has been led to establish it. It is 
hoped that the theorem and its proof may be of interest in themselves. 

1. Statement of the problem. If J/ is the skew-symmetric square matrix 
of an even number of rows 


Rendiconti del Cir. Mat. di Palermo, vol. 18, p. 65. 


PHD 











Ue Oat le 
Leland 
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0 1 O O 0 oO 
—1 0 v0 O 0 vO 
, @eih+-+-s+ 8 8 
0 O-—-1 WO... O ODO 
0 oO OO O 0 l 
0 OO O DU —-1 O 


and A is a square matrix whose elements are integers and whose determinant 
is 1, we have the following theorem. 

If A satisfies the condition A M A’ M, then A is a product of matrices of 
the types \E;), E}) and (Ej). 

», Reduction of the problem. Let us consider the relation AMA’ OM. 
Multiplying both sides of the equation on the right by (4>' and on the left 
by .V/ we get a relation which we may use to find A |. viz. VAM (A)! 

~(4° 1). Thus, if 


(1 hy, (th Inn soe (ip hy, 


11 dy; Cy dy. ° . ° eA diy 


A 
pr hy Ap bys Upp hy, 
mp din Cp diy» Cop diy 
we get 
diy = hy hey —— hey . ° . diy denna hy 
saa) (t11 me | (1) - te ign Up 
4-1 — 

dy, Ip flon —Ion + © - dip — Upp 
ip yp Cap (2p ; 2 2 —~ Cp (pp 
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The element ¢,, of the product A- A? is ay, dyy —Oyy 4) + aye dye — yo Gye + 

| typ Upp — Opp Cpp. This element must be 1; therefore we get the result 
that the sum of the determinants of the two-rowed square matrices obtained 
by taking the elements of the first and second columns, the third and fourth 
columns, and so on up to the (2 p—1) and 2 pth columns in the first and second 
rows of Ais 1. In the same manner the sum of determinants of corresponding 
matrices in the third and fourth rows is 1. 

It will be convenient for our purposes to consider the transformations in 
the tollowing manner. Transformations (/;) and (£7) are equivalent respec- 
tively to adding any odd row to the succeeding row, and adding any even row 
to the preceding row (or the inverse operations when the negative sign is used), 
Transformation (4);) is equivalent to adding any odd row to any other odd 
row, provided that the corresponding even rows are subtracted in the reverse 
order: thus we may add the first row to the third provided we subtract the 
fourth row from the second, or we may subtract the fifth row from the first 
provided we add the second row to the sixth. If the matrices of the trans- 
formations are multiplied in on the right. the operations just described are 
performed upon columns instead of upon rows. Regarding the transformations 
from this point of view it is clear that the inverse of any one of types (/)). 
(Ai), and (/;;) is a transformation of the same type. Since these operations 
leave M invariant, the product B of A and any number of these matrices on 
both the left and the right is such that BB’ M. 

We will now see that by means ot these operations any unit matrix A with 
integer elements may be reduced to a form in which every element above the 
main diagonal is O, and in whieh each of the two-rowed minors on the main 
diagonal and in the first and second, third and fourth. ...(2y — lth and 2ypth 

0 
| 

Since the matrix A is of determinant 1 the elements of the first row are 
relatively prime. We will combine the first and second columns in such a way 
as to reduce the element a, to zero. By performing transformations (/;) and (£7) 
on the other columns in like manner, we may reduce each of the two rowed 
matrices in the first two rows of Ato the same form. If @, is not 1, trans- 
formation (2) may be applied in columns in the following manner. First obtain 
an element @,,; which is not zero by adding some column to the first. then 
obtain an element a1; a positive number smaller than a,; this may be done 
by subtracting the first column from the 7th column a sufficient number ot 
times, and adding the (/-+ 1)th column to the second the same number of 
times. This accomplished, subtract the zth column from the first and add the 
second to the (¢+ 1)th. By repetition of this process we may obtain an a, 
Which is equal to 1. 


columns is 
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The two-rowed matrices have not been disturbed by the above operations. 


= : ) ~ , 
They are still in the form Py ; . Then by subtracting the first column 
li i 


from each odd column a sufficient number of times we may obtain a first row 
Which is made up of zero elements with the exception of a,,. Reealling the 
fact that the sum of the determinants in the first two rows is 1 and noting that 
the first one is the only one which is not zero we see that the two-rowed 
square matrix in the upper left-hand corner is of determinant 1, and that the 
(2 — 2)-rowed square matrix in the lower right-hand corner has a determinant 
Whose value is the same. The two-rowed matrix in the upper left-hand corner 
Q : by operations on the first and second columns. 
Now each of the two-rowed minors in the first two rows (with the exception 


; ; Wiese . oO 0 ; 
of the one on the main diagonal) is in the form vie By means of trans- 
li 


ly 
0 O iis 
0 dh, rhen. 


applying transformation (/;) in such a way as to add the second column to 
the 27th column — d,; times. we may reduce each of the two-rowed minors to 
0 O 
0 0 
corer. 
The (2p — 2)-rowed square matrix in the lower right-hand corner is of the 
same sort as the original matrix of 2p rows and so may be reduced by trans- 
formations (4). (A), and (/;;) to the desired form. 
3. Solution of the problem. [et .1 be of the form 


ean be put in the form 


formations (#7) and (4) each of these may be put in the form 


This does not affect the two-rowed matrix in the upper left-hand 


] 0) 0) 0 Oo 
() | () 0) 0 0 
134 he, l 0 0 0 
Ce} ds, ) l oO 9 
Mn ha My byw | () 
Cyl diy Cy die ) l 


and let us now consider the product AWA’. 
It will be skew-symmetric. If we impose the condition that AMA’ = M 
we obtain a system of [(2p)*-- 2p] 2 equations in 2p (p— 1) unknowns. 
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The equations are not all independent; they reduce to 2p (p —1) equations. 
There is a unique solution of the system; each of the elements below the 
main diagonal is zero. This may be seen very easily in another way. Consider 
the product AMA’ = M. The first two rows of the product AM will be the 
same as the first two rows of M. Then the first and second rows of AMA’ 
will be respectively the second and the negative of the first rows of A’: viz. 


) ] hg Ga + + - by Apr 


=a 0 —dpy —— SS Oe ee 


This product, however, must be equal to M. Thus we see that each of the 
unknown elements in the first two columns of A must be zero. Continuing in 
this manner we determine each of the unknown elements of A. Since A is 
the identity matrix, the original matrix must have been a product of types 
(E;), (2) and (Ej). 

This completes the proof of the theorem. 

4. Normalization of any skew-symmetric matrix which is of 
determinant 1, and which has integer elements. Given any skew- 
symmetric matrix NV with integer elements and of determinant 1, we see, as 
a result of the theorem just proved, that there are an infinite number of 
matrices C which satisfy the relation CNC’ = M, (M is the normal form). 
For example, if B is a particular matrix satisfying the relation B NB’ = M 
then the product C of B multiplied on the left by any number of matrices of 
types (E,), (E;) and (£;;) also satisfies the relation CNC’ = M. We may now 
consider the following question. Does there exist any matrix C, satisfying 
the relation CNC’ = M, which cannot be obtained by multiplying a particular 
natrix B on the left by matrices of types (£;), (Zi) and (Hy)? The answer is 
that there is not. Let B be a particular matrix which satisfies the relation 


ere) eee 


BNB = M. 
then 
N = BOM(B)". 


If Cis anv other matrix satisfying the relation 


CNC = M, 


then 


CBOM(B)\1 C= M 
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and 


whence 


Thus, of C' is Ly mania which nor malize s N, it may be vbtained by taking 
any other matrias satisfying that relation and multiplying it on the left by 
matrices of types UE)), UEj) and (Ej). 

Now consider any matrix D which satisfies the relation 


DND = N. 
Then, if B is the particular matrix described above. we get the relation 
BDND'B = BNB M. 


The product BD is of the type C above. Then we have BD = AB, where 4 
ix a matrix made up of products of types (E£)), (#7) and (£7;).. Hence 


P= BAZ, 


The result may be stated in the following form: The group of matrices which 
vatisfy the relation DND' = N is the transform of the group of matrices A 
which satisfy the relation AMA' >= M hy any matrix Bowhich satisfies th 
relation BN B' = M. 








AN INTRODUCTION 
TO THE THEORY OF ELLIPTIC FUNCTIONS.* 


3¥ GOSTA MITTAG - LEFFLER. 


Preface to the English edition. 


When my paper was first published it was my intention to Jet it form a part 
of a greater memoir, comprehending a detailed exposition and critical analysis 
of all the different methods which form an introduction to the theory of 
elliptic functions. However, my time became fully engaged by other scientific 
occupations so I could never prevail upon myself to take up and carry through 
my original intention. Since I hoped to be able to carry through my original 
plan, my paper was never translated into a foreign language. I have found, 
however, that I cannot expect my hope to be fulfilled; on the other hand, the 
passing years have not seen the appearance of a satisfactory analysis of 
connections between Abel and Weierstrass, which, by the way, extends to 
many other fields than that of elliptic functions. Under these circumstances 
I have accepted with sincere gratitude the offer made by Professor E. Hille 
to translate my memoir into English and I wish to offer him my thanks for 
the energy and knowledge of the subject matter which he has expended on 
the present paper. 


Preface to the Swedish edition.+ 


Ich fordere, man soll bei allem Gebrauch 
des Kalkiils, bei allen Begriffsverwendungen 
sich immer der urspriinglichen Bedinzungen 
bewuBbt bleiben und alle Produkte des 
Mechanismus niemals iiber die kiare Be- 
fugnis hinaus als Eigentum betrachten. 

GAUSS 


Half a century has not yet elapsed since the elliptic functions were first 
introduced in mathematics. From that time on the theory has increased to 
such an extent that nowadays searcely any other field of mathematics can offer 
such an abundance of formal results and such a wealth of applications to 


* Authorized translation from the Swedish by Einar Hille. 

+ [The present paper was published as a separate pamphlet in Halsingfors in March 1876 
under the title “En metod att komma i analytisk besittning af de Elliptiska Funktionerna”. 
It was presented as an academic dissertation by Professor Mittag-Leffler to the then 
Imperial Alexander University in Finland when competing for the chair in mathematics 
in that university which he subsequently held from 1877 to 1881. Translator’s note.] 
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different branches of the exact sciences. Moreover, the prophetic divination 
of Euler has become a reality, the discovery of this theory has essentially ex- 
tended the bounds of mathematical analysis. New fields have been opened 
for mathematical thought and the number of fundamental ideas with which 
mathematics operates has been vastly increased. A careful analysis of these 
fundamental ideas has formed the point of departure of a great number of the 
investigations, the results of which form the peaks of our present day know- 
ledge in mathematics. This source of new and essential progress is certainly 
far from exhausted. 

However, while mathematical literature is rich in memoirs on _ elliptic 
functions, we still lack a comparative exposition and analysis of the different 
methods which offer an introduction to the theory of elliptic functions, and 
of the fundamental ideas which form the starting-points of these methods and 
which thereby constitute them as essentially different methods. At the 
suggestion of Weierstrass the author of this memoir has for some time past 
been occupied with the solution of the problem to determine by what essentially 
different methods an introduction to the theory of elliptic functions can b 
obtained. 

The present paper forms a part of the author's investigation which can be 
considered as closed in itself. Its purpose is, on one hand, to expound the 
fundamental ideas which prepared the way and made a theory of elliptic 
functions possible, on the other hand, to give a rigorous presentation of one 
of the main roads which leads to an introduction to this theory. This road, 
the road of Abel, is historically the oldest, and it is also founded on ideas 
which belong to the lower layers of the mathematical structure, thus leading to 
the goal with a minimum number of assumptions. It the number of assumptions 
is increased, the method of Abel gains in unity and perfection and passes over 
into the older method of Weierstrass in a natural and simple manner. Thus 
a description of the latter method belongs to the field of the problem whose 
solution we aim at in the present paper. It also belongs to this field to show 
the deficiencies of Abel's method as well as that of Weierstrass and to indi- 
cate how these can be remedied by other methods. 


Introduction. 


Once in possession of those elementary integrals which are algebraic 
functions, inverse trigonometric functions and logarithms, mathematicians 
naturally tried reducing as many problems as possible in integration to such 
integrals. It was soon found that every endeavor to carry through such 
a reduction by means of a finite number of algebraic operations was 
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in vain in many cases. This was especially the case with the integrals 
contained in the general formula 


‘ Fiz) 
(1) dy, 


V Rix) 


where F(x) is a polynomial in « and 


R(7) = Avt+4Br'+ 6Czr*+ 4B's + A’. 


tm 


When either or both of the coefficients A and B had values different from 
zero and the roots of R(x) = O were all unequal, it proved impossible to 
reduce the integral (1) to the known integrals mentioned above. 

The treatment of this integral was not a problem arbitrarily proposed, but 
belonged to the class of problems which are put by mathematics itself so 
to speak. In faet, the integrals which express the length of are of an ellipse 
and of an hyperbola fall under the general formula (1). And from the geo- 
metrical point of view, which prevailed in higher analysis during its earlier 
stage, the problem of rectifying the ellipse and the hyperbola would be one 
of the first preblems to attract the attention of mathematicians. 

When every effort to reduce the integral (1) to known elementary forms of 
integrals had failed, nothing was left for mathematicians but to make up their 
minds to introduce new transcendental functions in analysis. Two roads were 
open for investigation. On the one hand, one could solve the formal problem 
of reducing the number of new transcendents to a minimum; on the other hand, 
one had to investigate what might be called the intrinsic properties of these 
transcendental functions which it was necessary to incorporate with analysis. 
Many investigations were carried through along the lines first mentioned* 
Without yielding any more important results however. In the main they tried 
to reduce as many as possible of the integrals contained in the general 
formula (1), to the particular integral that represents the length of are of an 
ellipse. The geometrical point of view, considered indispensible in these days, 
led to the erroneous assumption that this integral is the simplest of all integrals 


* MacLaurin: A Treatise of Fluxions. (1742.) Vincenti Riccati: Opuscula, (1742.) D’Alembert, 
“Mémoires de l'académie des sciences et des belles lettres”. Berlin. (1746, 1748.) Euler 
also treated this question in several papers published by the Academy of Sciences in Peters- 
burg. This type of investigation was brought to a finish by Legendre when he introduced 
the three normal forms for the elliptic integrals. 


20* 
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ot the form (1). This is also the reason why the integrals of this form have 
received the name el/iptic integrals* which is rather inappropriate. 

The latter problem, to investigate the intrinsic properties of these elliptic 
functions. was a much harder one in view of the imperfect understanding of 
the spirit of analysis which then prevailed. 

However, one fact had early attracted attention and indicated the direction 
in which the problem had to be attacked. It was known that the differential 





equation 


f(r) x = + fly) dy, 


where Jr dv is a logarithm or an inverse trigonometric function, had as 
an integral an algebraic function of # and y and consequently, on spite of the 
fact that ét is ‘mpossibl to find an alyebraic integral of the differential f(x) dx, 
one can find an algebraic integral of the sum or the difference of two such 
ditt: rentials, 

Then it was natural to ask whether this property might hold tor other 
transcendents than the logarithm and the inverse trigonometric functions. 
This question is due chiefly to Johannis Bernoulli.t 

The first answer to this question which contained an essentially new 
contribution was given by Fagnano.t He had already, in 1715, proved the 
following theorem: 

Tf in the expression 


gh) (a 4 pr lider 


(A) . 
[ior py -| qia" - pyr r|' 


where p,q and vy are arbitrary constants and n and h rational numbers, a new 


variable zis introduced hy the relation 


/ 


er xg”) + p® = 7, 


ott a 
cod 


Legendre called them elliptic functions. Jacebi, however, gave this name to the inverse 
functions, and since then the name elliptic integrals for the integrals of type (1) has been 
recognized in mathematics. Cf. for this question “Lettre de Legendre a Jacobi: Réponse 
de Jacobi’, Journal fiir Mathematik, vol. 80 (1875), pp. 269-270. 

+ Cf. a paper by Johannis Bernoulli in Acta Erudit. Lips. (1698), p. 462. Also “ Addition 
historique & ja préface d'un mémoire de Lagrange par Jean Plana”, Memoria della reale 
accademia della scienze di Torino. Ser. 2, vol. 20 and the introduction of * Nouvo metodo...”, 
Produzione Matematiche Del Marchese Giulio Carlo De’ Toschi Di Fagnano, vol. 2, p. 317. 

t Loc. cit. in Produzione Matematiche. etc. 
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then (A) as transformed into 


2n-l (z"—+-p)h-! dz 


[(e™ + p)?+ q(2"+ p) try 


If we put x = 2, h = 4 and either p = 0 or p*+ pq +r = 0, we obtain 
as a special case of Fagnano’s theorem: a differential equation of the form 


dr dz 


‘tical ee A — 0, 


Viteetis | Wiitett ie 





rs satisfied by an algebraic function of x and z which is symmetric of degree 
fio in each of these variables, 

Fagnano proved several similar theorems in later papers* which also con- 
eern certain types of elliptic integrals. Thus Fagnano had given an answer 
to the question of Bernoulli which gave real new insight into the theory of 
transcendental functions. He had shown that the same remarkable algebraic 
property which characterized the logarithm and the inverse trigonometric 
functions held for at least certain classes of elliptic integrals. 

The theorems of Fagnano gave the first deeper insight into the nature of 
the elliptic integrals and hence formed the starting point for the further 
progress toward the discovery of the principal properties of these functions. 
As a matter of fact. Euler takes Fagnano’s results as his point of departure 
in the famous memoir,t De ¢nfegratione aequationis differentialis 


mdr TT] dy 
V1 —za* Vi-y* 


The fundamental eriticism that could be raised against Fagnano’s results 
Was that the algebraic integrals he obtained of the differential equations in 
question, all were particular integrals. Now it is obvious that, even if a dif- 
ferential equation has a particular algebraic integral, the complete integral 
might very well be a transcendental function. For this reason Euler took 
upon himself the task of finding an algebraic form for the complete integral 
of the differential equation 


* See Produzione Matematiche etc. Further cf. the note of F. Siacci, “Sul Teorema del 
Conte di Fagnano”, Bulletino di Bibliografia e di Storia della Scienze Matematiche e Fisiche, 
pubblicato da B. Boncompagni, vol. 3 (1870), 

+ Novi Comméntarii Acad. Scient. Petropolitanae, vol. 6 (1756-57), p. 37. 


| 
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dx dy 
) 1—-' V1—y' 


and of deducing from this an algebraic form of the complete integral of the 
more general equation (3). 

From the investigations of Fagnano it follows that equation (4) is satisfied 
by the particular integral 


| | aoe a 
r= a ye 2 


Another particular integral is evidently 


Thus the complete integral must be such that it reduces to one or the other ot 
these two particular integrals for special values of the arbitrary constant. 
Guided by the form of these integrals, Euler finds, ‘‘potius tentando vel 
divinando”™ that the complete integral is given by 


{ aa > all 
(5) s == y' i ek 2A tet I as FE . 
ey. y* 


where ¢ is an arbitrary constant. 

To show that (5) really is the desired integral, one has only to differentiate 
and to eliminate ¢. 

Already in the memoir in question, Euler draws several conclusions of 
fundamental importance from the form in which the integral (5) appears. 
One can even claim that the fundamental ideas concerning the addition 
and multiplication of elliptic integrals of the first order which were known 
before the work of Abel, are actually developed in this memoir by Euler. This 
does not seem to be so well known* as might be expected, and the reason is 
probably in the main the peculiar geometric form in which Euler considered 
himself bound to express his ideas. This form is, however, not at all necessary 
and we now proceed to show briefly how Euler's leading ideas can actually 
be expressed analytically in detail. 


*('t a bs . ene ’ : . . . P , ” 
Cf. Poisson, “Rapport sur l’ouvrage de M. Jacobi, intitulé Fondamenta nova ete.”, 
Mémoires de l’académie royale des sciences de l'institute de France. vol. 10, p. 76. 
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(5) is a complete integral of (4), but such is also the case with 


k 
: | ' dr | dg. f r dx 
(6) : — ss ig a 
J Vi-—x* J Vi—s* J Vi-—s 


where & is an arbitrary constant. This equation has a definite meaning, at 
least when the variable of integration, a, is always real and the three numbers 
r, y and k lie between —1 and +1. If one takes for granted that a dif- 
ferential equation in two variables can have only one complete integral, then 
the equations (5) and (6) are to be considered as different analytic expressions 
for the same functional relation between x and y, if only & is appropriately 
determined in terms of c. If we put y = O in (5), we get « = ¢; and if 
these values of y and « are substituted in (6), we obtain / = c. Hence, 
if the sum of two elliptic integrals of the same form and the same lower limits 





rs equated to a third integral, also of the same form and with the same lower 
Timit, viz., 


2 v c 
, 


ze dr ( dr ‘ . se 
e ] 1 —2* e | |— r « | 1— 2‘ 


0 “ ( 


then the upper limit x of the latter integral is an algebraic symmetric function (5) 
of the arbitrarily chosen upper limits, y and c, of the other two integrals. 
This is the so-called addition theorem for the elliptic integral 


This theorem is often called Evler’s addition theorem because the addition 
theorem coincides with the preceding theorem according to which the com- 
plete integral of equation (4) is a rational entire function of 2 and y and the 


arbitrary constant ¢ of form (3). 
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- 4 


If we put ¢ = y in (7), then (5) and (7) still give the same value of x for 
the same value of 7. We designate this value by y, and obtain 


2yv 1—y! 
1) ? =  , 
(qd Wy 1+, 
(3) 
Ms 7] 
F da dr 
(h) | - - — 92 | = 
4 | 1— y* e | 1— r' 
Then we put ¢ = y, and designate the corresponding value of x by ys, 
obtaining 
yb i—yi+y,b1-—y¥ 
(1) yy = : : moa 
I+ y; y? 
(9) 
Ya u 
a) | a | de 
J Vi—-x J Vi—-s 


If this process is repeated by substituting instead of « in (5) and (7) sue- 
cessively ¥, Wi. oe +++ Yn—2, then y, is determined by (Sa), yz, by (a) and 
so on; thus we obtain a sequence of (2 —- 1) equations of the same form as (8) 
and (9). The last these equations is 


(a) a : a 


(10) 


(h) | dr 2 | da 
be ] ] = — 74 e. | 1 - ioe 
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is equated to another elliptic integral of the same form and with the same lower 
limit, then the upper limit of the latter integral is a certain algebraic function 
of the upper limit of the first integral. This is the so-called mutiplication 
theorem for the elliptie integral 


It is now easy to represent in algebraic form the complete integral of the 
equation 
dy», 
(11) = 
| Same 


The transcendental form of the complete integral is 


In view of the theorems of addition and of multiplication, we have the 
following relation between the upper limits in equation (12), namely 


y, ~Vi—dé+eVi—-y 
(13) y. = Pn. 


1 a ot °° Y 1 


and this is the desired algebraic expression for the complete integral of (11). 
The complete integral of (3) is then immediately obtainable. On account of 
the multiplication theorem, the equation 


da m—1 


| 1 - x 


(14) 


admits of an integral of the form 


m 


mo | ] a. A hh 

















where the meaning of .7,—2, 2 »—s ete. is clear from the preceding text. If we 
introduce y, instead of ,—; in (14) and (15) we find, comparing with (13), 
that the complete integral of equation (3) is 


age i ae ye —- 
’ <8 | 1 Lm—2 TY m—2z y I “~_ Vy 1 l c :* y l § n—1 
(16) : “| on all i = 1 A. a ot sancti na a 
Thy 2 tl Yn-1 


where the meaning of wy,—2, “ma, @tC.. Yn—1. Yn—2, ete. Is Obvious from the 


text above. 

Thus we have found that the complete integral of the differential equation (3) 
is expressible as an algebraic function of the two variables x and y and an 
arbitrary constant. 

Euler ends the memoir in question by showing how the theorems of addition 
and multiplication. as well as the result just obtained, can be extended to 
hold for a differential equation of the general form 





Q0 arse _— =— aawan 


Euler himself saw a great defect in his investigations in the fact that he 
had not succeeded in obtaining his complete algebraic integral by a general 
method of analysis and that consequently his results were without natural 
connection with other parts of the Calculus. His challenge to mathematicians” 
to improve on this flaw was answered by Lagrange in 1768.7 

Lagrange himself designates the following observation as the idea permeating 
his investigation. If a differential equation of the first order is given, of which 
the solution is unknown, we may differentiate the equation and investigate 
whether, by combining the new equation with the old one, we ean obtain 
a complete integral of the first order which does not embrace as a particular 
case the original differential equation. If this process works, then the desired 
complete integral is obtained as the result of eliminating the derivative 
between the two equations of the first order. 

Lagrange now undertakes to apply this principle to the problem of finding 
the complete integral of the differential equation 





* Loc. cit. p. 20. 
7 Sur l'intégration de quelques équations différentielles dont les indéterminées sont 
séparées mais dont chaque membre en particulier n'est point intégrable”, Miscellanea Tau- 
riensia, vol. 4 (1766-69), and (Euvres de Lagrange, vol. 2. 
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dy 
V dAot+ 4 Boi + 6Cz?+ 4 B's + A’ 


(18) 
dy 


V Ay'+4By+6Cy+4By+/A' | 
Instead of this equation he introduces the system of simultaneous equations 


dr 


- V Aot+-4 Bob +60? + 4A Br tA’, 
f 


/ : : . 


and then replaces the variables x» and y by two new variables p and q deter- 
mined by the equation 
o-— 2 == Ds L—y = q: 
If we put 
Ar$+4Ba*+6Cr?+4Br-—A = X, 
(20) ’ 
Ay{+4By'+607?+4By+A4 = Y, 
we obtain 
dp a aa dq = — 
(21) —~=VX-4IN YY, — —-VX—V Y. 
dt x4 } dt 


Differentiating the first equation, we get 
2 4 ( € 

(22) d p 2 1 pes a 1) ; 

dt? 2 \ dr dy 


It remains to introduce p and q in (21) and (22) instead of the old variables, 
and then to combine these equations in such a way that a new differential 


equation of order one is obtained. 
By caleulations of great elegance Lagrange forms out of the preceding 


equations the equality 


dt dt’ 


dt q dt 


(23) = il Ap 4 apl 
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which vields by integration 


] dp 2 
2 ap. 4 fi. sa GB 
(24) 7 ath Ap? +4 Bp+G. 


where G is an arbitrary constant. 

If this equation is combined with the first equation in (21) and p and g are 
expressed in terms of 7 and y, we find that the complete integral of (18) is 
given by 


, 


b Att 4 Be +60 +4 Br +4 
(25) +b Ay +4 B+ 6CPLAB y+ A 


(7 wt Ala + yrs 4 Bir+y)-G. 


Lagrange tried in vain to give his method a more general application and to 
use it for the integration of similar differential equations where the algebraic 
function under the radical was of higher degree than the fourth. Euler, also, 
tried without success to extend the validity of his addition theorem in that 
direction. 

It remained for Abel to present the solution of this problem which is called 
Abel's general addition theorem. To use the words of Legendre, this produet 
of the deepest mathematical thinking has raised for its originator a“ moni- 
mentim aere pere nniws’. Just as Buler’s addition theorem, as we shall soon 
see, formed the foundation upon which Abel and Jacobi erected the theory of 
elliptic functions, Abel's addition theorem later became the base upon which 
Weierstrass and Riemann built the new and magnificent theory which on 
Jacobi’s suggestion received the name of the theory of Abelian functions. 

tichelot showed much later how the method of Lagrange applies to the 
solution of a much more general problem of addition than that of /uler.* 
sefore the publication of the memoir of Lagrange, as early as in volume 7 of 
Novi Commentarii Academie Scientiarum Petropolitane,+ Euler had advanced 
an analytical method for the deduction of the addition theorem which equals 
the method of Lagrange in elegance, and which leads in a very natural manner 
to the desired result if once grasped.t 


* “Cher die Integration eines merkwtirdigen Systems Differentialgleichungen ”, Journal 
fiir Mathematik, vol. 23, (1842), p. 354. 

+ Demonstratio theorematis et solutio problematis in Actis Erud. Lipsiensibus propo 
sitorum, p. 129. 

; The deduction of the addition theorem according to Euler, is to be found in vol. 6 
of Novi Commentarii. 
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Instead of trying to find an algebraic form of the complete integral of (18), 
one could set the problem of trying to transform the differential 















du 
| Art+4 Bo +6Cr?+4B'r+ A’ 


(26) 





by an algebraic transformation into another differential of the same torm and 
with the same constants 
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Lb Ay'+4 By +6C7-4By+A' 
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or, in other words, the problem of expressing « as such an algebraic function 
ot a new variable y that the differential (26) is carried over into the differen- 
tial (27) by this transformation. 

If such an algebraie equation should exist through which the differential (26) 
ix transformed into the differential (27), with the sign plus or the sign minus, 
and it, moreover, this equation should contain an arlitrary constanc, then that 
expression would vield the complete integral of the differential equation 
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In order to arrive at the solution of this equation in a systematic manner, one 
might first investigate whether the differential (26) can be transformed into 
the differential (27) by an algebraic, rational, and integral relation between 
the variables « and y which is of degree one in both of these variables. It is 
easy to show that this is impossible, except for the trivial transtormation « = y: 
the reason being that such a relation contains only three essential constants. 
Whereas the differential in question contains fire. The next step is then to 
investigate whether the desired transformation can be effected by a rational 
integral relation between « and y of the second degree in each variable. 











The most general form of such an equation is 
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@ 1 p ¥ hy tier , , , ' ‘ ” 
(ac? + 2ba+ecyy?+ 2a + 2Vaete)y t+ ala +207 + 
(20) 






=(ay*+2a'yta" ar +2by?+2bytb atcyrtecyte™ = 0. 
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From this it follows immediately that 


(axt*+ 2hate\y+ (aa? + 2b'r+ 0’) 
== J (aa? t+ 2b'a + ')® — (ax* + 2ha +c) (aa? + 2b" 7 + 6")? 
(ay? + 2a'y+a")a+ (by? + 2b'y +b") 


= V (by? + 2h'y +h"? —(ayr+2 ayta")(eyr+ 2cey+e") 


The ambiguity in sign of the radical is removed it we determine arbitrarily 
tor one of the radicals which of the two possible values we give it at a certain 
point; the meaning of the second radical is then also uniquely determined. 

By differentiation we get further 


ay? =-2 ay +a”)a+(h y* +9 by =} i,” )} (ha 


- (ax? + 2bhate) y+(as?+20r4 e’)} dy = 0, 


thus obtaining 
da 


Si aa Ga oa aa , ® 1 ” r ; 
V (ao? + 20 art’)? — (ar?+2hr+e) (a r+ 2h" ar-+ ce”) 


(30) 
dy 
V byt 2h y AB ,” 2 a (ay? » ay | a’) (cy® { » ? 'y Es c”) 
If we consider the way in which the two functions under the radicals are 
formed, we notice that they become identical* if we put 


(31) a = h, ae = «, L” = r 


The equation (30) then becomes 


dy 
’ —————— ene , ) , 
V (ha? —_ Qh x — Cc )? (a@r-- 4 ha 7 ae Y, (ca? -~ Ye pee ) 
(32) 
dy 


V (by? +2h'y a e F®—(ay?+2hy + ¢) (ey? + 2e'y Le") 


Thus we have introduced three algebraic conditional equations (31) between 
the 9 constants contained in (29). If we further introduce the five conditional 
equations which are necessary in order that the differential equation (32) 

* Euler does not set up the general equation (2%) but starts from an equation of a more 
special form in which the constants are already subject to three conditions. Cf. Jacobi. 
Math. Werke, vol. 3, p. 85. 
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shall coincide with equation (28), we have eight independent algebraic equations 
between the nine constants in the transformation (29). We have considered 
only the upper sign in (28); it is easy to see how the method has to be modified 
if the lower sign is also taken into consideration. Thus, eight of the constants 
in (29) are expressible in terms of the ninth one and, consequently, the trans- 
formation (29) contains one arbitrary constant, thereby yielding the complete 
integral of (28). 

We omit the calculation by which this complete integral is formed and 
restrict ourselves merely to an indication of Euler's leading idea as given 
above. We shall develop this idea further in §$ 1 below. 

The transformation (29) is of the greatest importance even in other respects, 
and out of it follows in the most natural manner, not only the addition theorem, 
but also the other fundamental theorems of which the theory of elliptic fune- 
tions was in possession before the time of Abel and Jacobi. 

From this relation Euler deduced the addition theorem for the general 
elliptic integral (1) but, for the purpose at which we are aiming in this memoir, 
we do not need the addition theorem in any form more general than the one 
already developed and hence we shall not spend any more time on this con- 
sideration. 

The differential equation (30) is an immediate consequence of the general 
transformation equation (29). In (29) nine independent constants enter and 
all of these oecur in the first term of (30). Consequently, the latter expression 
ean be made identical with the differential in (26), and that in infinitely many 
Ways since we have four arbitrary constants at our disposal. We have seen 
already how three of these constants can be disposed of in such a way as to 
earry the differential in (26) over into the differential in (27). 

The question presents itself whether it is possible to dispose of the arbitrary 
constants in such a way that the differential (26) is not transformed into 
itself but into a similar expression of simpler form. Such a form would be, 
for instance, one which contained only even powers of the variable. A glance 
at (30) shows that such a transformation is obtained by putting 


(33) 


und — y instead of y. 
The equation (30) is then carried over into 


da 
V —(az?+ 2ba +e) (a"72? +20" 4r +c") 


b (by? +b")? —(ay? + 
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We have only to factor the polynomial ot degree four in (26) into two second 
degree factors, and then equate the coetticients of the left hand side of (34) 
to the corresponding coefficients in (26). In this way we obtain the theorem 
due to Lagiange* that after the differential (26) has been brought to the form 


. da 
(39) ” ” aA 
| —(az?+ Qha —- C) (a yi 2} ree Cc } 
the transformation 
va 9 a’ rs 2h" s + e 
(ob) y= > 
F rE i » ho 7 ¢ 


will carry it over into another differential 


dy 

(37) : 
| a Bi" + yy" 

which contains only even powers of y. The constants «, 8 and y are deter- 

mined by 


. "We mow , ” ” 
(38) ee = h oe ae "le B — Yh) at -=—f@ .. V h?— ae, 


This reduced turm (36) of the differential (26) contains only fwo essential con- 
stants. Putting | @y instead of y and setting 


A . . , 
_ — hilo a g). E pq. 


« ( 


(36) is carried over into 


dy 
(39) 
ba py y*) 


The differential (20), which contin hive snilepe nie nt constants, cite hi trids- 


formed hy means of a substitution of the form (36) cnto another differ ntial (39) 


* Jacobi erroneously credits Legendre with this transformation (Math. Werke, vol. 3, 
p. 85). It is to be found in Lagrange’s paper “Sur une nouvelle méthode de calcul 
intégral etc.’, published in the Proceedings of the Academy of Sciences of Turin (1784-85) 
Cf. Oeuvres de Lagrange, vol. 2, p. 256 
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which contains only tivo constants. This important theorem was discovered by 
Euler but he performs the transformation of (26) into (39) by means of an 
equation Which is of the first degree in both y and x. 

Thus we have seen how Euler carried the differential (26) over into another 
differential (27) of the same form and with the same constants by means of 
a transformation of the general form (29). From this transformation arose ' 
Ewer's addition theorem. We have seen further how Lagrange and Euler, 
using other transformations also of the general form (29), reduced the differen- 
tial (26) to the normal form (39). 

However, this does not exhaust the importance of the transformation (29), ’ 
To this general form belongs also the peculiar Gaussian transformation by 
means of which we ean transform the normal form (39) into another diiferential 
ot the same form but with d¢fferent constants. d 

If we put 

2y 


) r= ’ 
(40) ea gy ; 


in 
to 


p= pth ye, p= Manta). 


(41) 
41 pt pa, vi] lan. 


we obtain ; 
2(1—4q*y’*) 





dy ges dy, ; 
(1 + qi : 
(l—pry) A—-gGy) 
(42) 1—p*a? io Fa ell. 
G+-gy) | 
2,2 ig} 
[—¢" 2 | =a qty? ; 
and consequently 
dr 2 dy 
Ve (L—p? x?) (1g? 2") ba—py)d—qy) 
(43) 
d(2y) 


Vo—GpFey) Gay ey] 


If. for a differential ot the form (39), we write the multiplication theorem 
according to Euler with » == 2, we find that the middle term in equation (43) 
is transformed into 


(44) lin 





Vapi) dam) 
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by the transformation 


, 2y aa, ae ae ae 
F ——.. So —~al ath (hana ot 


The last equation may also be written 


2y | ( — p? y’) (l—¢@ y’) 


ome ea q y “(1 —¢ y)? 


Thus, in view of (40) and (42), the differential (39) is transformed into the 
differential (44) by means of the transformation 


| -p* x* 
(46) on ta 
i~¢_ x” 


Hence, we obtain the following two theorems, namely, 
A.a) The differential 


da 
V1 — p*2*) (1—q? 2”) 


is carried over into a new differential of the same form 


dy 
bOo—Garyy—-G wy’) 


by the transformation 


xand y vanish simultaneously. Instead of the old constants p and q, new 
constants, $p, ond 4q,, appear which are given by the relations 


bp, = 4(p+V p*—q), ba, = 4(p—V p?—q’). 


If we replace y, 3p; and 4q, by 7, p and q respectively and p and q 
by 2p, and 24, we obtain 
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A.b) The differential 
dx 
sie p? a) (1 — qa?) 


is carried over into a new differential of the same form 


dy 


b1—4p? ¥’) U—4@ ) 


hy means of the transformation 


tL 


4 —— 1 i pqs? . 


rand y vanish semultaneously. Instead of the old constants p and q, new 
constants, py and qy. appear which are given hy the relations 


ia } (p Tq), nA = | py 
Similarly formula (46) will give us two transformation theorems. The first 


of these is obtained by replacing y;,, p, and q,, by 7, p and gq respectively. 
Boa) Thi diff rential 


dar 
ae — >)’ my —q’ x*) 


ws carried over into a ditt rential of the same form 


dy 
bd—py) i—Gy) 


hy means of the transformation 


r= y\BOtore | 
7 1— pay’ 


rand y vanish simultaneously. Instead of the old constants p and q new 
constants py and q, appear which are given by the relations 


fi } (p-+ q. aq | Pq 


21° 
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B.b) The differential 
dr 
Va p?r*) (1—¢* 2°) 
is carried over into a new differential of the same form 
dy 
1} (i1i— Py y") (l—gq; y") 
by means of the transformation 


; 1—g*? a? 


xand y vanish simultaneously. Instead of the old constants p and q, new con- 





stants, D1 and dis Gppear which are given hy the relations 


yi = pot p—q, vR p—l p—q. 


We have seen how the first of these two transformation theorems, theorem A, 
is contained as a particular case of the significant transformation (29). We 
have seen further how the second, theorem B, can be obtained from the 
former by a simple application of the multiplication theorem which also is 
deduced from the same transformation. The discovery contained in these two 
theorems Was a new conquest of fundamental importance for the theory with 
which we are concerned. Once a normal form of the differential 


dy 
V Azt+ 4B + 6Cr?94+ 4B’ r+ A’ 


has been found containing the minimum number of independent constants, it 
is possible to transform this normal form further without increasing the 
number of the constants. 

The transformation theorem B was discovered in 1771 by Landen* who 
does not seem, however, to have fully understood the value of his discovery. 


* Philosophical Transactions, (1771). Landen’s investigations are further developed in 
“On the Investigation of a General Theorem for tinding the Length of any Are of any 
Conic Hyperbola, by Means of Two Elliptic Arcs, with some other new and useful Theorems 
deduced therefrom.” Philosophical Transactions, vol. 65, (1775) p. 243, and in “Of the Ellipsis 
and Hyperbola,” Mathematical Memoirs by John Landen, F. R.S., London, 1780, p. 23. 
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Lagrange* was the first to correctly appreciate the importance of Landen’s 
work. He tried to obtain a transformation of 
i dx 
P Va— pnya- q* x*) 


into another differential of the same form but with different constants, his 
purpose being to obtain means for an approximate calculation of the integral 





{ da 
‘ bd — p* a*) (1 —q? x?) 


by repeated transformations in order to make the integral approach an are 
sine indefinitely. With this purpose in view he proposed the transformation 
theorem B, and it is probable that he had discovered this theorem indepen- 
dently without knowledge of Landen’s previous work. These investigations 
by Lagrange are contained in the Transactions of the Academy of Sciences 
of Turin for the years 1784-85.+ The transformation theorem A, though 
simpler, was not published until 1818 by Gauss who used it for solving 
a mechanical problem.t Ender's addition theorem and the transformation 
theorem of Landen and Lagrange were the two fundamental ideas of which 
the theory of éliiptie functions was in possession when this theory was brought 
up for renewed consideration by Legendre$ in 1786. During four decades he 
was the only man who added investigations concerning these integrals to 
mathematical literature. His broad investigations are collected in two big 
publications: EXvercises de Caleul Intégral and Traité des Fonctions Elliptiques. 

Granting the merits of Legendre’s! work, and the great importance one has 


"Cf. Enneper: Elliptische Funktionen, Theorie und Geschichte, Halle (1876), p. 307. 
This textbook is full of historical information. 

7 Sur une nouvelle méthode de Calcul Intégral pour les différentielles affectées d'un 
radical carré sous lequel la variable ne passe pas le quatri¢me degré”, Mémoires de Académie 
royale des Sciences de Turin, vol. 2 (1784-85); Oeuvres de Lagrange, vol. 2, p. 253. 

}Determinatio Attractionis quam in punctum quodvis positionis datae exerceret planeta 
si €jus massa per totam orbitam ratione temporis quo singulae partes discribuntur uni- 
formiter esset dispertita”, Commentationes soc. reg. scient. Gottingensis, vol. 4 (1818), 
yp. 21-48; also Werke, vol. 3, p. 352, et seq. 

$ ‘Mémoire sur les Intégrations par Ares d'Ellipse”, Histoire de l’Académie Royale 
des Sciences (1786), pp. 616-643; “Second Mémoire sur les Intégrations par Arcs d'Ellipse”, 
Hist. de l’'Acad. des Sciences (1786), pp. 644-683. 

| In addition to the memoirs of 1786, Legendre has published the following investigations 
on elliptic functions, namely, 

(1) “Mémoire sur les transcendentes elliptiques, lu A la ci-devant Académie des Sciences 
avril 1792", Paris, L’an deuxiéme de la République. 

(2) “Exercises de Calcul Intégral sur divers ordres de transcendents et sur les Quadratures ", 
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to attach to it. it must be admitted that he did not add any new mathematical 
ideas of fundamental importance to the discoveries of Euler and Lagrange. 
He has drawn many conclusions, previously unstated, out of the fundamental 
concepts which we have expounded above, and on that foundation he has 
erected a mathematical theory of great extent. Still, the real intrinsic nature 
of the functions he was engaged in studying escaped his notice altogether. 
One of the chief merits of his investigations is that he showed that all 
elliptic integrals could be reduced to three fixed canonical forms which in 
trigonometric form can be written as follows 


. | dy 
Fg) = 
J | i—h’*sin?g 


oO 
’ 


, dy 
Tig) = — ee 
J (l+nsintg) b 1—hk* sin? ¢ 


But the most profound idea which is due to Legendre in this field of 
mathematics is that he raised the question whether it Was possible to propose 
a more general transformation problem than that of Landen, Lagrange, and 
Gauss. The transformation of Gauss consists in replacing the variable « by 
a new variable y which is a certain rational function of « of the second degree; 
Legendre tried to generate another similar transformation by letting y be 
a rational function of « of the Azrd degree, and actually succeeded in finding 


Paris (1811). A second volume of this book appeared in 1817 and the year before, 1816, 
a third volume. In the introduction of the second volume Legendre mentions that he has 
published a supplement to the first volume in 1811. 

(3) “Traité des fonctions Elliptiques et des Intégrales Eulériennes. Tome premier, 
contenant la théorie des Fonctions elliptiques et son application a different problémes de 
Géométrie et de Mécanique”, Paris (1825). “Tome second, contenant les méthodes pour 
construire les Tables elliptiques, le Receuil de ces Tables, le Traité des integrales Eulériennes 
et un Appendice”, Paris (1826). Also on account of the publications of Abel and Jacobi: 
“Premier Supplément et Deuxié-me Supplément” (the latter dated Mareh 15, 1829), and 
“Troisiéme Supplément”, (dated March 4, 1832). 

(4) “Note sur les nouvelles propriétés des Fonctions elliptiques découvertes par M. Jacobi”, 
dated February 11, 1428 and published in Astronom. Nachrichten, vol. 6, no. 130, pp. 201-208; 
this number appeared in Altona in February 1828. 
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such a transformation.* It seems, however, as if he was prevented from con- 
sidering the general problem of finding all possible transformations in which y 
is a rational function of 2 of arbitrary degree by relying on certain peculiar 
geometrical intuitions which are really foreign to the nature of the subject.t 
But even if he had set himself this question, and even if he had managed to 
prove the possibility of solving it, the problem of actually representing this 
solution was far from the stand-point occupied by Legendre. This required 
the introduction of certain essentially new fundamental concepts, the discovery 
of which was reserved for Abel and Jacobi. 

These new discoveries were presented to the scientific world through the 
simultaneous publications of Abel and Jacobi in September 1827, a date 
that will always mark an epoch in the history of mathematies.t 

Jacobi had penetrated deeply into the general transformation problem 
which Legendre had touched upon without recognizing its full significance; 
and his endeavor to solve this problem led him to the new theory of elliptic 
Junctions. 

The profound algebraic investigations of Abel had led him to seek the 
answer to another question. Gauss had indicated as early as 1801 in his Diés- 
quisitiones ArithmeticaeS that the results published concerning the division of 
the circle could be extended to hold for the Jemniscate. The differential of the 
are of a lemniscate belongs to the general form (26). The multiplication 
theorem of Euler showed how to transform the x‘" multiple of a differential 
in «, of the form (26), into another differential in y, (27), of the same form and 
with the same constants. This transformation was effected by equating y to 
a certain rational function of « of degree n®, whereas in the corresponding 
problem for the inverse trigonometric functions this rational function was of 


’ Cf. Traité des fonctions elliptiques, chapt. 31. It appears from the correspondence 
between Jacobi and Legendre, and also from a foot-note in Jacobi'’s first note in Schu- 
macher’s Journal, that Jacobi was not cognizant of Leygendre’s transformation at the time 
of the publication of the note mentioned. As a matter of fact, this transformation was 
published for the first time in the first volume of Traité d. fonct. ell. It is true that this 
volume was printed in 1825, but the publication as a whole was not available at the book- 
sellers’ until January 1827. Cf. “Correspondance mathématique entre Legendre et Jacobi”, 
Journal fiir Mathematik, vol. 80, (1875), p. 215. 

t+ See the page quoted in vol. 80 of Journal f. Math. 

$ Abel, “Recherches sur les fonctions elliptiques”, Journal fiir Mathematik, vol. 2, no. 2, 
p. 101. According to Borchardt — ibid., vol. 80, p. 206 — this number appeared in Berlin 
in September 1827. 

Jacobi, “Extraits de deux lettres de M. Jacobi de l'Université de Kénigsberg a l’éditeur”, 
Astronomische Nachrichten, vol. 6, no. 123, pp. 33-38. This number appeared in Altona 
in September 1827. 

§ [Loe. cit. Maser’s German edition, Berlin (1889), p. 397. Translator’s note.] Werke 
vol. 1, p. 412. 
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degree n. Thus the division problem for the /emnéscate depends upon the 
solution of an algebraic equation of degree x* while the corresponding division 
problem for the e¢rcle depends upon an algebraic equation of degree nx. In the 
latter case the meaning of the x different roots was easily interpreted; in the 
former case, on the other hand, the meaning of the roots was quite puzzling 
as the greater part of them were complex numbers. It was probably the 
endeavor to perform this extension of the division problem, indicated by Gauss, 
and at the same time to explain the difficulties mentioned above, which led 
Abel to the discovery of the elliptic functions.’ 

The reference in Disquisitiones ar‘thmeticae mentioned above shows that 
Gauss as early as 1801 had some knowledge of quite a few of the theorems 
Which were later found by Abel and Jacobi. The correctness of Gauss’ 
declarations by word of mouth in letters? that he had been in possession of 
the elliptic functions and their chief properties trom the end of the eighteenth 
century, has been fully proved by Schering’s publications of Gauss’ post- 
humous papers.z 

This ends our historical survey of the investigations which prepared the 
way for the discovery of the theory of the elliptic functions. It follows from 
Euler's addition theorem that the simplest of the elliptie differentials Is given by 


dr 
V Aa +4 Bo + 6Cr? + 4B’ t A 


dn 


hence the efforts to integrate this differential equation became the starting 
point of the new theory. Thus when we proceed to give a presentation of 
the main roads along which one ean arrive at the elliptic functions, it is natural 
for us to begin with a description of the roads which start from the study of 
this differential equation. This is not only historically the oldest procedure, 
but it leads also to the goal with a minimum use of assumptions from function 
theory and thus gives the closest connection with elementary mathematics. 


*(Euvres completes de N. H. Abel rédigées par Holmboe; Extraits de quelques lettres 
de auteur a léditeur, vol. 2, p. 271. [Same volume, p. 262, in the new edition by Sylow 
and Lie. Translator'’s note.] 

Lejeune-Dirichlet, “Gedachtnisrede auf Carl Gustav Jacob Jacobi", Journal f. Math., 
vol. 52, (1856), p. 199. 

7 Consult especially statements in letters to Schumacher: “Briefwechsel zwischen 
C. F. Gauss und H. C. Schumacher,” herausgegeben von A. F. Peters. [Also consult Gauss’ 
letter to Bessel of March 30, 1828 in “Briefwechsel zwischen Gauss und Bessel”, Leipzig, 
(1880), p. 477, reproduced in Gauss’ Werke, vol. 10:1, p. 248, T. n.J 

} Gauss’ Werke, vol. 3, p. 231 et seq. [Further cf. Werke, vol. 10:1 Analysis, especially 
pp. 145 325, also many entries in the diary, reproduced on pp. 485 574. The first entry 
on lemniseatic functions is dated January &, 1797. Translator’s note.] 
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§ 1. 


The reduction of the differential equation 


: dx 
(1) - ’ 
L R(x) 
(2) R(x) Ax'+4Bx*--6Cx*—4B’'x-+- A’, 


to the normal form of Weierstrass and the deduction of the 
addition theorem. 


We make the following assumptions concerning the constants entering 
in RCr). The constant A may be zero, but 2 shall not vanish simultaneously 
with A. Further the roots of A(a) == 0 shall all be unequal; otherwise the 
differential equation (1) would reduce to an equation whose solution would be 
a trigonometric or algebraic function. 

Turning to the problem of finding the functional relation between the 
variables # and uw, which satisfy equation (1), the first problem we have to 
solve is to reduce the equation to the simplest possible form. 

We shall first find out what simplifications can be effected by the introduction 
of a new variable 2’ instead of such that a bilinear relation holds between 
v and x’. The general form of such a relationship is given by 


(35) (er’ +d) evt+az’' tb = Q), 
or 
aa’ + 2’ 
‘ rt+o 
Then we have 
«<d—Z, 
dl ; ° d / is 
(r+ 0)* 
We put 
; (r’-+- A)! aa’ +B 
(4) Ry Gar ) h | ai |. 
ar’ +o 


(«a B—0)* 


Consequently 2, (2’) is an integral rational function of a of degree four. 
if we determine the sign of V2, (a’) in such a way that the relation 


(a + 0)? ——— = 


(2) PR)  «p—o 
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holds. we obtain 
nr dev i da’ ~~" 
} R(x) 


(0) 


R, (r’) 


Thus the transformation (3) carries the differential equation (1) into a new 
differential equation 
da’ 


(7) - == du. 


V R, (2’) 


We shall now try to simplify this transformed equation by an appropriate 
choice of the constants «, 8 and 6. The equation (4) can be written 


(x + 0) _ B—ad 
R, (a = (ap — 6)? R (cc — eb 3 
| ee a 
ee ee : a 2. ie © $i > r- j\2 
(8) (8 «d) (a + 0) Fer (r + 0)°4 rT PR (@) (x 4+- 0) 
1 


- 3 R’” (a) (B — @d) (a + 3) + a Rh (a) (8 — «d)*, 


This formula shows immediately: 

(1) The coefficient of the fourth power of «in PR, (2) can be made to vanish 
by equating @ to one of the roots of R(x) = 0. 

(2) It is not possible to make the coefficient of the third power of «° vanish 
simultaneously with the coefficient of the fourth power. 

(3) « being determined through the equation 2 (@) 0, we can make the 
coefficient of the second power of 2’ vanish by introducing a certain linear 
and homogeneous relation between 2 and 0. 

(4) We can give the coefficient of the third power of a’ a definite numerical 
value by introducing still another linear relation between 8 and 0. 

Thus, by means of the linear transformation (3), we can transform the 
fundamental differential equation (1) into a new differential equation (7) which 
contains only fwo constants instead of the previous fire. The coefficients of 
z and x” are zero and the coefficient of 2” has a definite numerical value 
which is independent of the five constants in F (r). 

One can look at the equation (3) from another point of view, namely as an 
integral of the differential equation (6). This integral is a particular one, 





THEORY OF ELLIPTIC FUNCTIONS. 297 


since to every given value of one variable corresponds a perfectly definite value 
of the other. Then the question arises: Is it possible to generalize this 
particular integral in such a way that it becomes a complete integral? Or in 
other words, is it possible to find a relation between the variables « and z’ 
Which satisfies the equation (6), and, moreover, such that the two variables 
ean be given arbitrary initial values? A complete integral of our fundamental 
equation 
da: ae 

V R(x) 
must permit the designation of arbitrary initial values forthe variables z and u. 
If it is possible to find a relation between « and a” of the type mentioned above, 
much would be gained. On the one hand the differential equation 


dv 
- = du, 
V R(x) 
which contains five independent constants, would be reduced to a new 
differential equation 
da’ 


LR, (2') 


Which contains only feo constants. On the other hand, after the initial 
values of w and a’ have been fixed once for all, an arb/trary initial value 
of « could always be made to correspond to the same initial value of 2’. 
Thus the investigation of the comp/efe integral of our differential equation (1), 
would be reduced to an investigation of a certain particuar integral of the 
reduced differential equation (7). In the former case we have to do with 
a functional relation between two variables x and «, involving s¢r independent 
constants; in the latter case our problem would be restricted to the con- 
sideration of a functional relation, invelving only fro constants. Thus the 
simplification to be gained by the discovery of the comp/efe integral of the 
differential equation (6) is considerable. 

We know that this equation admits of a particular integral which is an 
entire rational funetion of the first degree in the variables x and x’. Hence 
it is reasonable to look for the complete integral among the entire rational 
functions of the second degree in the variables a and 2’. 

The general equation of the second degree between two variables can be 
Written 
(9) La'*+ Me'+ N= 227°4+M r+M, = 0 
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where L, Mand are algebraic functions in « ot the second degree and 
L,. M, and XN, are integral algebraic functions in a’, also of the second 
degree. 

From (9) we obtain 


2Le'+M=V M*—4ALN. 
(10) 
2 Lx - M, . l M?: ae 4 L, Ni ’ 


1 
and consequently 


dr da’ 
(11) - —-=— 
V M*—4LN | Me—4L, %;, 


The functions under the radicals are at most of degree four. Thus if we 
want to make the differential equation (11) identieal with the differential 
equation (6), we must be able to determine the n/ne constants in (%) and 
a tenth constant k* such that the following equalities hold, namely 


(12) M*—4 EN : i? R (vr), 
(13) M—4L,N,= lB, (2’). 


If these two equalities are to hold, it is necessary first that the different 
powers of « have the same coefficients on both sides of equation (12). 
This implies five algebraic equations between our fen constants. Further, since 
in R,(x’) the coefficients of the fourth and the second powers of #’ must be 
zero and the coefficient of ’* has to have a certain numerical value, we have 
three more algebraic equations between the fen constants. Thus we have 
altogether eight algebraic equations between our fen constants. A glance 
shows that all the equations are homogeneous and of the second degree 
in the ten constants. Hence we can give one of the eonstants a suitable 
numerical value, and are still left with eight algebraic equations between nine 
otherwise independent constants. Thus one constant remains arbitrary. If 
this constant enters in our algebraic conditional equations in such a manner 
that we can assign arbitrary initial values to the associated variables « and 2”, 
then the equation (9) is the complete integral of (6). 

We write” 

(14) L=iz*t+urt+y,. 
“The elegant calculations which we are going to carry out, are essentially the same as 


those which Weierstrass used to give in his lectures. [Cf. Weierstrass’ Mathematische 
Werke, vol. 5, Chapt. 1. T. n.] 
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One of our eight algebraic equations has to express that the coefficient of 
the fourth power of x’ in F (v’) is zero. In view of (9) and (13) this equation 
is given by 


(15) u*—din = 0, 


Therefore, it follows that 


t= i (e+ HY) 


2h] 


On account of the homogeneity of the eight algebraic equations we can give 
an arbitrary value to one of the ten constants. Let us set 


(16) 


obtaining 


L = («+ ay 


Instead of « we introduce a new constant 7» by setting 


(17) 


Consequently 


(18) s (7 — 1%)?. 
Now we proceed to deduce the five conditions arising out of (12), We have 


M*—/? R(x) 


7 41. 


Since Vis an integral function in «, M?—/*? R(x) must be exactly divisible 
by Lor (r —.2»)%. Thus the coefficients of the first and the zero power of 
v-~ao in M*?@—k*? R(x) must be zero. This gives two of the five equations 
arising from (12). We ean write 2(2) in the form 


4 


. a . 
R(x) = Bs Mn (ar = T we 
n=0 
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where 7, (2 = 0, 1, .... 4) are functions of 2. Further we can write / 
in the form 
— 


(20) w= » Mn (U— IX)”. 


oa 


it 0 


Thus the two equations mentioned become 


(21) m? — h* r, = 0. 2m, m, —/- Yr, = W, 


Instead of mp and mg we introduce the quantities g and h, determined by 
the equations 


Vo h 
(22) Hig ie 9 lily - . 
q q 
thus obtaining 
‘ y Vo / 
(23) ;* —= ee Why = 
q” 24 
and consequently 
s 1 [ Vy - A 
(24) M — on (2 — Zo) + hilar Xet is 
q z } 


and, dividing LZ into W*— AK? Rix). 


; l . 
A = Ly +-2r,h—i Vs) > (/) 1 = Va Fg) NT Xo} 


47 [GC 1 


<S 
©r 


- (h? — te hs Xq)*}. 


Thus we have determined the three coefticients of N in terms of previously 
introduced quantities, and the fire equations which arise out of (12) are 
contained in (23) and (25). 

It is easy to determine L,, .,, .\; by means of the expressions for L, MV 
and .V, given in (18), (24) and (25). However, instead of L,, 4/,, V, we intro- 
duce three new functions L’, M’, N’, determined by 


(26) De? + Ma'+N = L,2?4+ Mort N, = L'(e--25)?+ M (x1—ay) + ™. 
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This enables us to write 


h , hi? — ro V4 
x + ————_ = 


g 4g? 


Moony hni—rors _ 


39° 47° 


] 
2! 1 4.2 o> _ » 
o> ei + Or, a1, %,) 


Observing that 


(28) Mi —4L,N, = M?*—4L'N’, 
we see from (13) that 


h . h ) 


» & r | r' 
v . os or 
' = 24 


R(x) = 49 {'— 


39 
(29) 





tener (hk 
| 49 l aq) + 


So far we have introduced sir of our eight algebraic equations. The re- 
maining fo express, one that the coefficient of «’* is a certain number, the 
other that the coefficient of «’* is zero. It appears from the form of the 
coefficient of the third power of x’ in (29) that a simple way of choosing this 
number is to equate it to 4. Then we have 


(30) g = 1. 


The remaining equation whereby the coefficient of the second power reduces 
to zero is —6h+ ry, = 0, or 


(31) 
Consequently, we have 


(32) R,(a’) = 42°53 — goa’ — gs, 
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where 


(33) 


The equations (23) and (25) represent the fire equations which we obtain 
by equating the coefficients on both sides of the equation (12). By (16) we 
have made an arbitrary determination of one of the ten constants which were 
connected by eight homogeneous equations at the start of our investigation. 
By means of the equations (15), (30) and (31) we have made the coefficients 
of the fourth and the second powers of.” in 2, (2’) equal to zero and given 
the coefficient of the third power the value 4. 

By means of these equations the xe essential coefficients of the problem 
are expressed in terms of the coefficients of 2 (s°) and an arbitrary quantity 7. 
Thus the two constants which enter in Ay (x) are expressed in terms of the 
coefficients of R (7) and in ferms of vo. However, the dependence upon 7 is 
only apparent; differentiating (1%) with respect to and observing that this 
derivative is identically zero, no matter what value « has, we obtain 


di diy 
o = Rx). i 27, = ; 
’ . ‘ , bi "8 Ar, 
(34) 
dis dis dr, 
rr 2 So. a 0 
yy . dry dy 
and consequently 
" dis ly. 
(3D) Ie (), C4 = () 
d In dre 


Thus we can express g. and gq, in terms of the coefficients of F(a) by simply 
putting 7 = 0 in (33). We then obtain 


gz == AN+3C°*—4BD., 
(36) 
Ys ACA +2 BC R.A a oe cn 


Instead of x’ and &, (x) we introduce the notation of Weierstrass, namely 


ee A S = R, (’). 
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obtaining 
7) ‘ 4 e Yo x 


In view ot (10) and (34). a simple calculation gives 


| Rag) I Ror) -- R (ao) 4 4 BR (19) (a - to) 7 
2 (7 -- 1)* 2440 \Xo) 


{| Ria 4 | R (ro) 3 
| r— a 


l 
4 


This equation satisfies the differential equation 


} y / < 


“il 


WD Sr OC ur 4.72’ 9 P | 4.3 - Ya en 


it only the meaning of the radieal on the right hand side is correctly deter- 
mined. It further contains an arbitrary constant » Which ean be determined 
in such a way that arbitrarily ehosen initial values can be assigned for s and wv. 

Thus we have sueceeded in solving our problem and have obtained the 


complete integral of equation (39) in the expression (38). A glance at (38) 


shows that. if we let 7, be the arbitrary initial value of «. the variable » will 
always reeeive the same initial value. namely so ”. 
Differentiating the first formula in (38) with respeet to. and using for- 


mula (39), we obtain further 


Which shows. among other thines. which of the two values of |S corresponds 
to preassigned values of b R(x) and | R(x). 


By means of the equations (39) and (40), s and VS ave CLPVESSE d rationally 
wn terms ofa and | Ra ¥ From (9) and (10) it follows that we cah also 
erpress « and VR(x) rationally in terms of s and VS. We leave out the 
actual development of these formulas since they are not of essential importance 


to the solution of our main problem. 
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Thus we obtain the following theorem: 
The ditherential equation 


di 
= du, 
} dott 4 Boi + 6Ca*4+4Br+A 
containing five independent constants A, B,C, B’. A’, in which the variable x 
is given the arbitrary initial value ap, is transformed hy means of equation (38) 
into a new differential equation 


ds 
| 4 3 —= Ys s 


dit, 





V3 


containing only two constants gs and qs. The constants are rational, integral 
functions, (36), of the constants mentioned above and, to the arbitrary initial 
ralue XL of 2, always corresponds the value @ of s. The equation (40) shows 
which of the tivo values of | S corresponds to preassiqned values of V Riv) 
and V R(x). 

We do not restrict the generality of our conclusions by always assigning 
zero as the initial value of the variable w. 

This theorem can also be expressed as follows: 

If it is possible to find a functional relation between the variables s and ua, 
satisfying the differential equation 


ds 


dit, 


m 
7) 
4 a) 








J2 8 — Ys 

which is such that S hecomes mn finite when “ul hecomes ZOTO, then ue have at the 
same time obtained a functional relation hetween the variables x and wowhich 
satisfies the differential equation 


dy 
, = du 
VArtt+4 B+ 60 r +4 Br tA’ 
and is such that the variable x takes on the arbitrary value ro for ” QO. xis 


a certain rational function of s, VS, ro and Vo Ray) which for an infinite 
value of s takes on the value So. Thus we need only to CIPVess 8 in terms of u“ 
im order to obtain the functional relation between the variables x and u. From 
the equation (40) we find which of the tivo values of VS to use. 
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It is now an easy matter to obtain Euler's addition theorem directly.* 
Euler set himself the task to find the complete integral of the differential 
equation 

da da’ 
(41) 
| Rix) | Riz’) 


which can be replaced by the two simultaneous equations 


dx ds 
— = du See 
VR (xr) Vs 
(42) 
da’ ds 
——$ = dy = —— 
b Rix’) Vs 


Now, if we choose arbitrarily the initial values 7, and #, and the 
quantity « and determine the corresponding values of the radicals, we find 
from the relations (38) and (40) that s and S are rational of functions z, 2%». 
1 Riv) and J Ria). Likewise we find that 2’ is a rational function of « 
and |} Sand of #) and V R(2%). Consequently x” becomes a rational function 
of ai. ao, vo and | Rix), | Rix), | Rix); this function satisfies the 
equation (41) and has, moreover, the property that « takes on the arbitrary 
value 7, when 2’ takes on the arbitrary value 7. 

Thus we have obtained the following theorem: 

The differential equation 


da dy’ 
Ve R(x) } Rs’) 


vr the simultaneous differential equations 


, 
da dar 
: du, du, 


Lb Rix) 1 Ria’) 


are satisfied by a certain definite algebraic function af « and x’ such that x 
is rationally expressible in terms of x, and the corresponding value of | R(2), 
the arbitrary constants a, «1 and the corresponding | R(x) and | R (2%). 
r’ takes on the arbitrarily eneuesiian ralue xy when x takes on the arbitrary 


“ This remark is due to Weierstrass. 


i’ 
iad “ 








a al oe 





Pes eee ne 
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ralue ay. Likewise, LR) is a rational function of a, Lb R(x), Xo, | R (x). 
roand Ve Riot). Thus the meaning of V R(x’) is uniquely determined as soon 
as the values of | Ror. Ve Rory). and VeR&x)) have heen fired. 

This is Enler’s addition theorem. 

Thus we have succeeded in reducing the general differential equation (1) to 
a simpler form. as well as in proving the fundamental property which is known 
after its discoverer under the name of Euler’s addition theorem. 

We must bear in mind that all the results which we have obtained so far 
are of a purely forme/ nature. What we have aetually found can be summed 
up as follows. We have found one algebraic tunetion of and s which satis- 
ties equation (39) /denfieally, and another algebraic function of «and 7’ 
which satisfies equation (41) /dentiea//y. But this does not. however, show us 
anything about the nature of the functional relation that connects the variables 
rand » that satisty the original differential equation (1); we do not even 
know whether any such relationship exists at all. Neither do we know whether 
the solutions contained in the formulas (3%) and (41) are the most general 
ones possible. It ix true that we have designated them by the name of 
complete integrals but our eonelusions are valid whether there exist) other 
functions satisfying these equations or not. 

The problem of finding the functional relationship between the variables 
r and » whieh satisfy the differential equation (1) and of representing this 
relationship analytically. can be looked at from two essentially different 
points of view. 

We can regard » as the independent variable and # as the dependent one, 
and study the relationship from this starting point. Then we immediately find 


Hi 
if | 
‘ 1} Ris) 


or, the desired relationship is obtained by equating « to a certain ed/ipty 
mteqgral of. This was the sole point of view of mathematicians before the 
time of Abel and Jacobi. It was not possible to get very far along this line 
since this elliptic integral was not well defined. For Euler and Legendre, as 
well as for Abel and Jacobi, the integral had a meaning only when the coet- 
ficients of R(x) were real, the limits of integration were real and the variable 
of integration ran through a range of real values, from 7, tor, not containing 
a root of R(x) — 0. It is true that the elliptie integral has a much wider 
region of definition, and it is also true that the integral yields the complete 
solution of the problem if it is taken in its most general sense. This, however. 
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cannot be seen without leaving the domain of elementary mathematics, and 
employing several general theorems from function theory, the proofs of which 
rest on ideas unfamiliar to the founders of the theory with which we are 
concerned, Thus the adoption of the second point of view in regard to the 
problem of integrating equation (1) became a measure of sweeping importance. 
Instead of regarding « as the independent variable and » as the dependent 
one, one can turn the question around and consider ~ as the independent 
variable and a as dependent. The introduction of this idea was destined to 
lead to a complete solution of the problem, and by means much more simple 
than required by the other method; as a matter of fact, it appeared that x 












was a much simpler function of » than w of 7. 

Before we pass over to the development of these ideas, let us consider the 
importance of the addition theorem when we apply the former or the latter 
point of view to the integration of our differential equation. 

Under the assumptions developed above for the former point éf view and 
under the further assumption that there is no real root of (7) = O between 
any two of the quantities 1». .7, 6. 2’. we find that 











dr 
| Rix) 






da 
| Rix) 














’ 


da [ da 4 da 
| | Rr) | Rr) | | Rix) 


. 








No ly " 





satisties equation (41). If, furthermore, we can show that there is only one 
relationship between the variables 2’ and « which satisfies such an equation 
and which permits the assignment of arbitrary initial values for the variables. 
then we obtain the theorem of Kuler: 

If the sum or the difference of fiwo elliptic cntegrals of the form 










da 
| Rr) 










is equated to a third integral of the same form, and if further the lower limit 
of integration and the coefficients of the function under the radical are the same 
for all three integrals, then the upper limit of integration of the third integral 
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is an alg bree function of the two othe upper limits, the common lower limit, 
and of the corre sponding values of 1 R(x). 

On the other hand. let us start out from the latter point of view, and assume 
that. at least on certain continua of values of « and w in the neighborhood 
of w= Oand. 0, we ean find a uniquely determined function 


/ y (ied, 


satistving the differential equation 


ha 
it, 
| Ri r) 
and such that 
Ig {f (O)), 
Then the function 
»" { {04 -e- 2°) 
satisties the differential equation 
dav 
, dit. 
| R FE sil 


if « is determined in such a manner that 
my = & (7) 


and, moreover, v is so small that both » and «+ 7 belong to the values 
of uw for which the function ¢() is defined. Then VR (x) p(w) and 
| R(x) = f (7), and the addition theorem reads: 

If there exists one and only one function x yu) which is uniquely defined 
on a certain continuous range of the variable u in the neighborhood of u = 0, 
satisfying the differential equation (1),andifu, ve and uv are values helonging 
to the range mentioned, then plu+v) isa rational function of gw, PW 
gy’ (u) and g(r). 
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§ 2. 


Abel’s deduction of the general solution of the differential equation 


dx 
(1 a = @ 
V R(x) ’ 
(2) R (x) Ax' -4Bx'+6Cx?*+4Bx-—A’. 


We have seen that the efforts to deduce the general solution of the equation (1) 
trom the elliptic integral 


» j da 
ee oo vf 
e l Ra) 


a 


must fail, since the integral has a definite meaning only in very special cases 
as long as we wish to avoid the general theory of complex integration. The new 
idea, namely, to consider . as a function of « instead of the older practice of 
regarding # as a function of #, must appear rather strange at first sight. The 
older way of looking at the problem has the appearance of being the direct 
way, and if that fails the converse method would be still less likely to lead 
anywhere. 

Let us assume that the coetticients of # (a2) are real, that the lower limit 
of integration, the constant a, is real and that #(«) is positive. Further let 
us determine which of the square roots of R(a) is to be designated by V’ R(a). 
Then the elliptic integral, « is a real, single-valued and continuous function 
of its upper limit, «2, provided w is real and lies between @ and either of the 
two real roots of F(x) — O which are nearest to a, and, further the variable 
of integration is real and runs over the same range. With the same assump- 
tions, the upper limit « is a real, single-valued and continuous function of 
the integral vw. 

With Jacobi wecall the function « of u which satisfies the differential equation(1) 
an elliptic function of the arqument u. Thus we have obtained an element of 
the elliptic function from the elliptic integral corresponding to a certain special 
continuous range of real values of the argument. 

Abel had the happy thought of trying to form the elliptic function in its 
totality out of this element and he sueceeded in solving this problem, which 
looked very difficult on the surface, by developing fio essentially new ideas 
Which we shall expand further below. 

First, however, we have to settle a preliminary question of great importance. 
Let us suppose that the meaning of the root ) 2 (a) has been fixed at the 


oo pee nie 











oe 


5 pave 
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point a. Suppose further that we have tound an element of the elliptic 
funetion, g (vw), satisfying the differential equation (1), which is defined 
in a certain neighborhood of 1 QO as a single-valued, analytie funetion of 1 
and takes on the value ator u 0. Does there exist any other element 


of the elliptie function, » Win), single-valued and analytie in « in the same 
region such that a w(O)? Weierstrass has shown that the answer to this 


important question can easily be obtained from the transformation of equation(1) 
carried through in the preceding paragraph. 
From equations (38) and (39) of $1, we conelude that the differential equation 


ls a 
| S | Ris) 


is satisfied identically by a relation of the form 
(D) s == J lr, Be, 1 Rix. | Roa) 


where fis a certain rational tunction of «. 1. | Ais) and | R(x). The 
particular square root of S which is denoted by | S must be ehosen in such 
a’ manner that equation (40), $ 1. is satisfied. namely 


(Hh) | ss ty la. ry. | Rw). | R(ry) 


where f; is also a rational function of vou). | Ria). and | Rots). If the 
equation (5) is differentiated with respeet to vw. we obtain 


x Fe liD: Le, 1 Ris). | Ris) 
Oo | Ris) 


If we permute » and .«, in f/ and then differentiate with respect to 
obtain 


o we 


Si \Ze, x, 4 Ris). |b Ros) 
] Rir,) 
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The function / remains unchanged when « and «, are interchanged; f, on the 
other hand changes its sign by such a permutation but is otherwise unatfected. 
Thus we obtain 


As TaN Se V Rix), | R(x,) 
OG LRG) 
If in equation (5) we put « giv) and w, Win) with a yi0) —= wWi0) 
and |g (0) } (0) and, finally, differentiate with respect to #. we obtain 
i 
ds OSs du Ss day 
(4)) . , : 
di ou du Ory du 


or. in view of (7) and (8), 


ds 
(10) } 0. 
ai 


Thus » is independent of #. But if g(w) and w(w) aetually are different 
junctions of #, there must be some value of « within the common region of 
definition of the two functions for which they possess different values neither 
of Which is intinite. At such a point s has a finite. perfectly definite value. 
On the one hand, s is a continuous function, on the other hand, a constant 
Within the common region of definition of the two functions: thus s will keep 


the same fin/fe value throughout this region. This, however, it not possible 
since at w = O. where J ry a and | R(x) VR (1) b Ra). 
< becomes infinite, at least if @ is finite. This remains true even if @ should 
be /nfinite ov, in other words, .c and) increase indefinitely when 1 approaches 
zero, It is true that |} A(x) does not remain finite when « becomes infinite: 
this is, however, the case with 
1 R(x). ; 
it only A= U. : 
: ’ n 
Instead of setting | R(x) b Rao) 1 Ra) as betore, we lay down the 
condition | 
i 
1 R(x) ; LR a) t 
lim . lim . ; a 
rx bi w->x aaa | a 
| +) 
¥ J . 
2g, ce 7 
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Thus we see that s becomes /nfinite like 


when » and ., increase indefinitely. If, on the other hand, 4 = 0 then 


Lb R(x) 
rl / 


approaches a definite limit provided the meaning of the radical | x has been 
fixed. If we choose | + and |», in such a way that 


: | Re | r) " | R (7) 
lim lim ; 
rs r t —> sx ry WAP 
then s becomes snfinite like 
Vzr-Va, \ 
2Bx x = 
Va—V a 


when » and w, inerease indefinitely. Some doubt may arise whether this ex- 


. . » . . . Jy . ° . 
pression actually becomes infinite in the case when lim” ° 1. If in this 
/ 
case lim “== — 1, the expression would not necessarily become infinite. 
Pa 
. Vr =" ; 
But lim 7 cannot equal —- 1: it must equal -+ 1 when lim == + 1, since 
r ¥ 
di, 
3 Sy di : | Rix ) n r | gd P | bi 2 
lim lim — lim ° lim -°— ~° lim —>—-. 
OD | Riz) J | zr | - 
du 


Thus, s will always become infinite at 0, no matter whether « and vp 
approach a finite limit a or increase indefinitely when « approaches zero. 
Hence, it is impossible that g (7) and w(x) are different functions. 
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From this we conclude: [fit ts possible to form a single-valued and analytic 
functions — pu), defined on a certain neighborhood of u — 0, which satisfies 
the difierential equation (1), and which either takes on a finite definite value a 
atu == 0, or becomes infinite when u approaches zero, then this function is the 
oly function af u which has these properties within the given region. The 
meaning of the radical in equation (1) ts defined in the following manner. If a 
ix a finite quantity, not a root of R(x) 0, then the meaning of V R(a) is 
defined. If x should increase indefinitely when u approaches zero, we determine 
what meaning to give to 


ba lim J wh 


r—> D 


It is not necessary that the continuum of values of « on which the function ¢ («) 
is defined forms a firo-dimensional manifold, a one-dimensional manifold would 
do just as well. The term «ana/ytrc is then to be understood to imply that the 
function ¢ (0) is continuous Within the region in question and its first derivative 
Aglw 

Aw 
zero, provided «—- Ju remains within the region. 

We have found how to form an element of the elliptic function directly trom 
the elliptic integral, certain conditions being fulfilled, which corresponds to 
a certain continuum of real values of the argument. Now we also know that 
this function is the only element which corresponds to these values. Thus the 
elliptic function is a single-valued and analytic function of its argument within 


or the limit of is independent of the manner in which 4 approaches 


the region in question, 

We now proceed to find out whether there also exists an elliptic function 
for other values of the argument, and we shall try to form this function out 
ot the element obtained from the elliptic integral. 

Comparing the theorem just obtained with the result of the preceding 
paragraph, we find that the study of the general elliptic function which for 
» == 0 has an arbitrary finite or infinite value a and satisfies the general 
equation (1), can be reduced to the study of the special elliptic function with 
the initial value co which satisfies the equation 


(11) du. S == 4°— Y2 8 —— Ys- 
N 


As a matter of fact, having found a function ..— g(w with a= ¢ (0) which 
satisfies equation (1), then (11) will be satisfied by another function s = p (vw) 


i 








titel | ao dais " 
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? 


with p (0) x. which is a certain rational funetion of o. |b R&r). a and 





} Riw). In the same manner. having found a funetion s pao, which 
satisfies equation (11) and for which p(O) 2%, we ean always form a certain 
function. « — g (#), rationalins, boS.aand boa) which satisties equa- 


tion (1) and g (0) a. With the former assumption, let g Go) be an analytie 
function of # ina certain neighborhood of # OO: then po will also be 
a single-valued and analytic tunction of « within the same region and the 
equation (11) has no other solution which becomes infinite at «0. Likewise 
with the latter assumption, that po) is analytie within a certain neighborhood 
ot Og (a) will also be a single-valued and analytic tunetion of « within 
the same region. and this is the on/y analytie tunetion of « whieh satisties 
equation (1) for these values of and whieh takes on the value @ataw 0 
Thus we can restrict ourselves to finding the elliptic function which satisties 
equation (11). If we succeed in determining this function for all values of the 
argument then we have also complete information about the elliptic function 
which satisties equation (1), and this funetion will also be defined for all tinite 
values of the argument. 

In the tollowing we shall denote the elliptic function which satisfies (11) 
and becomes infinite when # approaches zero by the Weierstrassian notation 


(ed ‘ ws (aa) y(t Ys. Ys). 


In order that y7() shall not degenerate into an exponential or a trigono- 
metric function it is necessary that 





or, in other words, the three roots of WS QO, which we shall denote by «;. 
¢z. 3, Shall all be wmmequal. This is indeed no essential restriction of our problem. 
since the case in which two roots or all three are equal is contained as 
a limiting case in our investigation. We snfroduce an essential restriction, 
however, hy assuming from now on that all the roots of S QO are real, or, on 
other words, that the quantities gq, and gq, are veal and, moreover, go 27g, > . 
We choose the subseripts in such a way that * | 
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We have 





$y 2 ts 







We further agree that | oS) shall be positive for « 
Let us form the elliptie integral 








(dd) 










assuming the variable of integration to run through rea/ values from -— % to ¢. 
Then wis a real, single-valued and analytie function of s for all values of s in 
the indieated range, and » increases continuously from the value zero to the 
real and positive value 







When » decreases trom % tov. With the same assumptions, s is a real. 
positive, single-valued and analytic function of #, which decreases from 

x tor,, When ~ increases from zero to ». Thus s is an element of the 
desired solution of equation (11). and from the definite integral (15) we have 
obtained an element of the function y (0 corresponding to real and positive 
values of w between zero and », At the end-points of the range we have 














(17) yr (Od) oo vr (an) he 





We must now answer the question as to whether the function y (7) exists 
for every finite value of # and see how to torm the function in its totality from 
the known element. First we shall show how to form another element which 
corresponds to purely dmaginary values ot the variable between zero and 












acertain purely imaginary munber o,. From the two elements obtained in 
this manner, we can immediately form two new elements corresponding to rea/ 
values of the argument between zero and -—@ and to purely imaginary values 
between zero and m,. The definition of the function y Qo being obtained 
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for all yea! values of « between —o and -+ @ and for all purely imaginary 
values between —, and + ,, we proceed to show how the function can be 
defined for all values of « by means of the addition theorem. 

The first of these problems we solve by introducing one of the two 
fundamental ideas which underlie the theory of Abel. This idea is the simple 
observation that equation (11) can be written 


d(c's) 
(138) — di 


! pb | 4x5 —yys — Js 


where ¢ denotes an arbitrary constant and | c® — ¢*, Consequently 
ds ds 
(19) -— = ¢lu,, 
| 485 — (8 Jo 8 — Os ls, 


if we put 
(20) sy ee ty 
It is to be observed that the meaning of the radical VS, is uniquely defined 


only for real values of s between + % and ¢. 
Let us assume that the three roots, e,, és. és. of the equation 


(21) 45° —i4y NS "ia 4. () 


are real, or, in other words, that the quantities ¢f gy, and ¢* g, are real and, 
moreover, 


(22) (4 g,)®? — 27 (4 4) (gi — 27 PP) >. 


< 


Then. tor all values of #, between zero and the quantity 


(23 ) om - f = a = 
. | 42°—* gS . Ys 


there exists a uniquely determined function of ,, namely 


(24) x yin, hay, 0 gg) 





ones 











— 
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which satisfies equation (19). The meaning of !“S, has to be chosen in such 
a way that it will be positive when s, +o, Since the expression (24) 
satisfies equation (19), equation (11) will be satisfied by 


l iu : 
(25) s 2 | cds, c° Ys) 
na 


for all real values of wc between zero and w. In order that the constants cg. 
and ¢° gs shall satisfy the prescribed conditions it is necessary and sufficient 
that c® be a real quantity. 

If we choose 


te 


(26) c 4 /, 
we find that equation (11) is satisfied by 


(27) ‘ \/ { - Ye. ss 4s) 
/ 


for all purely smagimary values of « between zero and w-. In order to deter- 
mine » We have only to find the root e,;. The three roots of equation (21) 
are c*e,, cPey, and c*eg. In view of (26), the greatest of these roots ¢, equals 
—e,. Thus we find 


Ww, ds 
(2) i 
. e b 43° Fee Fe 


Where @, is a purely imaginary quantity. We have agreed upon denoting by 
y(u gs, gs) every function s of « which satisfies equation (11) and becomes 
infinite when « approaches zero, Hence. for purely imaginary values of 1 
between zero and @,, we have 


ul 
(29) y(t des Js) “- {- - | Jee 4s | 
sipsiainn ; 


with 


(30) wlO ay. Ys) ° — 0, yw(M, Gg. Js) 3. 



















318 G. MITTAG-LEFFLER. 
Thus we have formed a new element, corresponding to purely amagimary values 
of the argument between zero and ,, out of the previously known element 
of v0) which corresponds to read and posrt/re values of « from zero to , 

A repeated application of Abel's idea as contained In equations (18) and 
(19) will produce two new elements of the function y(#) corresponding, one 
to real and negative values of # between — o and zero, and the other to 
purely imaginary values between zero and —-«,. Instead of choosing ¢* as 


in (26), set 


” oa , ] 
whence 
(3] ! welt ‘Jo. Js) yf We tps. Jo) 
Which holds for all real and negative values ot « between zero and m and 


for all purely imaginary values between zero and om. Thus: 

The equations (Lo). (27) and (31) determine the function Qo for all real 
values of uw hetiveen mand ——o and alse for all purely omaqgmary values 
hetiveen m, and W. For these rales of the argument wo laa areal, 
srnigle-valiwed and analytic function, finite everyu here ¢ reepting thi, point zr 


where 


(32) wi Lr. 


Fearths MW (it) as she even hiniehion oy it, that ds hes SONU, this ae lation 


holds throughout the PEQion of he finition. ku, this Nit piie rales of ‘t, this function 


wo (alas an odd function of wu. thats 


(34) wy i— 4) » (0). 
Finally 
(3D) lv (nw)? $y Gn]? fo yr (it) “Yn. 


We have shown above that, onee an element of yw (7) has been formed, it is 
possible to form a corresponding element of the general elliptic function, g (0. 
Which satisfies equation (1) and takes on the prescribed value a ata — 0. Thus 
it is possible to define this function for all rea7 values between mand > 
and for all purely smaginary values between — o, and -+ o,. 

Having developed the first of Abel's fundamental ideas on which his theors 
ot elliptic functions is built, we proceed to the second leading idea. This will 
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enable us to express the function gy (w) and consequently also ¢ (u) for all 
values of w in terms of the known elements. This requires a renewed study 
of the addition theorem. 

Regarding s, 7 and 2) as variables in equation (5) and differentiating with 
respect to the latter two, we find 


a 
) 


) tf 
ds = ——dr+—— dy. 
r 0 Lo 


Thus the differential equation 


ds | dr dry 


ls V R(x) V R (a) 


(36) — 


is identically satisfied by equation (5) in view of (6), (7) and (8). We also 
know how to form a rational function, 2’, of s and VS which takes on the 
value a when s becomes infinite and which satisfies the equation 


dr’ . ds 


(37) tie 
V Ra’) Vs 


Introducing in this rational function the expressions for s and VS in terms 
of v andy as given by formulas (5) and (6), we find that 2° is a certain 
rational function of 2, V Rr), 7) and V R(a,). that is 


(38) r = fola, VR(2), 2, V R(x) |. 
This relation (38) satisfies the differential equation 


(39) dr’ 7 dar —. diy 
LR (a) 1 Rr) R(x) 

dentically. If in relation (38) we equate x to g (w) and .7y to y (x), where wu 
and + belong to the values of the argument for which the function ¢ is defined, 
we obtain 

da’ 


(40) = d(u—r). 
| Ra’) 
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The function which satisfies the differential equation (40) and takes on the 
value of a for «—r = 0, we have denoted by g(u—vr). Hence 


a gy (u— vr) 


and, consequently, g (#—r) is a certain rational function of ¢ (w, g/d, ¢ (ev), 
g (vr). On the other hand, just as 2 is a rational function of R(x), «7, 
and | A’(ry), we know that w is a rational function of 2’, }oR(a’), ay and 
} R(x). Thus. replacing «— + by « above we find that g (++) és also 
a rational function of Gao, go Glr) and g'(v). These two theorems 
together form the addition theorem for the function g(a). This proof is some- 
what different from that given towards the end of the preceding paragraph. 
The reason for giving this different proof is essentially that it connects closely 
with Weierstrass’ proof for the uniqueness of the solution of the differential 
equation (1); thus we do not need to step outside of the range of ideas within 
which we move in this parapraph. The given proof is as a matter of fact 
fundamentally the same as that given by Abel in his “Recherches sur les 


Fonctions elliptiques’’. 


The second fundamental idea of Abel's theory is the following. Using the 
first fundamental idea we can form g (4+ +r) as soon as wu +r belongs to the 
continuum of real numbers between — » and + » or purely imaginary values 
between -—-m, and +o,, On the other hand, the addition theorem, or 
equation (38) and the analogous relation expressing x rationally in terms of 7", 
L R(x’), ro and V R(x,), will define g (+r) as soon as wand v themselves 
belong to these continua. Now it may very well happen that «++ does not 
belong to these values though both « and + do so. Therefore the addition 
theorem gives us means to extend the region within which the elliptic funetion 
is defined beyond the limits reached so tar. Repeating this process we can 
evidently carry this extension so far that the elliptic funetion becomes defined 
for all finite arguments. 

We have already seen that it is enough to earry through this investigation 
for the function y(). To do this will be our next object. For y(o) the 
equation (39) coincides with equation (36), Putting « = s, and x So in 
this equation and in (5) we find that the equation 


_ — ds ds ds, 
Vs Vs, 1S, 
is satisfied identically by 
(42) « — SAV S61) ViSC%) 1 SCs) 4 + gg) 


2 (8; — 8)? 4 (x; — x9) 
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or by the relation 


(55444) 2514 —1 ye) oe + VS) VSG) 


2s; — a)" 


which is svmmetric¢ in s; ands). Substituting s; = y (7) and sy = (1) in (43) 
and considering equations (33) and (34), we obtain the relation 


[yn + yv@] Py ov) —teal—-ga + y'(w) "(v) 
2[yCn — yr) 


(44) wlrtr) 


This relation holds whenever # and 7 are real numbers between — o and -+ » 
or purely imaginary numbers between —o, and + ,. To begin with, we 
shall show how to detine y(v) for a// real and all purely onaginary values 
of #, using the addition formula (44). 

We observe that 
(45) vy? (@) " and yw (O,) = es 
and 
(445) ly Gop 4[y i —e] [yr (ve) -¢3] [2 (a) —es] 


and, consequently, 


(47) y' (@) 0 and y?’ (@, ) 


Thus if we equate v in (44) first to » and then to @,, we obtain 


[yp + y@)] Reo 9) — 4g] — 9s 


(48) I(u+@) = 
’ i ’ 2[v 00 . yr (@)]? 


[C0 + y(o,)] [200 yo.) — 3.42] — 9s 
2 [eG — y(o,)]* 


(49) vl @,) 


The right hand side of equation (48) has a perfectly definite meaning for all 
real values of « between — @ and +. Hence if we let uw inerease from zero 
to -|-@ and use the plus sign on the left hand side, the function y will be 
uniquely determined by (48) for all values of the argument between +o and 
+2. If we use the minus sign instead and let « decrease from zero to — ©, 


» 
pray 
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OO m= 


we get the function uniquely defined for all values of the argument between 
—w and —2o. The equation 


(50) y(—u = vu) 


still holds for the new values of «. In this manner the right hand side of (48) 
has a uniquely defined meaning for real values of « between + @ and + 2@ 
and between —o and —2, Then this equation determines y (1) also for real 
values of wu between +2 and +3 and between —2 and —3o. By 
repeating the same process the function y(«) will be defined for all real values 
of u. The equation (50) always holds. Using equation (49) in the same manner, 
we obtain the function y (1) defined for all purely imagmmary values of u. The 
equation (50) still holds. Finally, if in equation (44) we let w run through 
all real values and ¢ through all purely imaginary values, the funetion yy («) 
will be defined for all finite complex values of u, and the relation (50) continues 
to hold for all values of vw. Thus the repeated application of the addition 
theorem enables us to detine the function y(«) for all finite values of the 
argument 7. 

One point may cause doubt: is the function so defined an analytic function, 


Ayo 


or, in other words, is lim independent of the way in which Jw tends 


towards zero? This difficulty is settled, however, by formula (40), Putting 
uw == § and + = — iy where § and x are real numbers, formula (40) gives 
do(E+i ir) Ay(&+- in) 
\ ° T 
SS —, 


| Siv(é+ in) : ° ’ 
[y(: i) d(§ 4+- in) A(S +79) 


Thus the derivative of y2(§ + 7/7) is independent of the way in which 4(§ + 77) 
approaches zero. 

Still another question remains to be settled. The function y (7) is by definition 
that particular solution of equation (11) which becomes infinite at # == 0, and 
is uniquely characterized by that property. In order that the function formed 
by the method described above shall actually be equal to y(w) it must also 
have the same property. We know that this function becomes positively 
infinite if the argument approaches zero through real values. Further we know 
that the function becomes negatively infinite if the argument approaches zero 
through purely imaginary values. We must also require that the function 
becomes infinite no matter how we let the variable approach zero. This is 
actually the case, as follows from the result at the beginning of this paragraph. 
If we substitute s; = y(§) and s, == y(/7) in equation (43), § and y being real 
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quantities, we obtain the value of our function for the argument § + 77. If we 
let € and 7 both approach zero, s, and sy increase indefinitely. The equation (43) 
is only a special case of equation (5) and we have seen that s inereases in- 
definitely in this equation if we let v and a, increase indefinitely at the same 
time. Consequently s in equation (43) increases indefinitely at the same time 
as s, and sy become infinite; thus our function has the required property of 
becoming infinite wheneve §-+ 7% approaches zero, no matter how § and 7 
approach zero, 

Thus we have found that the equation (11) es satisfied hy a single-valued 
analytic function of u, y(u) which mereases indefinitely when u approaches zero. 
The way to form this Junction is uniquely defined. This function is the only 
analytic function of u which satisfies (11) and becomes infinite when u appro- 
aches zero, It is an even function of u and has, moreover, an addition theorem 
expressed hy formula (44). 

The addition theorem gives some other properties of y (uw). From equations 
(48) and (49) it follows that 


(51) ylut+o) = ylu—o), y(uto,) = yl(u—o,), 
and consequently 

(52) y (+2) = y(), ylaeteo,) = y (a). 

By iteration of these formulae we tind 


(53) ylrt2moat2mn, o,) = y (Ww 


where m and m, denote positive or negative whole numbers. 

Hence, y(n) takes on the same value when wu is increased by the quantity 
2 mo-+-2m, o, where o and o, are determined by the formulae (16) and (28) 
and m and m, denote positive or negative integers. y (u) isa periodic function 
of u; since all the periods are formed from the periods 2 and 2 @, hy addition 
and substraction, we call 9 (u) a doubly periodic function of 

We are now able to determine the points where our function becomes 


infinite. We have shown that 


y (O) = 














324 G. MITTAG-LEFFLER. 


In view of the periodicity of the y-function it follows that 


(54) y(2mo+2m,o,) = . 


It is not self-evident, however, that formula (54) gives a// the points where 


y? (w) becomes infinite; therefore it will be necessary to investigate whether 


or not other infinities are possible. That a// infinities are actually given by 
formula (54) can be proved as follows. It follows from formula (15) that vy (0) 
can not become infinite for any yea/ value of wv in the interval from zero to ©, 
the upper limit included. In view of the first of formulae (51) and the equation 
y (— uv) = » Gd, we conclude that y (0) does not become infinite for any real 
value wu between » and 2, Then by the first of formulae (52) and the equa- 
tion y (— v7) = y Go it follows that the only rea/ values of « for which y (0) 
becomes infinite are of the form 2m. By similar reasons it follows that the 
only purely imaginary Values tor which y (1) becomes infinite are of the form 
2m, o,. It remains to settle the question whether or not y (#7) may become 
infinite for a value $+ /7 where the real quantities § and y are different from 
zero, and, furthermore, the equalities § = 2me and én == 2m, , do not 
hold simultaneously. However, we find that y (v) can not become infinite for 
such a value in view of the way in which it has been formed by means of 
formula (44). Thus: 

The function y (uw) becomes infinite when the argument u approaches one of 
the infinitely many values given by the formula 


u 2m o-+- 2m, o;. 


The function can not become infinite for any other value of 1. 

The next question will be to determine the mode in which y (2) becomes 
infinite at these points. Since y (0) is a holomorphic function of « in any 
neighbourhood of one of the infinities, 1 0 say, y (w) will presumably 
become infinite in such a manner that the quotient of the function and a certain 
power of 1/1 approaches a definite constant value when w approaches zero. 
We can determine the limiting value of 


-s 


(55) ya (a) 


since y’(w) and all the following derivatives of 7 (~) can be expressed in terms 
of (wu) by means of formula (46). It is immediately shown that the limiting 
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value of (55) is ©, which might be expected since g() is an even function 
of vw. Then we consider the limit of 


(56) wr (ae) 


which is easily shown to be +1 when « approaches zero. Consequently, in 
the neighbourhood of u 0 we have 


(97) yu) = + 


where ¢() vanishes with ~. In order to determine ¢ (7) a little closer we look 
for the limit of 
wala) —1 é(a) 


2 2 
eG” u 


It can be shown without any difficulty that this limit is zero as well as the 
limit of 


WH o(uy— 


uw 


whereas the function 


wy(uy—l 
— 


uf 
approaches the limit 

Ye 

20 
when # approaches zero, Thus in the neighbourhood of « = 0: 
= 1 , [ fiz | { 2 
(DR) yw) = et]5. t+ d(u)}u 

uu" L220 


where d(«) vanishes with vw. This function d(@) moreover, is finite for all 
values of « the rea? part of which lies between —2@ and + 2 and the 
purely imaginary part of which lies between —2o, and + 24,. From the 
way in which formula (58) has been obtained and in view of the fact that 
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y(w) as well as all its derivatives are doubly periodic functions, it follows that 
y (wv) ean be expressed by the formula 


1 
(59) y(ut2meo+2m,o,) = —-y+ 
: Th 


qs 


LS (a)l at 
39 + 9H) u 


J 


in the neighbourhood of some other infinity 2 o—+ 2m,,. Having settled 
the question as to the points in which y(u) becomes infinite and the way in 
which it becomes infinite, we shall now derive certain formulae from the 
addition theorem which will help us to answer the question whether the 
function y?(~) will take on a given value at other points than those given by 
formula (53). 

Substituting s; = y(w) and successively sy = y(w) and sy = y(@,) in the 
formula (42) we obtain, in view of formulae (45), (46) and (47), 


ree (e, — es) (@; — es) 
(60) glut w)—e, = "1 2) \€; — @s 


. (2 (uw) — ey 


(es — 1) (@e3— es) 












: (61) (ut o,)—e, = — ) ; 
' y? (4) — ey 

From these formulae it follows immediately that ‘ 
: ; 
1 F 
: m d 
q (62) y? (@ + @,) (2. ; 


Consequently, putting s; = y (w) and sy == yy (w + ,) in formula (42) we find 





ve , ( - Sel (@— ’¢ 5 
(63) ylutotoy,) oo C1) \e2 = Cs) 
\? (uw) — 3 


In view of (46) and (62) 


(64) y' (o +o,) = 0. 





Using the theorem of addition, formula (44), we obtain by adding and sub- 
tracting ” (u-+v) and gy (uw — vr) 
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vO +9 Pe» Oto) —9 


2[y—e OF : 


(66) y(u+rv)—y(u—v) = m4 A 


[pW — 9 WP 


(65) «yv (u-+e) +e (u—r) = 


For what values of «” will 


(67) y(u") = vy (wv)? 


This question is easily answered with the help of the preceding system of 
formulae. Putting 


(G8) un = ute, w= u—v 


in (66) we find 


(69) y(u")— via’) = ——- ; _ eee’ 





” LU 
(70 (= —| = 0 
(UV) 4 2 = 
or if 
/ 
“u —uU 
(71) \ | —_ Oo, 
or it 
wu” + a’ 
9 , : _ z 
((2 | > Q, 
or, finally, if 
P " ry 
(u—u 
me tee — ) 
( (3) \? | 2 ( , 


and only if one of these equations is fulfilled. Equation (70) will hold if and 
only if 


wu” = —w+2(2m@+2m o,). 
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Likewise. equation (71) holds if and only if 
uw” = wWt22mot+2m o,). 


In order to investigate the meaning of equations (72) and (73) it is necessary 
to know at what points y’() will vanish. The equation (46) tells us that 
vy’ (wv) will be zero if and only if y (a) takes on one of the values ¢, ¢, or ¢3. 
Since we know all the points where y (7) becomes infinite, the formulae (60), 
(61) and (63) give us means of ascertaining all the points where y (1) takes 
on one of these values. We find 


y [2mt+1)o@+ 2m, | Pr. 
(74) \y? [(2 m +1)mH+(2m,-+1) o;] Ce, 
y? [2 ma-- (2 my -> 1) w,] (3. 
and consequently 
(7D) vy’ (nw + my, o,) Q), 


where Sormulae (74) give us all the values at which yn) tales on one of the 
values , € ov es, and formula (7d) gives all the zeros of y' Qo. This implies 
that equation (72) will hold if and only if 


/ ! 
“ —u+P2mo+2n, o,, 


and equation (73) if and only if 


2 
uw =u+2mo +2 iy M). 
Thus: 
The function plu) is a doubly periodic even function of u which tales on 
the same value at all the points which are expressed by the formula 


! 
+u+2mo--2 m, o, 


but has a value different from this at all other points. 

Strictly speaking we have solved the problem which was proposed at the 
beginning of this paragraph. We have shown that it is always possible to 
find a function y () which satisfies differential equation (1) and which takes 
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ELLIPTIC FUNCTIONS. 
on the arbitrary value a at the point « = 0. All we had to do was to 
form a function y() which satisfies the equation (11) and becomes infinite 
when w tends towards zero. @(w) was a certain rational function of g(u) 
and y’(w). We have been able to express this function 9 (w) for every finite 
value of « and we have also found some of the most characteristic pro- 
perties of this function. Further, we have seen that g(w) shares several 
of these properties, that g() as well as y (0 is a single-valued and analytic 
function of wu, and that @ (vw) also has an addition theorem. Since y (w) and 
consequently also yo) are doubly periodic functions of wu, it follows that 
giw is a doubly periodic function with the same periods 2 and 2 o,. 

However, the elliptie functions would not be of such an immense importance 
to mathematics as they really are, if they did not possess. still further 
another fundamental property, the discovery of which is also due to the 
genius of Abel. It is true that we know how to find the value of y (0 
and thence the value of g («) for every finite value of w, but the method 
was different for different forms of the argument w and thus lacked the 
real mathematical character of simplicity and lucidity. This deficiency would 
be remedied if we could find a way of forming the function y (« which 
involved applying the same analytical operation for all values of the 
argument #. Owing to the analogy with the exponential and the trigonometric 
functions where uniform laws of formation exist, one feels justified in pre- 
suming the existence of such a law also in the present case. The exponential 
and trigonometric functions are expressible in terms of power series con- 
vergent everywhere, Such an expansion is not possible tor the function yy (w) 
with its infinitely many poles, but there is perhaps some other kind of 
a series, the different terms of which are not simple powers of «, which 
converges everywhere towards the function except at the given poles. This 
is actually the case; y (2) is expressible by such a general analytic expression 
Which can be derived by a systematic continuation of the study of the 
addition theorem. This is the problem to be studied in the following paragraph. 


“4 ” 
S oo. 
Deduction, according to Abel, of the general analytic expression 
for the function ,) (7). 


The addition theorem, formula (44), tells us, that y (e+ ¢) is a rational 
function of ya, yo, v’@) and vy’ (ce). By iterated use of this formula we 
find that 97 (a+ w+ +++ + a) is a rational funetion of 97 (ey). 9? (te), ee es 9? od) 
and of vy’ Qh sy’ Qa)... y'(u,). Thus if we put 
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we find that (rv) is a rational function of y(w) and y’(). Further, since 
[v’(o}? is an integral rational function of y («), we can express y (nw) in terms 
of y(t) and y’(w) by means of a formula of the type 


(1) glrw = R[yood)] + yw Rk [y Oo]. 


where 2? and &, are rational function of yo. In this formula #; must be 
identically zero, since y (7) is an eren function of w and consequently y’(20) 
an odd function. Henee we have 


(| r(u)] 
) ) 

(2) I(I) Riya : ; 
) [\ Gy [yo] 

where @ and G, denote polynomials in y(«) which are relatively prime. If 
in (2) we replace nw by « we obtain 


(3) (; a : | y? (a) aly | : | 


To actually obtain and discuss the equation (3) by algebraic methods would 
offer considerable difficulties. However, if we call to our aid the theorems 
concerning the function y (7) obtained in the preceding paragraph, it becomes 
an easy matter to carry through such an investigation. 

Let us put 


{ 
(4) y = yu). J y? | ): 


then (3) becomes 


(5) Gy (x) y — G(r) 
In view of the way in which equations (3) and (5) were obtained we have 


dy dar 


- M 
Vs (y) Vs (7) 


identically, and, moreover, we know that .r and y become infinite simultane- 
ously. If we consider a value of y obtained from the first of equations (4) 
and put 


(6) dv = —- 


dy 
V S (y) 
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4 


then all the values of v which satisfy equation (6) for this particular value 
of y are contained in the formula 


(7) r= +u+2mo+2m o,. 
Assuming y=, (w), all the roots of equation (5) are contained in the expression 


+-2mo+2m, o, 


on Tl 
(8) r Pe | 
n 


in Which m and m, are arbitrary positive or negative integers. If we assume 
n to be an odd number we notice immediately that all the values which the 
expression (8) is capable of taking on are obtained by letting m and m, 


; s—] s—i , : 
separately take on all integral values from ———5— to +—>—,, ineluding 


the limits, in the expression 





u-+-2ima--2m, o, 
(9) y? | eee |. 
u 


We also notice that all these values are actually different. Their number is 2°. 
In the same manner, if 2 is an ere number we obtain all the different values 
of expression (8) by letting m and m, in (9) separately run through all the 











_9 
’ n—2 -_ , _ 
integers from — —-~ to | including the limits. All these values are 


mutually different and are x? in number. In each ease the equation (5) has 1° 
different roots, All these roots are necessarily simple roots, otherwise 









Hy (riy— G(r) Gi (ar) y— G(x) = o. 






simultaneously and independently of +, whence it would follow that 


G4'—Ga, = 0 


d G 
dar | (7, j 






independently of w. Henee G G, would have to be independent ot a; and 
further y would have a constant value independent of « which, as we know. 
is not the case. 


























—ooore 


332? G. MITTAG-LEFFLER. 


The equation 
Gy (oy—G(r) = 0 


jx of degree n> with respect to - Tts n* roots, which Can he obtained trom 


formula (d) in the manner crdicated, are all simple roots, at any rate if we 


restrict ourselves to such values of y ahich are obtained from the equation 
y= ye). 

Tt is well known that the symmetric functions of the roots of equation (5) 
are rational functions of the coefficients of the equation, and hence rational 
functions of yO. The sum of the roots is the simplest of these symmetric 
functions. This function is equal to the coefticient of the (2*—1)st power 
of 7 if the coefficient of the n®-th power is taken to be +- 1. Hence we have 


» 1» 
’ ’ (U-- 2MoO+ CM, O, 
(10) A By) > 2 = ), 
neo Wy 


where A and B do not depend upon». In order to determine these constants 


. . . . . ul rT’ 
we divide both sides of the equality by y{— } and let + tend towards zero. The 
il 


limit of the right hand side is + 


1. whenee we obtain 


- B y? (it) 
lim 1. 
af 
y | 4 
n ; 


and in view of equation (58) in § 2 





(11) 


ry’ u ” . . . 
hen we subtract y | from both sides of equation (10) and let » tend to- 
i 


wards zero, On account of equation (58) in $ 2 we have 
(12 : [ 9 “uf 
2) lim n® yr (u)— yp | — 
| nlf 


* This restriction is necessary since it is by no means self-evident that y takes on all 


values when w runs through «/l values. It is true that. this question can be settled by 
using the principles on which our theory is founded, but to carry out this investigation 
would take us too far from our main subject. 
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whence we obtain the following value of A, namely 


a yy. [ 2ma+-2m, o, 
(13) A= Zf —j. 
ni, Wy i 


The primed summation sign denotes that the combination m= 0, m,— 0 has 
to be left out when we sum for m and m,. If m is an odd number, m and m, 


, pee. Ts wy 
take on all integral values between — ~~ 5 and +-~5—. If n is an eren 


ome 


n 
and + are taken on 


, n 
number all the integral values between — = 


») ‘ 
instead, Thus the equation (10) is carried over into the remarkable equality 


. w\y xv} (/ut2mot2m, o,) 2m -+-2m, @,\\ 
(14) » y? (it) y | - j yr | me i |° 
i me, yi i i 


This equality enables us to express y Gi) as a linear function of 2° functions 
of the form 


2moa--2m, @, 
\’ (a ). 


Ti 





This equality becomes still more remarkable if we let the arbitrarily chosen 
positive integer n increase indefinitely. The limiting value which we obtain 
in this manner is exactly the desired general analytie expression for the 
funetion y (7). 

If wand + are two different quantities, such that #® 4 7°, formula (58) in 


S$ 2 vields 


























nv? n w— er 
ul 7 g 2° in ] ! 
e(=) = 4-449 | 


r o 
7 ” “um eg Mu 


(1) y | 





2 






provided n is sufficiently large. We have to choose » so large that the real 
Ju v , ‘ : ‘ a pa 
parts of — and — belong to the interior of the interval (— 2, +2) and 
VW rn 











. : . ‘ ‘ @; bad 
the imaginary parts belong to the interior of the interval 7 2 - +2 F |. 
G2 
20 





Here g stands for a finite quantity which tends towards the value when 2 








increases indefinitely and the absolute value of which is bounded. 
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ae 


If in formula (15) we substitute «+ 2 m@ + 2m, o, foru and 2ma+2m, o, 
for ¢ and use formula (15) on the equality (14), the latter becomes 


) 1 sv f 1 1 
I(a) = es eZ —— ———— — a” Hee MS We Veep” 
y ue | at (ae + 2mo + 2m, o,)? (2ma@-+ 2m, @,)° 
(16) 
! 1 v 2 
+= = Ym, m, + 2(2 mo + 2m, o,) ul. 


MM” om, m 


The meaning of gm, m, is self-evident. Let us put 





az) Ss a sf l 1 
1) i = we fe eg EE 
: Th rn. (1+ 2mo + 2m, @,)* (2m + 2m, w,)?J 
° ' 
' ( yy’ 
(18) Sin = - mat Ymym;s 


4 
Wo om, my 





: Qu yy 
(19) Son = > J Imm, (2mo+ 2m, o,), 
1” omy m, ; 
4 
F 
and consequently 
2 (0) = Son+Si.n+ S»,». 
Let us further put . 
— 1 + 7 1 1 
(20) S=—+ > 3D | — Bi 
Ur | msm mate L(u+2mu+2m, o,)? (2m@+2m,,)*J 


Now we proceed to show that the sum S,,,,-+ S.,, can be made less in absolute 


value than any preassigned positive number by increasing the value of » and 
consequently that the difference 


\? (uw) ae So.» 


can be made to approach zero simply by increasing the number of terms 
in the sum S),,. From this it follows that y(w) can be expressed by the 
series § for every value of u, and the equation 


(21) yi) = Ss 
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will always hold. We shall subject the series (20) to a somewhat closer 
inspection. 

With Weierstrass we denote the absolute value of uw by x. 

Denoting by G a finite positive quantity which is greater than all the 
quantities Gm,m, We have 


, ; l 
(PY) S),, (re ou * - 
| 
and 
»: q ) , l 
(23) S. ~ << gett«+. '+ (Za 20, 
7 


> 


From this it follows immediately that by inereasing the value of » suf- 

ficiently, we can make S,,,,+-S.,,, less than any preassigned positive number, 
Thus the equation (21) holds and the sum S gives a general analytical 

vrpression for the function yo which holds for every finite value of u. 
In order to investigate the sum S we assume 


(24) x: = @ 
Where @ is an arbitrarily chosen positive number. Then we separate the 


sum S in two parts 


(2h) n — 8°48". 













The letter S’ denotes the sum of all the terms for which 








(26) 2 mw- 2 mM, OM, <0. 






Thus this sum contains only a finite number of terms; this number changes 
with the size of @ but is otherwise always the same. The letter 8” denotes 
the sum of all the remaining terms for which 


















(27) 2mo+2 mo, = @. 





The difference 
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is always finite when lies in the region (24), since y() becomes infinite only 
at the points « == 2 mm + 2 m,@, and there is always a term in S’ such that 
the difference of y(w) and this term tends towards zero when wu approaches 
the point in question. This is the only term in S” which becomes infinite 
at the point. On the other hand, S’ does not become infinite for any other 
value of w than «4 = 2mo+2m,o,. For such a value of wu one and only 
one term becomes intinite, but the difference of (7) and the term in question 
approaches zero. Every term in 8” is finvte for the values of uv which belong 
to the region (24). 

We shall show that the series 8S” is wn¢formly convergent when u lies in the 
region determined by formula (24). This is obvious from the way in which the 
series S and S” have been generated; it is also obvious that we can arrange 
the terms in 8” in an arbitrary manner. As a matter of faet. we can make 
the difference 9 (“) —S,, as small as we please by increasing the number v7. 
Let Sj stand for a sum with y terms and Si,“ for one with »-+ +, terms. Then 
the difference 





S$)" -—— BH 


can be made less than an arbitrarily small positive number, 0, and we can 
always find an ry such that 


for every value of « in the region (24). But this is exaetly what is needed in 
order to prove that the series S” is uniformly convergent, 

It is also an easy matter to show that the serves formed by the absolute values 
of the terms of S” is uniformly convergent, trom which it follows that we have 
the right to rearrange the order of the terms in 8S”. Let us take the general 
term in the series 8”, namely 


] l 
(4+ 2mwo+2m,o,)* as (2 o + 2, w,)* 
(28) 
mvrar uw 
, l ! 2ma+ 2m, o, 
(2mm + 2in, o,)* ; 7 a. a 


2ma+ 2m, oy, 
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In view of (24) and (27) the quantity 


Th 
20 - ——__——_ 
2ma—+- 2m, o, 


(29) 


u 

u P 
a —————— 
2mo + 2m, a, 


is bounded when « <@. Thus the series formed by the absolute values of the 
terms of the series 8" is uniformly convergent in u <o, if we can show the 
absolute convergence of the series whose general term is 


l 


‘ a 
(50) | - * 
(2mo+ 2m, o,)' 


In order to investigate* this latter series we order the terms in groups such 
that to the group of order « belong ail the terms for which 


m + MM ond a, = G +1, ...; = ao 


and all the terms for which 


Wily ca and wi i + (mu 1). 


where « denotes a positive integer. Let us denote by w the smaller of the two 
numbers 2 and 2, . then we obtain 


, 8 . 
(31) ' . a yl 
2ma-+ 2m, o, * dond (aay ve ne 


- . . | ; , - 

rhe series > » being convergent we have shown that the series formed by 
i : : 

the absolute values of the terms of the serves Ss” is uniformly convergent nN the 


region given by formula (24). 


* This method was used by Weierstrass in his lectures for the purpose of investigating 
the general series 


al 1 


——(2mao+t+2m,w,)4 
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Finally we indicate how the passage from the Weierstrassian y-function 
to the Weierstrassian o-function ean be effected. We integrate the series (20) 
twice term-wise noticing that at the first integration the integral of the first 
term, 1*, is taken to be —1 w and at the second integration — log, and in 
integrating the other terms care is taken to choose the constants of integration 
in such a way that each term vanishes with #. The series obtained after two 
integrations we take with opposite sign and use as an exponent for the 
number ¢. thus forming 


, | “  ( “ 2 
" ee eee 
(g2) ol) = u[] {1 ‘ > > G SRO Sry, 2N2mMoO~ 2m,o,4 : 
¢ aka 
mn. Mm, Lime 2, @, | 
F 
0 (i) ] NY | l 
Olit) ul a. lo Pina + 2m,o, 
(33) 
l “ | 
2mm — 2 myo, (2ma— 2m,o, 2" 
d 'o'u) 
i Sit 54 - wrlint 
du Gla). 
(34) 
a : Pd ¢ P ‘ - >. 
" Wie ni (a+ 2 nw -+- 2 i, o; ° (2mm » mM, 2 / 


To carry through the passage trom y(w) to 640 in a rigorous manner would 
require the help of several theorems concerning series, the development of 
which, however, would take us outside the seope of this paper. We are 
content with having shown how to obtain the general expression for the 
function yi), given by the series (20), starting from Abel's fundamental ideas. 
This also gives the analytic expression for a general elliptic function. This 
gives the elements on which the complete theory of these functions can be 
tounded, 

The elements of the theory which we have presented are all to be found in 
Abel's memoir “Fecherches sur les fonctions elliptiques”’, published in Crelle’s 
Journal, vol. 2, no. 2, 1827, and vol. 3, no. 2, 1828." The equalities (18), (19) 
and (20) in § 2, which express one of the fundamental ideas of Abel have not 
been given in such a general form by him. In “Recherches — ete.” only the 


“ Republished in (Euvres complétes, Holmboe’s edition, vol. 1, pave 141, [Page 263 in 
the second edition by Sylow and Lie. T.n.J 
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special case treated in formula (26), § 2 occurs. This is, of course, all that is 
needed for the special purpose on hand, but the true source of the imaginary 
transformation (26), $ 2, being the more general formula (20), § 2, we prefer 
to start from the latter. The transformation (20), § 2. really belongs to 
a different field of the theory of elliptic functions. As a matter of fact, it 
contains, among other things, the theorem due to Jacobi to the effect that the 
multiplication problem tor the elliptic functions ean be solved by a two-fold 
application of a rational transformation.” The demonstration upon which 
Abel bases the passage from the multiplication theorem of the elliptie functions 
to the general analytic expression of these functions is. on one hand, ex- 
ceedingly complicated, on the other hand, scarcely conclusive. We have tried 
to replace Abel's proof by another proof which is both simple and rigorous: 
moreover, We have not brought to our aid any other means than those which 
served Abel. Besides the formula analogous to (20) which Abel discovered. he 
also expressed the function y(j—e,. ylw)—e, and y(u)—es (or rather 
functions analogous to these) as infinite products. This can be done either 
through the function o() or directly by a method similar to the one which 
gave (20). The way of handling the proof is evident from the treatment above. 

We must not forget that the whole argument of Abel rests upon the 
assumption that the three roots of S 0 are veal, This assumption can be 
replaced by the slightly more general assumption that the tivo constants ge 
and qs are real. Tn order to gain greater simplicity in the exposition we have 
restricted ourselves to the former assumption which means that in addition 
tog, and g, being real we suppose g3-— 27 g3 > 0. It would not introduce any 
difficulties, however, to modify the argument in such a way that it holds also 
when 4% — 27 g5 < 0. 

The meaning of the function y (v7) and of the elliptic functions in general 
is, however, much wider, and y (7) has still a definite meaning and preserves 
most of its essential properties when g, and gs are arbitrary complex quantities. 
The success of Abel's method of investigation. however, depends essentially 
upon the realness of gg and gs, since the integral (15), § 2. has a definite 
meaning for us only under this assumption.+ If we want to obtain a complete 
theory of the elliptic function following the road indicated by Abel, we have 


* The formula (25) itself is, of course, due to Weierstrass, 

+[In the second Abel memorial volume of Acta Mathematica. vol. 27 (1903), P. Mansion 
ina paper “Sur la méthode d’Abel pour Vinversion de la premiére integral elliptique, dans 
le cas ott le module a une valeur imaginaire complexe”, extends the method of Abel to 
the case when the coefficients of R(x) are complex numbers. Complex integration in the 
ordinary sense of the word is avoided, but the author considers integrals of complex functions 
of areal variable. The method is applied to the Jacobian eliiptic functions and not to the 


Weierstrassian ones. ‘T’. n.] 
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to call upon other resources. These are sufticiently well indicated by the 
character of the method. The natural continuation of our investigation would 
be to subject the general analytic expression obtained for y () to a closer 
inspection. Sueh an inspection would show that this expression can be made 
to satisfy the differential equation (11), $ 2. for arbitrary real or imaginary 
values of gz and gs. provided the two periods 2@ and 2, are properly chosen. 
Thus the series (20) always gives the solution of equation (11) with the given 
initial condition. To develop the argument in detail would, however, carry us 
too far and we stop the investigation at this point. The elements thereof are 
sutticiently well indicated as soon as we ean express y (0) by means of the 
series (20). 

At the side of Abel, Jacobi figures as one of the discoverers of the elliptic 
function as we have remarked in the introduction. The short notices in 
Crelle’s and Schumacher’s journals in which he announced his first discoveries, 
were followed in 1829 after Abel’s death by the famous memoir Fundamenta 
nova Theoriae Functionum Ellipticarum.” This paper contains a complete 
account of the most essential properties of the elliptic funetions whieh had 
been obtained up to that time through the work of Abel and Jacobi. The 
abundance of new and ingenious ideas. the wealth of essential discoveries 
which are presented here on a few leaves, will always place this memoir among 
the classical works of mathematical literature. 

However. we do not find a real mathematical theory of the elliptic functions 
in Fundamenta such as is given in Abel's words. To begin with, we miss 
altogether the kind of development which we have given in § 2 which shows 
that the function y (7) exists for all values of the argument and, moreover. 
is a single-valued function of #. This. Jacobi considered to be self-evident. 
Considerable criticism could be directed against the line of thought which 
leads Jacobi to the general analytic expression of the elliptic functions. Abel 
considered himself obliged to investigate in detail the limiting process applied 
to the multiplication formula. Jacobi, on the other hand, carries through the 
limiting process without trying to justify the validity of the method. The 
possibility of carrying through the limiting process in Abel's theory depends 
upon the facts that 9 (7) is a single-valued funetion of « and that the analytic 
expression of y’(w) in terms of y(~) is known. This gives an approximate 
analytic expression of y(w) in the neighbourhood of 0, from which it is 
possible to pass over to the general expression. The limiting process in Jacobi’s 
theory on the other hand is with respect to the constants gy and gs. It is 
obvious that, at that stage of the theory before the general analytic expression 
of yg (w) has been obtained, it is impossible to determine whether y (7) also is 


*“[Reprinted in Gesammelte Werke, vol. 1, pp. 49-239. T.n.] 
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a single-valued and analytic function of the parameters gs. and gs." Thus it 
seems to be impossible at this stage of the development of the theory to 
undertake a closer investigation of such a limiting passage as that of Jacobi: 
at any rate if one desires a Jacobian theory which is essentially distinct from 
that of Abel. It is possible to carry through the limiting process with the aid 
of Abel's multiplication formulae but then the theory of Jacobi would differ 
trom that of Abel only by a higher degree of complication. A closer analysis 
of Fundamenta novae from the point of view which we have tried to indicate 
would be of great interest and we intend to return to this problem at some 
other occasion. Such an investigation would be out of place here. 

The function @ (7) which is one of the most remarkable functions known to 
inathematies, was introduced by Weierstrass.7 In his Recherches, — ete., Abel 
uses three different functions g(w). fQ) and FG.) instead of via). In his 
Fundamenta novae Jacobi considers three other functions sin am “, cos am 


[This problem can be attacked by the methods of Poincaré for the study of the dependence 
of the solutions of differential equations upon parameters entering in the equation. Cf. 
Poincaré: Les méthodes nouvelles de la mécanique céleste. vol. 1. p.51 et sey. Also Picard: 
Traité d’Analyse, vol. 3, Chap. 8. T. n.J 

+ [The only presentation of Weierstrass’ theory of the y-function which appeared during 
his life-time was the outline “Formeln und Lehrsitze zum Gebrauche der Elliptischen 
Functionen’, edited by H. A. Schwarz, Berlin (1892). The fifth volume of his Mathematische 
Werke, “Vorlesungen tiber die Theorie der Elliptischen Funktionen”, (1915), edited by 
J. Knoblauch, gives an exposition of the theory based on Weierstrass’ lectures during 
various years. As Weierstrass repeatedly lectured upon the theory of elliptic functions 
during his long career as lecturer and naturally slightly varied his selection of material 
from year to year, even this admirable presentation does not give a complete account of 
the theory. So for instance, we greatly miss the systematic treatment of the addition 
theorem from the point of view of a tunctional equation detining a class of analytic 
functions, with which Weierstrass often started his exposition. 

Any modern treatise on analysis or function theory will contain a chapter devoted to 
the w-function. Of the many monographs written on the theory of elliptic functions 
the more recent ones will give a more or less complete account of the essential properties 
of the y-function. A few such monographs are listed below. 

Appell et Lacour: Principes de la Théorie des Fonctions Elliptiques, Paris (1897). 

Burckhardt: Functionentheoretische Vorlesungen, Zweiter Teil, Elliptische Functionen, 

Leipzig (1899). 

Fricke: Die elliptischen Funktionen und ihre Anwendungen, Leipzig (1916 and 1922, 

two volumes). 

Hancock: Lectures on the theory of Elliptic Functions, New York (1910). 

Tannery et Molk: Eléments de la Théorie des Fonctions Elliptiques, Paris (1893, 1896, 

1898 and 1902, four volumes). 
Weber: Elliptische Funktionen und Algebraische Zahlen (vol. 3 of Lehrbuch der Algebra) 
Braunschweig (1908). 

All these books also present the theory of Jacobi's functions and are perhaps permeated 

more by the spirits of Cauchy and Riemann than that of Weierstrass. T. n.] 
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and Jamplv. These functions with the notation of Jacobi* have been in- 
corporated with mathematical literature. We have let the theory of Abel lead 
up to the tunction y (7) instead of to the three funetions of Abel or Jacobi. 
This is no essential change but gives the investigation a considerable formal 


simplification. Once in possession of the function y(), it Is an easy matter 


to pass over to the functions of Abel and Jacobi. Another reason Which has 
been decisive in our choice of Ways and means in dealing with the problem. 
is to get our work to connect up with the profound and highly developed 
theory of the elliptic functions which is due to Weierstrass. This theory, as 
the mathematical world is well aware, is centered around the function y (1) 
and the funetion «(7) derived from the former, If this theory is supposed 
to be known, the most natural course in presenting Abel's line of thought is 
to use y (7) instead of the funetions of Jacobi. 


S 4. 
> 
The deduction, according to Weierstrass, of the general 
solution of the differential equation 


(1) - du, 
1 R(x) 
(2) R(x) = Ax'--4Bx°+6Cx? + 4B’x+ A’. 


With an ingenuity which is hard to mateh in the history of mathematics, 
Abel had suceeeded in finding the elementary principles upon which a rigorous 
theory of elliptic functions could be founded, While the theory of Abel solves 
the problem of deducing and analyzing the elliptic functions with elementary 
means in a simple and thorough manner, it suffers from certain imperfections 
which are consequences of just the elementary nature of the method. Such 
an imperfection is the fact that fo different principles are necessary; besides 
the addition theorem the imaginary transformation of (26), $ 2, has to support 
the argument. Another imperfection lies in the failure of the method to give 
us directly the elliptic functions for complex values of gz. and gs. Still there is 
no essential difference between the functions which correspond to rea/ and to 
compler values of the constants. 

It became possible to remedy these deficiencies and to give Abel's theory 
a higher degree of perfection when Weierstrass showedt how to determine 


[Nowadays the notation of Jacobi is frequently replaced by the abbreviated notation 
of Gudermann, viz. sn uv, en and dn w for the functions mentioned above. T. n.J 

+ “Cher die Theorie der analytischen Facultiten”, Journal f. Mathematik, vol. 51. p. 1 
et seq. (1854). The theorem is stated without proof on pp. 43-44. This paper was later 
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the general solution of a system of simultaneous differential equations. It 
is true that by adjoining this idea Abel's method loses its elementarv 
character and will be founded to a considerable extent upon certain general 
theorems of funetion theory. On the other hand. what the method loses in 
simplicity, it will gain in unity and lucidity. The outline of the theory was 
presented by Weierstrass in) Theorie der Abelschen Functionen. Jounal f. 
Mathematik, vol. 52, p.62 et seq. (1856). 
Instead of equation (1) we may introduce the system of. simultaneous 
equations 
la , diy 


”» 1 / 
() Y , I lr, 
di dit 1 


From the existenee theorem of Weierstrass. it follows that in the immediate 
neighbourhood of + 0 we can form the general solution of these equations. 
This solution is given by the power series 


and the derived series for w«. Here a denotes an arbitrary constant. It is 
always possible to find a finite positive quantity @ such that the series (4) 
is absolutely CONVEY nf within the region 


Here the quantity @ must be chosen so small that neither of the variables « 
and «” nor their first derivatives becomes infinite within the region determined 


reprinted, first in Abhandlungen aus der Funktionenlehre (1886), secondly in Mathematische 
Werke, vol. 1 (1894). In both these later editions the theorem was left out. Volume 1 of 
Werke contains a paper“ Definition Analytischer Functionen einer Veranderlichen vermittelst 
Algebraischer Differentialgleichungen”, pp. 75-85, written in 1842 but up to that time 
unpublished. This is evidently the investigation the result of which Weierstrass quotes in 
his paper of 1854. The proof follows without difficulty from the other results of the latter 
paper, and was probably known in wide cireles in Germany through private communication. 
(‘f. the thesis of Mme. Sophie von Kovalewsky, “Zur Theorie der partiellen Differential- 
eleichungen”, Journal f. Mathematik, vol. 80, pp. 1 32 (1875). 

The first published proof of the theorem was given by Briot and Bouquet, “Recherches 
sur les propriétés des fonctions définies par des équations differentielles”, Journal de Ecole 


polytechniques, cap. 36, pp. 133-198 (1856). [Note revised by translator. ] 
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jr’ 


by (5). But neither 2” nor ” 
f 


Thus the number ¢@ is the radius of convergence of the power series (4). 


From equation (1) it follows immediately that 


q-r-| y P da 
(6) = Re, hr) 
dur") du 
de" a 
(7) ; = Rola. 
due” 


where is a positive integer and Ay, and Ro, are sntegral rational functions 
of «. Thus the series (4) can be written: 


+ F » x ype l 
%, | {> ’ 
(Ss) ce N hk R ‘N > , 
/ to, (0) (aq) 9 plain 
. . a (2n)! rs am fe io? (Za—1)! 


In view of $1, we can transform the differential equation (1) into the 
equation 


(GQ) : == du. Sy an & 3 “Ja S “I. 


It we introduce the substitution 


| 
(10) s ; 
we get 
dz 

(11) ds mae se 
Hence equation (9) becomes 

r d z\2 
(12) — a al 

ro 2(4— Yo 2" -— Yg2°). 


if we integrate the equation (12) with the initial condition 


u UO, 2 (), 


can become infinite except when « is infinite. 
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we obtain the solution of (9) with the initial eendition 


Observing that the value of J0(a) corresponding to equation (12) is zero, 
(8) yields 

oe 2H 
Sy a 2 f2 ss. ¥s 


oy, (i 


(15) ) : = — 
7] 1 (Zn)! As 4.4 


Thus the general solution of equation (%) is given by 


if ” —<o.r 


, Yo 5; Ys . 
(14) . UU) 1 [Ju 
sin iv 44 4-7 


lf we Jet 0 denote the smallest of the absolute values of the roots of the 
series (13) equated to zero, we have, for all values of « which are less than 0 
in absolute value 


(Jd) x AEA) — “—— 9° 4 : age 


where the pow r series is absolutely COME rgent when =< ri) and this number 0 
is the precise radius of convergence of the series. 

Let us integrate twice, with appropriate choice of the constants of inte- 
gration, forming the series 


" 


e . | a ’ 
(lo) Ga) f | wit)— re didft I: = a? + ; Is Ye ee 


94.3.5 2°.3.5-7 
) 
and 
42 5 4s ; 
ot) ne Gm u— nu? — a ——-- yy! — 
94.3.5 93.3.5-7 
(17) 
6 
F fy us 6a. | 
“uy1—- —6¢ saaeal at 
sik rs | 


This series is also absolutely convergent, at least when w is within the circle 
u“ d. It is uncertain whether the radius of convergence of the power 
series is 0 or is greater than 0. 















a 


CNP EY OS 


ae 


a 






















546 G. MITTAG-LEFFLER. 


Abel starts with an element of yt) obtained from the elliptic integral. out 
ot this element the function is formed by means of the imaginary trans- 
formation and the addition theorem. Weierstrass. on the other hand, starts 
from the element (15) which has been obtained directly from the general theory 
of differential equations. and from this element he forms the function by using 
the addition theorem in a manner similar to Abel's. 

It we consider the addition formula (44) $2. and put « * the formula 
takes on an indeterminate form which is easily reduced to 


/ an) 
tls) 4.9 (2 00) 4) id { 
du | yr | 
Instead of investigating this formula directly we integrate twice. Observing 
that 

d* log O (it) 


19) 
di? 


y/ | a} 


and choosing the correct constants of integration, we obtain a multiplication 
formula for the function ¢(7), namely 


IM log ali) 


a(21) -— [a(]* yn) [ov]. = 
di? 


Replacing 2” by w we get 
1 ps 
uf ( uf 
(20) G(i) Rial |i. , log @ | . 
54 did y4 


Carrying through the indicated differentiation, we find 


(21) Gla) o | Ga” ” 





sera ee . \ ; 
aa sie ee es a ee 





This the functin 6(u) isan integral rational function of Oo | = and of the first 
three derivatives of that function. : 

The function ¢(1) is represented by an absolutely convergent power series 
at least within the circle 0. Hence the function G | = is represented 


by such a power series at least within the cirele » — 20. The derivatives 





od Fr 
of a | 9 | are likewise represented by absolutely convergent power series in + 
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at least within the eirele + 20. The right hand side of equation (21) is 
formed by sums and products of a finite number of power series, all of which 
converge at least in» 2d. Thus the right hand side itself is expressible 
as an absolutely convergent power series within # = 26. About the left 
hand side of (21) we know with certainty only that it is a power series con- 
vergent when # <0, If two absolutely convergent power series in w are 


equal within a region common to their circles of convergence, they are identi- 
cally equal and since they proceed according to powers of the same variable. 
they have the same region of convergence. Thus the power series for ¢(1) 
about which we originally know only that it was convergent when « < 0, 
we have now shown to be convergent within the greater region 1 20 on 
account of relation (21). Repeating the argument we conclude that the power 
series (17) for ¢(~) is absolutely convergent for every finite value of ». or in 
other words Gi) ¢s ai ¢ verywhere CONVO YE nt power series,” 

This result is very remarkable. We point out only one cireumstance. The power 
series for (#7) we obtained by forming « exp [— @ On], or in other words by 
replacing the independent variable in the exponential series by the series 
~——(F(v) and multiplying the result by «. But the series for G(w) is divergent 
outside of the re qion ou 0, still] the result of the substitution when rearranged 
isan everywhere convergent power series in nu, The method through which we 
found that @(#) is an everywhere convergent power series is exceedingly 
fruitful. It is capable of considerable generalization and has lead Weierstrass 
to certain theorems which belong to the deepest and most comprehensive 
results of present day mathematies.+ 

Once we have got the function 6 (7) defined tor every finite value of uw, the 
function y» (7) is also completely determined. As a matter of fact. it can be 
shown that formula (19) which originally held only when « <0, remains 
true for every finite value of ». The funetions y Go) and ¢ (a) which we obtain 
directly by Weierstrass’ method are the general funetions Pe and S7yna and 
the corresponding constants gs and gs are arbitrary real or compler quantities. 

It is true that formula (17) tells us that 6 (7) is developable in a power 
series which we later proved to be everywhere convergent. The formula, 
however, does not give us any information about the law of formation of the 


In our presentation we have simplitied the proof which Weierstrass gives in “Theorie det 
Abelschen Funktionen”. In order to proceed according to Weierstrass we should have deve- 
loped the formula for a(n) and then drawn the same conclusions which we have based on the 
simpler formula for ¢(2«). The simplified treatment which we have given is developed 
on account of a verbal message from Weierstrass that he, after the publication of “Theorie 
der Abelschen Funktionen”, had simplified his method by replacing the latter x throughout 
by the number 2. In his original paper Weierstrass used the functions A/(w) instead ot 
the later discovered functions y(u) and @(w). 

+ [The author has in mind the factorization theorem for entire functions. T. n.] 
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coefticients which, by the way, is rather difficult to obtain; thus we ean not 
be said to be in real possession of the function 6 (wv). Weierstrass showed in 
the paper Theorie der Abelschen Funktionen, repeatedly quoted, how the law 
of formation of the coefticients could be obtained, thus enabling us to actually 
write down the power series of ¢(). In the same memoir Weierstrass gave 
a second method which leads to another analytic expression for 6 (aw) and 
thence also for ya (7). As a matter of fact, given that y (w) is doubly periodic 
and the corresponding properties of ¢(%) which follow from the addition 
theorem according to Abel, Weierstrass showed how to express 6 (1) and yy (a) 
in terms of the Jacobian @-functions. To these two methods we can now add 
a third one. since we have shown that Abel’s method of expressing the 
y-tunction by the series (20), $ 3. through a limiting process applied to the 
multiplication theorem, ean be earried through rigorously. It is obvious that 
this procedure is applicable whether we start from the basis furnished by 
Weierstrass’ method set forth in this paragraph or we continue Abel's 
investigation presented in $ 2. 

The historical source of the theory of elliptic functions was a perteetly 
definite restricted problem. namely to solve the differential equation 


di 


(?2) dit, 


V Ar4+4Bor'4+ 60 2'°4+4B'r4+ A’ 


This problem has a perfectly general solution, thus the equation (22) contains 
the definition of the class of functions which have received the name e//ipty 
functions, 

Jacobi himself was conscious of the fact that the method he used in Fun- 
damenta nora Was unsatisfactory, and he very soon abandoned this method 
and used an entirely different starting point for the theory of elliptic functions 
in his lectures. He started from the study of some of the general analytic 
expressions for the elliptic functions. This study led to the functions them- 
selves and their more important properties. Unfortunately Jacobi's lectures 
have not been completely published® but their essential content is fairly well 
known through communications by himself and by his pupils, also by the 
lectures of the latter and by copies of notes. A method similar to the later 
method of Jacobi was used by Hermite? as early as 1862, who gave a masterly 


* [In Jacobi's Gesammelte Werke, vol. 7, page 412, appears a list of notes from Jacobi's 
lectures which are in the possession of the Academy of Sciences at Berlin. Five of these 
sets of notes are concerned with elliptic functions. T. n.] 

+ Cf. for this matter two letters from Hermite to Jacobi and the answer of Jacobi in 
Jacobi’s Gesammelte Werke, vol. 2, pp. 87-120. These letters were first published in Journal! 
tf. Mathematik, vol. 32. pp. 176-181. 277 299 (1845). 
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compendium of his method of deducing the elliptic functions in Note sur la 
théorie des fonctions elliptiques, published in the second volume of the sixth 
edition of Lacroix: Tracté élémentaire de calcul différentiel et de calcul intégral. 
To these methods of Jacobi and Hermite the objection might be made that 
the starting point of the theory is rather arbitrary and it is difficult to find 
a unique point of view on the study of the theory of elliptic functions when 
approached in that way.* Jacobi was perfectly aware of this deficiency; in 
his lectures he was accustomed to point out the advantage in choosing the 
differential equation (22) as starting point of the theory, and remarked that 
he intended to return to that basis as soon as the theory of complex integration 
had advanced so far that a rigorous theory could be built on that foundation.? 

The theory of complex integration was brought to perfection, about the 
need of which Jacobi held such strong beliefs, through the epochal work of 
Cauchy. An abstract of this theory together with further developments was 
published by Puiseux in Journal de Mathématiques, vol. 15-16, (1850-51). 
Briot and Bouquet based their treatise Théorie des fonctions doublement 
periodiques et, en particulier, des fonctions elliptiques. (1859) on Canehy's 
theories.® 

However, and this is well worth noticing, even the first paper by Abel con- 
tained a theory of elliptie functions, which, save for various unsatisfactory 
details, fulfils all the requirements that in reason may be put on a mathe- 
matical theory. We have seen what further perfection can be given to Abel's 
theory through the methods of Weierstrass. Still there is one objection that 
can be raised against any theory of elliptic functions based upon the differential 
equation (22). Modern mathematics as it has been formed by the hands of 
the great masters is rightly exacting in its requirements on definitions. The 
definition of a new class of functions ought to be so chosen that it contains 
ho restrietion the real explanation of which is not possible to give a priori. 
The differential equation (22) regarded as a definition of the elliptic functions 
does not fulfil this requirement. Why should we restrict the polynomial under 
the radieal to be of degree four at most, and why just a square-root and no 
other algebraic function? The real answers to these questions are only given 
in the far more advanced theory of Abelian functions. 


* Perhaps such a unifying point of view could be obtained in the arithmetic-geometri 
mean of Gauss. The study of thix expression seems to have led Gauss to his discovery of 
the elliptic functions. 

+ We owe this information to a remark by Weierstrass. 

t The investigations of Liouville with which we shall be concerned below. also play 
a fundamental role in this treatise. A second edition of this book appeared in 1875 under 
the title Théorie des fonctions elliptiques, in which the authors for reasons unknown have 
largely abandoned the elegant and methodical theory that they adherred to in the first 


edition 
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In the epoch-making memoir De fanctionibus daarim variable quadrup- 
liviter periodicis, quibus theoria transcendentiom Abelianarum cnnititur Jaeobi 
showed that « fiction of a single ravidhle which for every finite value of the 
arqunent has the character of a rational functiony cannot have more than tive 
pe riods and thi ratio of the pt riods is necessarily a non-real number. This dlis- 
covery permitted a new point of view on the theory of the elliptic functions. 
namely the problem of finding all dowhly periodic functions, As early as in 
1844 Liouville in a communication to the French Academy of Sciencest had 
shown how to develop a complete theory of dowhly periodic functions trom 
this starting point. Right at the start of the theory a whole set of new 
general theorems were obtained. This discovery of the great geometer was 
the first contribution of fundamental importance to the theory of elliptic 
functions sinee their introduction in mathematies by Abel and Jacobi. In the 
double periodicity Liouville had discovered an essential property of the elliptie 
functions and a unifving point of view to apply to their theory. Moreover. 
this starting point is not subject to the kind of objection which we raised 
against the choice of equation (22). The dowhly perrodee tunetions form a more 
general class of functions than those designated by Jacobi by the name 
elliptic. This is also a great advantage, especially as all the tundamental 
properties of ¢//7pfve functions recur with the dowh/y persodie tunetions. The 
particular determination through which the elliptic tunetions are singled out 
from the doubly periodic functions is of rather incidental nature. 

One remark may still be made against the choice of the dowhle periodicity 
as the starting point for the theory of these funetions. The nearest lower 
class of functions would then be the s/mply pervodie functions. These, however. 
are a very much more general class of funetions. and it is only a small sub-class 
of these functions which ean be obtained by specializations of the double 
periodicity. Then the question arises: It is perhaps possible to find a charae- 
teristic property which is common to the doubly periodie funetions and this 
particular sub-class of simply periodic functions, and whieh is the exelusive 
property of these functions and thus distinguishes them in contract to all other 
analytic functions? Weierstrass found such a property in the addition theorem. 


Journal f. Mathematik. vol. 13. pp. 55-78 (1835). [Reprinted in Gesammelte Werke, 
vol. 2, pp. 23-50, T. n.J 

+ (I. ¢. a meromorphic function. ‘I. n.] 

: CLR, vol. 19, p. 1261, See further ©. R.. vol. 52. “Rapport sur un mémoire a lAca- 
demie par M. Hermite et relatif aux fonctions a double période (Commissaires M. M. Sturm. 
Cauchy rapporteur) and Remarques de M. Liouville and Note de M. Augustin Cauchy relative 
aux observations présentés 4 l'académie par M. Liouville.” It is peculiar that Liouville never 
published a detailed account of tnese discoveries which belong to the most important ot 
his many contributions to mathematics. 
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and from this starting point he succeeded in developing the theory of elliptic 
functions to the highest degree of perfection that a mathematical theory may 
ever reach.* Weierstrass starts out with the following general problem which 
is sufficiently well justified a priori by its importance in the elementary theory 
of algebraic and trigonometric functions, namely : 

An element of an analytic function, given within a certain convex region, 
has the following property. There exists an algebraic relation between three 
values of the element, of which two correspond to arbitrary values of the argument 
within the given region and the third corresponds to the arithmetic mean of these 
two arguments. The coefficients of this relation do not depend upon the choice 
of the points in the region. Which functional element has this general charac- 
teristic property and to what function does it belong? 

The answer to this question is: 

The element will have this characteristic property if and only if it is the root 


of an algebraic equation the coefficients of which are rational Junctions of 


y(u) and y'(w). 

* This second method of Weierstrass is entirely different trom that used in “Theorie der 
Abelschen Funktionen”. [This method has been made known chiefly through the publications 
of the pupils of Weierstrass. There does not yet seem to exist a systematic treatise on 
elliptic functions based entirely on the addition theorem. The latter theorem, however, 
plays a fundamental role in Hancock's Theory of Elliptic Functions. Various proofs of 
the fundamental theorem have been pubished. Cf. Phragmén, “Sur un théoréme concernant 
les fonctions elliptiques”, Acta Mathematica, vol. 7, pp. 33-42, (1885). Further the thesis 
vt P. Koebe, “Cher diejenigen analytischen Funktionen eines Arguments, welche ein Alge- 
braisches Additionstheorem besitzen” (Berlin, 1905). Reprinted in extended and revised form 
in Mathematische Abhandlungen Hermann Amandus Schwarz, ete. gewidmet, pp. 192-214 
(Berlin, 1914). Also M. Falk, “Cber die Haupteigenschaften derjenigen Funktionen eines 
Arguments, welehe Additionstheoreme besitzen”, Nova Acta, soc. Upsal., ser. 4, vol. 1, no.8 
(1907). T.n.] 
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CYCLOTOMIC QUINQUISECTION FOR ALL PRIMES 
OF THE FORM 10n--1 BETWEEN 1900 AND 2100. 


BY PANDIT OUDH UPADHYAY<A.” 


Legendrev considered the problem of cyclotomic quinquisection for the 
prime 641 and calculated the corresponding period equationt 


7° +- 4* — 256 7° — 5644" + 53284 — 5120 = V. 


The problem of cyclotomic quinquisection was attempted by Cayley$ in two 
papers in the Proceedings of the London Mathematical Society but he was 
unable to solve the problem completely. The same problem was also con- 
sidered by Lloyd Tanner. Miss C. A. Seott™ considered the problem of 
quarti-section and quinquisection but she did not sueceed in finding the ex- 
pressions for the constant term in the period equation. The problem of quinqui- 
section was completely solved by Rogers** who showed that it depends on 
the solution of two diophantine equations. The same problem has been con- 
sidered recently by Burnside.;+ He showed that it depends on the solution 
of the diophantine equations 


(1) 12% p = [4p — 16 — 25(4— B)]? + 1125(4 — By? + 450(C?* 4- D*), 
(2) 0 = [4p — 16— 25(A+ B)] [A— B] + 3(C* + 4CD—D*), 


and he gives the period equation 





* Babu Shiva Prasad Gupta Research Scholar. 

+ Theorie des nombres, 3° ed., t. 2, p. 215. 

} The misprint in the coefficient of 7% has been corrected. 

§ “The binomial equation c? —1 = 0: Quinquisection”, Proc. Lond. Math. Soc., vol. 12 
(1880), pp. 15, 16, and vol. 16 (1885), pp. 61-63. 

Proc. Lond. Math. Soc., vol. 18 (1887) pp. 214-234. 

q] Amer. Jour. Math., vol. 8 (1886), pp. 261. 264. 

“* Proc. Lond. Math. Soc., vol. 32 (1900), pp. 199-207. 

+7 Proc. Lond. Math. Soc., Ser. 2, vol. 14, pp. 251-259. 
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4 : 2 a ee ee 
i (pa +| p(4+_— 2 a 
5 3 3-5* : 
Pp [p- 1 é ‘ (p—1)$ 
|| 5 A+B) —pAB— ee i 
(3) 
Se ee a Oe | 
515-.6° } D | 6? } 5 | 
J (A— B)* + Pr — B) (pD*— C*)| — (p— 1)" = 0 
.™ g © re 


These three equations were first given by Rogers in a different notation but 
in this paper I have adhered to the notation of Burnside. So far as ] am aware 
the first two equations have been solved for the primes 11, 31, 41, 61, and 71 
but the period equation has not been given even for all of these numbers. The 
object of this paper is to solve the two diophantine equations for all primes 
of the form 10n + 1 between 1900 and 2100 and to calculate the corresponding 
period equations. 

The prime 1901. If in the first equation we substitute the value of p, 
supposing that 4 + B = 307, we get 


[4>< 1901 — 16 — 25> 307]? + 1125(.4 — B)* + 450(C* + D*) = 144> 1901. 


or 
1125 (A— B)* + 450 (C*? + D*) = 273744 — 7569 
If A— B = 11, this gives 
C?+ D? = 289 = 8*+ 15%. 
We therefore have 
A= 159, B= 148, C= 8 D= 18. 


and on substitution it is found that these values satisfy the second equation. 
Substituting in (3), we find the period equation to be. 


4° + nf — 760 7° + 1749 4* + 84009 4 + 69211 = VU. 


| 
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The prime 1931. Solving the first two equations we find 
A= 159, B= 1600, C=4 D= 21. 
The period equation is 
7° + 4*— 772 4° + 6411 4* + 2379 7 — 72047 = VY. 
The prime 1951. Solving the first two equations, we find 
A= 1600, B= 155, C= 23, D= —4. 
The period equation is 
n° + 4* — 780° + 1795 7* + 401757 — 150571 = 0. 
The prime 2011. 
A= 158, B= 154, C=2 D= 22. 
The periodic equation is 
7? + nt — 8044° — 6596 7? + 146244 + 162752 = 0. 
The prime 2081. 
A= 165, B= 166, C= 6, D = 26. 
The period equation is 
y° + y* — 832 n° — 14154? + 34195 7 — 8621 — 0. 


I should like to mention that I have received help in calculation trom Pandit 
Shukdeo Chanbey. 














GEODESIC LINES IN RIEMANN SPACE. 


By R. HENDERSON. 


When «, b and ¢ are the sides of a triangle and C the angle opposite to c, 


we have 
c= a*®--+ b®—2abeosC. 


Differentiating with respect to b, we have 


le 
Ie = 2h—2acosC = 2rcosA, 
db 
de 
ao = cosa. 


Similarly in a spherical triangle 


cose = cosacosh+ sinasinheosC, 
. ade ; " 
sinc——- = cosasinhb—sinacosbecosC€ 
db 
= sinccosA, 
dc 
— = cosa. 
db 


The differential coefficient is therefore in each case independent of the magni- 
tude of « provided the angle A is given. The sides of the triangle are in each 
case geodesic lines. Therefore, this gives us a property of geodesic lines 
which for the purposes of this investigation it is proposed to take as funda- 
mental. It may be expressed as follows: If P and P’ be any two points and s 
be the distance between them, then the variation of s, due to any arbitrary 
infinitesimal change in the position of P, is independent of the actual magni- 
tude of s and depends only on the direction components at P of the geodesic 
line joining the two points. This property appears to be closely associated 
with the fact that the geodesic is the line along which the distance between 
any two points on it is measured so that at any point the gradient of the 
distance is independent both in magnitude and direction of the starting point 
on the line from which it is measured. We shall designate coordinates and 
functions at the point P by unaccented letters and those at P’ by accented 
letters. 
355 
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356 R. HENDERSON. 


In ordinary cartesian coordinates for space of three dimensions we have 


8 = (r—a7,P+(y—yPt+le— 2)". 


Then if @/ represent the length of the infinitesimal displacement of P, we have 


9. lls ne da =: ao dy ih AE aa cas dz 
il ll i ee a i, 
ds 7 i Ty dx eed dy ; (2— 2;) dz 
dl °c al ss ee i 

da dy . dz 
—= «Uy —— > Ug —— > Us —, 
og a ae 


where w,, “2 and ws are the direction cosines of the straight line drawn from P” 
to P. They are, of course, independent of the length s and depend only on the 
particular straight line through P on which P’ is situated. The value of ds // 
is therefore independent of s. Since dx d/, dy dl and dz d/ are the direction 
cosines of the displacement of P, the expression obtained for ds d/ is evidently 
equal to the cosine of the angle which the direction of displacement of P 
makes with the line from P’ to P. 

In the case of Euclidean space of n dimensions, referred to oblique recti- 
linear coordinates 2*, 2* ete., we have 


2 


s J k 
gs? = Ain (at— Yo iz J 1). ( (15 


es hs), 
ik 


Where the coefficients aj, are constants. Then we have generally 


ds y AS dat 
a”) 6 Foe a 

Our fundamental property therefore means that values of 4s 47” are inde- 
pendent of the magnitude of s, for all values of r. 


as _ - 
a. N ; \ 
2s a at = ig 1S — we 2 Aky ar a), 
;  ~ 7 
~) i . 
Zz > iy (Z Dy) 
z 
Os >> , og Xs 
ont rr = ‘ 


7 


Here again, if P’ lies on a fixed straight line through P, (s'—x')/s, Which 
we shall call 7’, is a constant for all positions of P” on that line. Consequently, 
6s/0x" is also a constant. 
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Conversely, if the values of 6s/6~” and consequently those of (z’— x?)/s = w' 
are constants, we have for each value of 2 


yi = g'—su'. 


Thus the coordinates of P’ are linear functions of a single variable s and 
therefore the locus of P’ must be a straight line. 
Taking up now the general case of a Riemann space of m dimensions, the 
expression for an infinitesimal element of distance is 
%,_] ° 
ds? = > gix dvi dz, 
ik 
where the gix coefficients are not now constants but are functions of the 
coordinates. Here we cannot apply the expression directly to finite distances 
but for small distances 0s we may write 


és? = a 4 (giz + giz) Or’ Ox*, 


ik 


where, generally, da? = «'—v~'. It will be noted that the neglected difference 
between the two sides of this equation is of the order ds‘. 





Then 
5 (ds) ’ 1 OGik . 
96s ——- = > (girt gir)dxei+4> OGiK § yt bzx*, 
0x’ aie " k OxX 
A(ds) sv ,. ox Os wb giz dxt  dxk 
= & (Ase - Ose ) _ —- — — 9 eng, 
Aut sale Jr V Gl Fe 4 br” Os ds 


NN) da ; Os | d y’ dz vv 6 dik da" dk | 


] 
med i - . . 
oa AY! ds ds i 


ir ie, 
a In ds 2 lds ds z 


ik 
if we expand in powers of ds and neglect powers above the first. This is 
independent of the magnitude of ds if 


d y" da 


Ogix da dat 
(se a: 
ds — fir ds 


Oa" ds ds 


a ka 
ir 


If we write « for dat ds, where «’ is now not necessarily constant, and 7, tor 
%, ’ 


B gir vor Po Yir dx ds, this becomes 


? ? 
dit, [Ogu |; » 
= 2 CI i uk 
ds ~ Oa 


Another geometrical interpretation of the equation 


dw dat WI 6 ik da’ dak 


O55 3 ey . — 
ds am i ds — oa” ads ads 
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may be obtained by integrating with respect to s, when we have 





v da! NV da 1 , v Opik da r dak 
et Git > ~~ dag | Jir = D a ny , as. 
—- ds : = y x Oz’ "ds ds 


P 


The coordinates of a variable point on the line and the distance along the 
line from an arbitrary origin to the point may be considered as functions of 
a single parameter /. Suppose now that the position of the line is varied by 
making at every point the same infinitesimal change ¢” in the «” coordinate 
and leaving the other coordinates unchanged. Then, since 


ds\? _ y dx’ dak 
(ai) = <9 a al 


and the values of dz' d/ are independent of «”, we have 





, as d* s _ yy ) Qik dy’ dak 
“ai dedi € d27 dl al’ 
d*s pee oh] Jik a: rt aa ds 
de’dl — sar" ds ds al’ 
ia P P 
° eqix dr dxk "dts d F 
Pe as = | oa eo 
J) SF oa” ds ds J dedi de’, 
P P’ P 
Hence 
P 
d . dz +, 42; 
oa de = mh a ir rr = My—U, 
P 
The lett side of this equation is the value when e«” = 0 of the differential 
coefficient with respect to «” of the total length of the varied line. The first 
term on the right is the limit when «’ 0 of the ratio to «” of the projection 


on the original line of the variation in the position of P, and the second term 
is the similar ratio for P’. The entire right side, therefore, is the value when 
e’ == 0 of the differential coefficient with respect to «” of the length of the 
projection of the varied line on the original line. The equation therefore 
asserts that, for small values of «”, the length of the varied line and that of 
its projection on the original line remain equal. 
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In the following brief paper a functional equality is deduced by means of 


A FUNCTIONAL EQUATION FROM THE THEORY 


OF THE RIEMANN ¢(s)-FUNCTION. 


By A. ARWIN. 


Which the well-known Riemann formula from the analytic theory of prime 
numbers may be obtained. The method which has been followed in this con- 
nection may be followed also, without any difficulty, in the case of more 
general ¢-functions. 

In Acta Mathematica vol. 25, p. 166, Mellin establishes the formula 





ist 
] a i x 
(1) log (l+a) = —— —_ ; ds, (O<a<1), 
Smit sinas s 
a in 
from which he derives the result” 
a-tixz 
l f a ‘ x 
(2) log (ax) = - - S(s) — ds 
2? sin Ts s 
a—ix 
where 
x x 1 x \e p 1 rc \PImM, 
» _-—- - —- - med ee 
Jf ? Ase, ) ay, 
(3) tin = It i —|\R ay 2 ty p\ a 
(Ay 
1 
and 
m 
S(s) => ~, (o<a<p-+l) 
a a, 


‘ . , * 
p being the rank of a(x) and @ the exponent of convergence ot P 2 My ys 


From 
lo Py, 
JE > p- o 
(4) tian) [] (1 m) 2 n 
(n,m) Py 
we find 
(D) S(s) 1 yy log pn 1 os). 
D N(s — as 
: 27 0%,m) pr Qa (s) 


* Mellin, H., Acta Math., vol. 25, p. 168. 
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where p,, means the nth prime number in the series of primes. Then we have 


+ { log py 
aa > |e” hog (1+ 
2a 


ee]  ) 


log pn XL | 


n,m) 2 Fi 2a Pp; 
(6) 
a+1s 
: ws 
t s (s) rs 
== , jeer soem il 
2Mt . sin:ts (C(s) ss 
a-—tst 
where l<a<2,7= iz 9, —B<O< 2. 


We now make a cut through the negative real axis and take the integral 


“sr 


: l 1 Eis 2 


OR sin as 6(s) 8 


around the rectangle ¢, running from a —7rtoa-—-irto-—a+i1 to —o—a1 
back to a—j/r. Since™ 


Ss (s) 
: <—I, log s 
o(s) 1 5 
for s =o-~—7t, (o = —3,— 5, ...), we conclude that the integral from 


—oa—ifto —o—/t vanishes for s—> «x. Moreovery 


o's) 
id - < is log? ‘ 


s (s) 


at all points on all lines parallel to the real axis. Hence the integral along 
those sides of ¢, which are parallel to the real axis will also approach zero 
ast—>m, Hence we get 


/ - rf | C'(s) Eg 
(7) — Dd logy, log (1+ “,) logy | Res| aoe 


n,m Py DP, sin as §(s) a 


the residue being evaluated for the region «,, i.e., for, as @--Kr 1 -e%. 


* Landau, E., Handbuch der Lehre von der Verteilung der Primzahlen, vol. I, p. 336. 
+ Landau, E., ibid., p. 341. 
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In the first place 


e=o}|Sinas €(s) 


aq C'(s) 2° r'(s) xs 
Res | - i” hee | : Res} 7 | 


(S) 
C"(0) o”(0) ro) \® 
$ (UV) i | C(O) C(O) 05 log + hrs 


Furthermore, for s = 1, we have” 


o’(s) 1 
tis) 4°57 oe 
1 ] 
7. aa + B,(s—1)+ 
SlN 7Ts s- 
hence 
1 C'(¢) Wb 
Res | -. ——. — 
1{ SM 7s s (S) S 
(Q) 
ag Ex 
= Res |— ~— ——|] = rlogr—v(l+E). 
s=1] s(s-—1)® s(s—1) 8 


We turn next to consider the residue at the set of points s = —1, —2, 
Which are double poles for even values of s, and only simple poles for odd 
values of s. By use of the well-known relation? 


Tes 


a$(s) = (27)§ sin-5- FUL —s) s(1—s), 
it follows that 
C’(s) a As (1 —s) o’(1 —s) 
= log 2a —- cot - — — A, 
s (8) i 4 2 r(1—s) (1 —=s) 
Now, 
Ca l 
(10) Res log 27-—| = log 27 log {1 +—|}, 
ya sin 7s s ' x 


Landau, E., ibid., vol. 1, p. 165. 
+ Landau, E., ibid., vol. 1, p. 285. 
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and since” 





o.°) 
* \’ l 
sin? 72 (z+ 7)?’ 
or 
ft 
T be l 
? R \" per r4 (s - Dy)?’ 
4{sin 5 
we may write 
t Us 
eo 
T t » “ | rs 
Res , Res 2 aes 
2 s s SIN Ts r | (s+ 2”) 8 
mae 2s et ite ~1)~ 3, 
. og r Ne — Ogu 8) y i y ‘ 
Bo 23 = ae 2 E | } 7+ 4 
To simplify this expression, we start from the formula 
“a 
ei? ] l 
> me le 2), 
a 20 2 x 
Multiplying through by 1/z and integrating from . to #, we find 
x x 
x pm (29 -r} 1 ” dr 1 
~) Mo aa 
_§ feet a= 1 fH ieg(—4) 
, 2 2 e 7 x 
Kf 7 
hence 
x 
“ = 1 ] log rdyr 
~ F 9 M 
— > = — 5 loge log (1——] ( oe 
r 4° 2 T J «(a*?—1) 
We may therefore write 
Us a 
. cot = 
n° ? 7° log dr 
(PL) tes : 
2 6 a‘. SIN Ts 8s es ae ee 1) 
Further, we have 
r'(t1—s) a l . l'(n+1) x” 
—zm Res . : (x 3. ) ; 
ene r(1—s) s sinzrs |, 5 Min-+-1) nm 


* Lindelof, E., Calcul des résidues, p. 54. 
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and 
a (1 — 2 Z ~ 0 yr widow mn 
a Res E: ai il _| = (— 1)" a —, 
9 . ¢(1—s) s sin: TS 1 S(n + 1) de 
But 
a C’(n +1) a — log pn : 4 
(12) (— 1) = sa 22 log (1+ --—}, 
: C(n+1) x Pt pr 6 | L pm | 
and 
T age | ) 5 Pa Pa 
y Cis = ’ Bs a) cL 
oe eS ee ee ee 
rig -ol Sinars § (s) os Je, om @, SINE, oy oe, sine,’ 





where @, = 6,+ 78, represent the complex roots of $(s) = 0. 
From a I(a) = I(a +1), we have 


I’ (m4+1) I (m) anh ] 


I'(m+1) Crim) mm 
which, together with 7’ (1) = BE. (1) = 1, gives us the relation 
r'(m+1) < 
eal oe os SO 
im 4- 1 ) pa 
Hence 
= 4 | sn s ets | x aan n 1 
i. gyre eee P E> (— 1)" — +2 (— 1" —2 — 
7 Vin+1) nH 1 n 1 eo “Ty” m 
(13) 
pa NM yan v1 
= : = n s eS ae ; ann any 
E log (1 + +2 1) oo a =n 
We readily verity the relations 
x 
; a ct = , log a dx 
(14) 2 (— 1) 52 log log (1 + i | ee Ty 
and 
A a SF s l 1\f 
a4”) Sew Tt = Ffiog(i+ 4). 
1 ’M 1 vi 4 Jd 


Combining the results of equations (7) to (14), we arrive at the following 
relation* 


‘Wigert, S.. “Sur la théorie de la fonction (s) de Riemann”, Arkiv tor Mat., Astr. 
och Fysik., vol. 14, 1919. In this paper Wigert has deduced an equation which follows 
from relation (15). Cireumstances have prevented earlier publication of this formula, which 


I obtained as early as 1917. 
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er: = 108 Pn log (1+ aon : > [oe Pn log (1 ——.| - log pn c 
Pr CP, | " 


nom) sn (n,m) n * 
' l 
(15) = ky +alogr—r(1+h)+ Flog(1-4 . } + log 2 log(1 +.) 
, 1 oF l p 
l l : Le og ax do pln 
ue logs log| a3 Mi )+ 2 Vlog t Jf I J 7 ins l al “a ,, z Tv C,, 


Now let « be arbitrary but not real and substitute «+ —™ for « in (15); then 
we have 


On R Tl Mn -Pn x 
— coal : . u = >" f (1 oe “’ errs 
en Rm — Rp en ne 
and 
Da I—FTiDy Dn sx 
sy ul i ° y’ Mita ~\’ 2mm tpn | 
. _ eed ; ; ‘ “7 
m4 On Pe? (Pn Bo-7 1 pn AY On — 
so that 
sv als ROT Pn NY al” RO**Ps 
Uy <a ° i 
in) On SINT O,, im) OnSIN-T Q,, 
(16) 
Un On 
vu oe A LIAL 
—2a1i D> -dnJ, ae 
a” Oy . Ps On 
Recalling now the well-known expression 
vi 4 —(1+log22)+0( 
AE) == —=—-108t — (1 + 10g 2 7) JUO_ET), 
a y- 
and* 
7 
8s, = ? Tw rae (1 ~~ £ (n)). 


We may prove that the last series on the right side of (16) is absolutely and 
uniformly convergent for all finite «, real as well as complex. In this manner 
we obtain from (15) the equation 


“Backlund, R. J., Uber die Nullstellen der Riemannschen Zetatunktion, Helsingfors 1916. 
p. 11. 
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vy . Jw : ad 
aa log Pn log | — m i log Pn om 
(n,m) n ‘n 


kg + (1+ F)loga — slog. + 27 + log 2 alog(1 —.r) 








, : 1 1 1 \)2 
(15') + Elog(iI——)+-3 log (1 — } +-logrlog (1 — —| 
i a a mo 
x x 
| 1 ‘log dar (0 ds 
vlog {1— oo 4 | ogee a | , 
—y phe ~~ he wees 
—22i > — +4aJm (> — Remon), 
(Wi) On mon On 


The formulas (15) and (15’) have only been deduced for the ease that 


+o > args >> a1, 24 > arge > 0, but. since Landau has proved the series” 
~ a ie 
(14) a 
(mi) Oy, 


to be uniformly convergent in all intervals not containing any point » = 1, 
er. 1 p™, we infer that in fact (15) and (15’) are valid for all x. Further we 
— . Y +p . 

infer that the series >" ar” g,, converges uniformly for all complex 2-values, 


a 


a) 
and we find also that the series (17) in the singular points « = p’, 1p” will 


. » . . . ° ° , p / : ? Me 
tend to infinity in the same way as the finite series de® “/e, tor = pr, lpr 


und + — 2%, Going from the upper part of the complex plane towards the 
positive real axis. which now represents the cut-line, we obtain, by means of 
the equation 


v = i= > ee eal 
— log p, log| = jm +log p, ae. . aa log p,log| l m )+ log Py ym 
nvm Pr P, om >7 P, Py 

1 >" I 7 ] ‘ane Vv ] r _™ ] or 

i — log p,, log | m ie r + log Py ym y og oe Pe 0g | : Te ous OF prs 
peer py Pr pier ymca 


* Landau, E., Math. Annalen, vol. 71, p. 563 

























~< 


NPVs 
















366 A. ARWIN. 


and, by use of the formula 


l , 
log2 tlog'1—.r) = log2 vlog (1— —-}) + log2a logs - wilog2a, 
SW 


the relation 


ys 
nN l * de Ow ap» 
(18) 2 logp, = « log (1- . } — — —log2a—2R Z, ‘ 
pear r P r l my On 
Since 
Oc 
"dl ie ; “+t l 
| oF tog (1 ——)= log oe + log(r—1)—-logsa = } log (1— ). 
J r*—l r . 7, — w 2 
we reach the well-known form* 
"ky 1 an 
ae, x ghee lt Lae ee. 
~ = A iad (n) On 


m 
Pa = fy 


It may be observed that we might have deduced (18) without referring to 
the above mentioned results of Landau, namely by modifying the manner of 
obtaining the limiting series which results if we approach the real axis. 
Substituting in (15) first 1 w and then ve*' for z, we obtain, in the same 
way as before, the expression 





» logp l ] oi a. — yy \e 
(19) D>) Pe" = logs — —+-5 log —— — E+2R 2 -—. 
wan Fs x 2 e—f im On 


The relation (19) can be verified directly, except as concerns the constant, 
by some formulas of transtormation which have been previously published.+ 
In conclusion, we repeat that all these formulas may be deduced also for 
the case of more genera] ¢-functions. 
LUND, SWEDEN, 
November 1921. 


* Landau, E., Handbuch ete., vol. 1, p. 353. 
+ Arwin, A.. Nyt Tidskrift for Math.. vol. 27, p. 81. formula (ID. 

















THE GEOMETRY OF PATHS AND GENERAL RELATIVITY. 


By LUTHER PFAHLER EISENHART. 


Introduction. The geometry of paths, as developed by Professor Veblen 
and myself in a number of papers in volumes eight and nine of the Proceedings 
of the National Academy of Sciences, is a generalization of Euclidean geo- 
metry based on the assumptions that the space considered is an 1-dimensional 
continuum in the sense of Analysis Situs and that in this space there exists 
a system of curves, called paths, such that, like the straight lines of Euclidean 
space, there is a unique path through any point in any direction. In the first 
part of this paper some of the results previously obtained are codérdinated with 
certain new ones. 

The coefticients 7%), in the equations (1.1) of the paths may be used to define 
the affine connection of the manifold, as a generalization of Levi-Civita’s 
concept of infinitesimal parallelism in a Riemannian manifold. In this way 
the geometry of paths may be identified with the generalized geometries studied 
by Weyl* and Eddington.+ These writers make the concept of parallelism 
fundamental in the development of their geometries, whereas in the geometry 
of paths the equations of the paths are fundamental. 

In the second part of the paper we assume that the spaee-time continuum 
of physics is a four dimensional geometry of paths, elemental physical phene- 
mena manifesting themselves in paths. It is generally accepted that the world- 
lines of light through a point form a quadratic cone. This leads us to adopt 
a particular form for the functions 7%, in the equations of paths, which we 
take as characterizing the geometry of paths of physics. This geometry 
includes, as a particular case. the geometry proposed by Weyl in order to 
obtain a metric involving both gravitation and electricity. Einsteint has said 
that ‘‘a theory of relativity in which the gravitational field and the electro- 
magnetic field enter as an essential unity” is desirable and recently has pro- 
posed such a theory.§ His geometry also is included in the one now proposed, 
and it may be that the latter. because of its greater generality and adaptability, 


Space, Time and Matter. $ 14. 
+The Mathematical Theory of Relativity, Chapter 7. The statement on page 242 that 
the geometry of paths is identical with Weyl’s geometry involving a metric is not correct. 
as is seen when a comparison is made of the results of $$ 2-4 of this paper with Edding- 
ton’s $$ 91-94. 
{The Meaning of Relativity, p. 10s. 
$ Sitz. PreuB. Akad. Wiss. 1923. p. 32. 
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will serve better as the basis for the mathematical formulation of the results 
of physical experiment. 

In $ 9 we consider the motion of a charged particle in an electromagnetic 
field and show how the results of experiment are in keeping with the above 
assumptions. In the closing section we consider the energy-momentum tensor 
of matter. 


1. Geometry of paths. 


1. Equations of paths. The paths are, by definition, the curves in 
a general manifold of » dimensions defined by the system of equations 


fx! is de® da’ | 
(1.1) 5 + Fo s = 0 oe ere 


where 1), (= 3 are functions of the .’s, and s is a fundamental parameter 
peculiar to each path whose significance will be pointed out. In (1.1) it is 
understood that « and 8 are summed from 1 to ” in accordance with the usual 
convention: this convention will be followed throughout the paper. 

If s for any path is replaced in (1.1) by a function of any other parameter, 
‘, then for this path the equations become 


Pat pi da dae d*t 

1.2 dt® a; dt dt ds? 
Nive = . 
da dt\* 


— 


ds 


dt 


From these » equations follow the # (1 ~ 1) 2 equations 


d gs A? a da! A? od 4 day a dat da dat 


im 2 “ aT af, See: 
at df? dt l f® | oe A ay yt dt dt 


of which » —1 are independent. 

Any one path may be defined by »-— 1 equations of the form g ;(a',...,.2”) == 0, 
from which it follows that all the codrdinates are expressible in terms of any 
one as parameter. Thus any one codrdinate, say .r’, may be used as parameter 
for all the paths. and so also may ¢. where +! — /(#). the function / being 
arbitrary. 














ae, 











THE GEOMETRY OF PATHS AND GENERAL RELATIVITY. 369 


If we have a particular path, that is, a particular solution of (1.3), the lett- 
hand members of (1.2) for / = 1, ... 2 are equal to one another in consequence 
of (1.3), and are reducible to a function of f. say g (tf). Henee from (1.2) we 
obtain an equation of the form 


dd? ¢ 
ds* 
dt\> ~° 
Te! 


y(t) 


If ¢ — f(s) is a solution of this equation, and the independent variable ¢ is 
replaced by this function of s, equations (1.2) are reducible to the form (1.1) 
for this particular solution. Hence: 

The equations (A.A) of paths may be replaced by 13) m which t isa pare- 
meter the same for all the paths: conversely cach solution of (1.3) leads to the 
determimation of a parameter s in terins of which the differential equations of 
the corresponding curve are reducible to the form (1.1). 

2, The curvature tensor. If we put 7’ Pie vasesd rv”), thus in- 
troducing a new set of coédrdinates. equations (1.1) beeome 


7 d? a+ ri dat dat 
(Ze83 , iI, (). 
As® J ds ds 
where 
= yl 1 9 , y 
— eo 2 j 1 Ou r t O4 
(2.2) ’ i , ¢ , i P ft 
J ' Ja aa or Og 


ixpressing the condition of integrability of these equations regarded as difter- 
ential equations for determining the «’s as functions of the «"s. we obtain 


/ 


axe }6Ose Ou ri 
6) ¢ ‘ } >: 
(2.3) P ‘: ‘) Bore ¢ 't Bij. 
nT” OF aa na 


where 


” oi, ol » ae — 
(2.4) Jars “ r . . Ce | pe Ts, . 
iy A 


Mr. J. L. Synge, of the University of ‘Toronto, made the suggestion, in a letter to 
Professor Veblen, that the equations ot the paths be written in the form (1.3) in terms ot 


a parameter other than s. 
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Since equation (2.3) may be written in the form 


% aa sry & Dol 
n ° ‘ CO. : p 
(255) —- ; '} p Bois Bij. 


or r/ ads ] 


then 61. defined by (2.4), are the components of a tensor, which is contra- 
variant of the first order and eovariant of the third order. It is known as the 
curvature tensor.” 


From (2.4) follows 


(2.6) BY. x... 


that is. the tensor is skew-svmmetrieal in + and x, 

If in (2.2) we replace /. by the Christotfel symbol of the second kind? 
i formed with respeet to the fundamental form of a Riemann space. we 
i 
obtain the well-known equations tor such a space. These equations are the 
basis of covariant differentiation in a Riemann space. It follows directly that 
the theory of covariant differentiation can be generalized to the geometry ot 
paths by replacing the Christoffel symbols by the corresponding I's. Thus, 
if by is a covariant tensor of the second order, its covariant derivative Dj). is 
given by 


}; ad) ; id jh 4 


3}. Fundamental tensors of the second order. [f in (2.4) we contract 
for p and s. we obtain 


(3.1) B 30 Fm OF ope pa pe pa 
we q! Agr} a apd ph ar © ay) pa "ay 
since 
r, (Ber + Bry) + LB 
y 2 ( Ian B,,) _ D (By, F By). 


Weyl (lc. p. 118) and Eddington (p. 198) arrive at this tensor by means of the parallel 
displacement of a vector. 


y ° ° qi'|\ : 
+The usual notation is vat but we use the form in the text because the location of 


the indices is more in keeping with the convention of summation 

















——— i py 
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if we put 
(3.2) b,, box Yur: 


the symmetric and skew-symmetric parts of Bg, are given by 


a a7] a 
(3.3) j l ¢ I, ¢ Ves of V re re ~p re 
Ou /, ? » - 
. 1 Aa rl ft a vi pa * yr 
and 
a7] a7 
‘ l ‘4 Tw ¢ a 
(3.4) 
, 4 / My yl 


Thus /,, and g,, are the components of a symmetric and a skew-symmetric 
tensor respectively of the second order, which are fundamental in the geometry 
of paths. Moreover, from (2.4) it follows that 


(3.5) iii 2 Wives 
It is well-known in the theory of tensors that 6;, where 
(3.6) %= 0 forit,;: i. fore=y,. 
are the components of a mixed tensor of the second order. If then «,, are the 
components of any covariant tensor of the second order, a contravariant 
tensor of components @«” is defined by 
(3.7) cei, 0}. 
Thus « is the cofactor of «,; in the determinant 
(3.8) (¢ (ij 


divided by «. In like manner if «’* are the components of a contravariant 
tensor, the components cx) of a covariant tensor are defined by 


(3.9) a® ay; = 0%, 
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In either case we shall speak of the tensor derived in this manner as the 
ussocvate tensor and we shall indicate it by the parenthesis about the indices. 
We introduce the notation 


0 by; 


rar 


l 
ve Ord Pe eu 


(3.10) 


From the first of these we have 


b, 
(3.11) — ting + Ny 


Also we have 
(3.12) 
where 


(53.13) I) iD 


Since the covariant derivative /;,, is a covariant tensor of the third order. 
two fundamental covariant vectors 8; and 4; are defined by 


(3.14) /, ik hin) 


te 


jks /; j /, " 


wh 


-. 


If in the first of these equations we substitute the expression for bj as given 
by (2.7), the resulting equation is reducible by means of (3.11), (3.12) and 
(3.7) to 


nr log | h 


/ 


(3.15) oa 


a] 


Bi. 


OT 


From this result and (3.4) we obtain 


(3,16) ox > | os By ). 


a4 ne 


“As thus defined A. and A‘ are the Christoffel svinbols of the first and second kinds 


y 


formed with respect to the tensor ),,. 
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Hence we have: 
The skew-symmetrical tensor Yor of u geometry uf paths is the curl of a vector. 
From the second of (3.14) and (2.7) we have. with the aid of (3.11). (3.12) 
and (3.15). 


‘ h a Ah 

(3.18) ye be; ( f., — f ine! a — bh. 
Consequently 

2 1¢ 7] = “ a 
(3.19) - I in iy ° 


where ie is a tensor of the third order. contravariant of the first order and 
covariant of the second. 
From (3.19) and (3.15) we have 


(3.20) 3 ye 
/ a) 


and from (3.18) and (3.19) 


(3.21 ) h. at +a sec 


From (3.3) and (3.15) we have 


a 
(3.22) by, = 2108 Eo : — Cele — Coal 


Aart Ag a7” Aart OaP  * ar" gp pa" qr 


a 


If we write 


3 ) ; LB a? log VV h fal for y a“ a oO log V h 
(3.25) ay te - - _ 
Iu 6a! bar Ag pP a) qp q 5 a 


then B,, is the contracted Riemann tensor formed with respect to the tensor 
hor. Substituting from (3.15) and (3.19) in (3.22) and making use of (3.23), 
we obtain 


(3.21) ae i ee ee 


a. " Pd a 
qr Sy qr rq ios (4, Na + ag Ag, ? 


qr 


* This result follows directly from (2.2) and similar equations obtained by replacing 
the I's by the A's; the latter are the corresponding equations for a Riemann space with 
b,. for fundamental form. Subtracting corresponding equations, we obtain equations whose 
form reveals the tensor character of a,,“. 
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where 


L 


that is, the sum for @ of the covariant derivative of «) “ with respect to the 
tensor /;, and 2,, is the covariant derivative of 2) as detined in § 2. 

4, Invariant integrals. If /,; denote the components of the tensor /, 
in a set of coordinates «’. we have 


(2.1) Ih h;. a id ~. 


where ./ is the Jacobian 


si 
(49) io , 
/ 
From (4.1) it follows that the integral 
(4.3) | haha oe da” 


is an invariant Integral for transformations of the v's. 
Suppose now that we have any inixed tensor of the second order whose 
components in.” and in are denoted by ¢/’ and «. We have 


(4,4) ul! ? —- -— Pi Sed. 


where 


Since J.J == 1, we have from (4.4) 
The determinune of the components of ney mired tensor of the second order 
isan invariant scalar. 


If «jj are the components of any covariant tensor of the second order, then 


(4,5) ee ac") ¢ 
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e 
ur 


where a” is the associate of a tensor «,;. is a mixed tensor of the second order. 
From the above theorem we have “ ==, Where ¢ is an invariant scalar. 
From (4.5) we have 

( ce’ Chi 


Multiplying by « ), . We have 


"bi (py ¢ 


Hence we have 

The determinants of the components of any two covariant tensors of the 
sccond order differ at most by « scalar factor. 

As an immediate consequence of this theorem it follows that the invariant 
integral as (4.3) formed with respect to any covariant tensor of the second 
order differs from any other by having a scalar in the integrand. 

An indirect proot of the above theorem, so far as symmetric tensors go, is 
obtained from the following considerations. If we take any symmetric tensor 
of the second order other than 4,;. sav a;;. and proceed as in § 3. we obtain 
in place of (3.15) the result 


: . Nn log | “f ] 0 a, 0s 
(4.6) N, a ie = Shee ary 
ov) y i or 


where «and «; are analogous to /and 2). From (3.16) and the second of (4.6) 
ore - ' 3 loge 
it follows that «; and A; ditfer at most by a gradient. savy —-~ i . Hence from 
x 
(3.15) and (4.6), we have | a = co bb, where c is a constant.7 
5. Different forms of the equations of paths. We inquire under 
what conditions the paths are defined by a second system of equations of the 


form (1.1), say 


A* x" -~ adx* diz 


(5.1) — : 
ds . a; Jd x de 


Clearly this theorem does not apply to a tensor whose determinant is zero, tor 
instance a tensor which is the product of two vectors. 

+ In the Proceedings of the National Academy of Sciences, vol. 9 (1923), pp. 4-7. 
| showed that a necessary and sufficient condition that a geometry of paths admit an 
integral is that ¢r. be the curl of a vector. The above results show that this condition 
is always satistied. Eddington, Ll. ¢., p., 219, obtains an equivalent result, but his statement 
on p. 216 that Pin 0.1 / da" is a vector is not correct, as follows from (3.15), since } is not 
a scalar invariant. Cf. Bull. Amer. Math. Soe.. vol. 28 (1922), p. 427. 
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Making use of the same general parameter /, as in (1.3), we have 


7 dat d?a dat das -; da = dat\ da® da? 
ite ee 2 Sammy Tod he ee 0. 
dt df dt Af y ae v dt df df 
Subtracting these equations. we obtain 
; j da dai | da® da? 
: ie. rr.) — —(_,— FF) (), 
A ay a3 dt ay ay df if df 


This equation must be satistied identically, otherwise the solution of (1.1) would 
satisfy an equation of the first order. It is readily found that a necessary and 
sufficient condition is that 


(5.3) ro Fes + 


If we subtract equations (2.2) from similar equations involving I, and I;; we 
obtain 


, 

‘ J 

+'t t op Dp dat dat da 
r;,—l jz = (TW, i) - mA : 
dat dgxs dat 


Substituting from (5.3), we find that “”, are the components of a covariant 
vector. 

Consider now a particular path and equations (1.2) and the analogous 
equations in terms of the barred functions. Subtracting these equations and 
making use of (5.3). we obtain 


d*t d*t 


ow dg" ds* - ds* 
eS at ) (= 2° 
ds d s 


‘ 


Since s is a function of s along this curve. we have 


ds ds ds’ ds? ds* 


ds d Ss z 


dt dt ds d*t d*t ds ) dt dts 


ds 
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Substituting in the above. we obtain 


d*s 
= d 8S ° da? 
(5.4) ; -2y a 
ds ig Y wi d x 


for the determination of s as a function of s. 

Hence we have the theorem: 

[fm are the components of any cocarwad vector, the paths defined by AA) 
are also defined by (iA) with the P's given by (3.3) and s by (5.4). 


It we denote by B/,, the function in the 7’s analogous to (2.4), we have 


(5.5) Be » == a + 0; ( we, weg) = | 0! ( Ne, ae: thy Unyp— 0! (Ww, tite Wy, U's), 
where 1,. is the covariant derivative of “’,. Contracting for p and s, we obtain 
ye ) iD a ae — / ' 

(9.6) ih, B,, WU, Wqg— in 1) wy. 


it 


\lso contracting tor p and gy, we have 


| 
(5.7) Vs G rs + a (90 =- 1) (5 —— ter be 
Since 
ou), ow, 
to Ur, si y be sii Ws . 
07 s Aa 
it follows from (3.16) that, if we take 
00 
(5.8) (ye + 1) a, -Br+s= (7 ars |‘ 
. ay 


where o is any function of the a's, then q,. 0. 
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Hence: 
The functions T and the parameter s may he chosen so that the skew-symmetru 
tensor is zero. 


From (5.5) and (5.6) we have that the tensor P?’4,,. detined Dy 


Pos Bors On Ute, B,.) 


(5.4) 
l 


( ny | [o!. (7 B,,. Baa) - 0” (ny B,, Nee | 
RSPR ) 


is independent of the vector ey. This tensuvr was suggested by Weyl, who 
called it the projective tensor. In facet each vector uy leads to a different 
aftine connection. and consequently the geometry of paths may be looked 
upon as a generalized projective veometry. as Wevl las pointed out.y 

From (5.9) we obtain 


d a/ 
Porp (), Pov (), 


Thus only zero tensors of the second order are obtained by contraction. 

6. Normal and path coordinates. The paths through a point /% ot 
codrdinates « are completely determined by o? and the values of da7/ds at Pp. 
If we put 


(6.1) | | St 


and choose s for each path so that » =— 0 at P. the solutions of (1.1) are of 


the form 
ae ; ; - t fel x weeds 
(6,2) / fo+eés > Vaady s SF 2° 





These results were obtained by me in a tormer paper, Proc. Nat. Acad. Scien., vol. 8 


i} (1922), pp. 233-238; in the opening section of the paper [ made the unnecessary require- 

fs ment that s be the same tor all paths: however, the results were not conditioned by that 
requirement. Later there was received in this country a paper by Weyl, Gottingen Nach- 
richten, 1921, containing similar results and extensions. Also Veblen, Proc. Nat. Acad. 
Scien., vol. § (1922), p. 347, obtained these results by a different method. 


i +L. c¢.: also, Veblen. 1. c. 
oir 
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yt . . yf = . 
where (77,3), is the value of 75 at /%, and the other coefficients are formed 
hy differentiating (1.1) successively and making use of (6.1). 
If now we put 
(6.3) ' &' 
in (6.2), we obtain 


e 


tj l me 
(6.4) r ra =U as" 7" 


It these equations be solved for the .’s in terms of the «’s, we obtain the 
equations of transformation of the codrdinates 7’ into coérdinates 7’ in terms 
of which the equations of the paths are given by (6.3). Thus in terms of the 
rs the equations of the paths through a particular point assume the para- 
metrie form ot the equations of straight lines in Euclidean space. These 
codrdinates are a generalization tor the geometry of paths of the ecodrdinates 
introduced by Riemann: they were first introduced by Veblen” and were 
ealled norma? coordinates. 
When the ”’s are normal coérdinates, it follows trom (2.1) that at 7, 


(6.9) (Po (), 


tor all values ¢. ,; and /. 

If in (6.4) the terms on the right after the third are dropped, these equations 
detine a transformation of codrdinates # into «” for which (6.5) holds at Po. 
These coordinates are a generalization of geodesie coordinates in Riemannian 
geometry; we call them path coordinates. Thus normal coordinates are 
a special type of path coordinates.+ 

Since (6.5) are satisfied at 2) for the path codrdinates, the components ot 
the first covariant derivatives of any tensor reduce at P, to the ordinary 
derivatives of the components of the latter. 

Suppose now that we have any symmetric tensor of the second order 4; 
and consider the quadratic form 


(6.6) yi, dat da! 


Proc, Nat. Acad, Scien., vol. 8 (1922), pp. 192-197: the reader is referred to this paper 
for a fuller consideration of normal codrdinates. 

+ From (6.4) and (5.3) it follows that. if the equations of the paths are taken in different 
forms in accordance with the results of $5. normal or path codrdinates for one form ot 
the equations ere not normal or path for another form. Hence, in using these coérdinates 
at any time we are assuming that the equations of the paths have a detinite form. 


_ 


Ca * 
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the coordinates 2‘ being normal. By a linear transformation with constant 
coetficients. the form (6.6) is reducible to 


16.7) a o ee = dat 


at any point. Moreover, from (6.3) it follows that the new codrdinates are 
normal. Hereafter we shall use the term normal codrdinates in this restricted 
sense. 


11. General relativity. 

7. Paths of light. [n accordance with the general theory of relativity the 
velocity of light is the same constant relatively to a local inertial system. It 
the units are chosen so that this velocity is unity, then in the local system the 
propagation of light is defined by the Galilean form 


(7.1) dat ~ da —dyx* da = |), 


where z* is the local codrdinate of time. In general eodirdinates this assumes 
the form 


(7.2) ij dx dx 7, 


We have seen in $6 that a system of normal path coordinates can be adopted 
With respect to this form so that at the point under consideration equation (7.2) 
becomes (7.1). A similar result can be obtained if normal Riemannian codr- 
dinates are used.” In the former case the equation 


‘aa 
(7.3) / 


rt 
7 


where the £’s are constants, define paths; in the latter geodesies with respect 
to the form (7.2). As the former is less restricted, we adopt it. Consequently. 
if a four dimensional geometry of paths is to be identified with the space-time 
continuum of relativity, the functions 7, must be such that there exists 
a symmetric tensor 4); so that there shall be paths. namely the paths af light 
satisfying (1.1) and 


(7.4) fii (), 
a 


Cf. Birkhoff, Relativity and Modern Physics, pp. 118 124 
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Differentiating this equation with respect to s and making use of (1.1), we 
obtain 


7 5) dat dad dat 
{ ( od) 7) }. - - = 
_ ds ds ds 


where gijx is the covariant derivative of gj as defined in § 2. 
Equation (7.5) is satisfied identically, if 


(7.6) Yiik > Qjki —- Grii = 0. 
This is the condition that equations (1.1) admit the quadratic integral 


ca dat dz 
sa “de aC” 
where ¢ is an arbitrary constant (ct. § 8). 

The condition (7.5) is satisfied by each path of light, it 


(4.8) Yijk FZ QGij "iO Gik Vi Gk Yj. 


where #; and v, are the components of two covariant vectors.+ 


oe the Christoffel svmbols of the first and second 


kinds formed with respect to gi. Thus 


We denote by [77, /] and 


” l O ik UO Uk O¢ 
(4.9) le). ke] (_ + hs — 2a) 
4 Ax na" Ark 
- a ha . 
(4.10) ea gp lap. |L 
hi  |iy. «4.3 


‘For a study of this case the reader is referred to a paper to be published by Veblen and 
Thomas, Transactions Amer. Math. Soc., vol. 25 (1923). 

+ This would be true also if »; in the last term were replaced by another vector a,. 
but then gyx would not be symmetric in / and j; the condition (7.5) would also be satisfied 
for each path of light, if there were added to (7.8) a term Acs, where 4 is a scalar 
invariant and cy, the covariant derivative of a symmetric tensor cy satisfying (7.6). 

t Hereafter we use g** for g*® as defined in § 3; also we make use of g* to raise 
indices and g,, to lower them in the conventional manner. 






















rR. ~ 0 
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From (7.8) it follows that 


(7.11) yh) = Yor V5 > LG CS a Dk a te]. 


and by means of (7.10) 


- vfs pA | l he 4 A i 
(4.12) ee Hg (20 — a) + OF O; a). 
4 | / j iyi 2 [; ‘ i ok i i] 
From this we have 
= . élogl —y 
(4.13) ri; ' (a°; -- 2pej). 


(7.14) 14 i | 4. 


we have from (3.15) and (7.13) 


(7.15) 2B -- 


— (Pj; — Zips). 


Substituting the expressions (7.4) in (1.1). we obtain tor the equations ot 
general paths 


Pa pi, de® ds’ Vw da? dae da da’ 


"a 6 = 
(4.16) ds? \@Bl ds ds » 


and, in consequence of (7.4). for the equations of paths of light 


l* oy! iz i da? dagt 7 do? 


ie? J \aBl ds ds 4 ils ds 


“It we take » = 0. this assumes the form adopted by Weyl, Space, ‘Lime and Matter, 
p. 125; if we take v; = -—-y,. we get the form recently given by Einstein, Sitz. Preufi. 
Akad, Wiss.. 1923. p. 36. 





= 
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= 





een ene te 
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When the expressions (7.12) for the Z’’s are substituted in (2.4), we obtain 


) ei 1 l ) 1 ) 1 
Bors = Gis + 8G (Hrs — bear) FOF (Mas = Ma Hs) 


—_ Of (uu, 


y Os Hy fay My) > 


(7.18) 


H id . a a ] FS i’ 4 
"— E 0% fla (2 ill ] zs 4s [29 i we 


where (j,; is the Riemann tensor formed with respect to qj. 
By means of (7.8) we have 


Making use of this result and contracting (7.18) tor p and s, we obtain (3.2), 
where now 


j “3 l l 
Mn ' ie —-| (My, Pu T sehr s (Hyp Pry) Wd 
(7.19) 
] ‘ [217 = The 5 ( ) yy = 7) (» ok. ru )] 
» Yor ~ a . a a 
- ly 
(7.20) fy, = [2 (Mu, Mrq) Vy V'rql. 


G,, being the contracted Riemann tensor for gj. Equation (7.20) is in con- 
formity with (3.16) and (7.1). 

The physical significance of the vectors #; and +; is a question which 
naturally presents itself. If they are assumed to vanish in empty space, 
equations (7.16) and (7.17) are the equations of geodesics. This conforms to 


-/ 
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the case of the motion of Mereury and the deflection of light by the sun, 
if we put 


(7.21) Fy = gy. 


where 4 is zero, or a very small constant. This equation tollows from (7.19), 
if we assume for the general case that 


(7.22) h;. = hii; 


as Eddington does. Whether this is an unnecessary restriction can be de- 
termined only, it would seem, by further applications of the equations. 

It may be that all physical phenomena can be accounted for by a single 
vector, as Weyl and Einstein have attempted to do, in place of the above two 
vectors. As will be shown in $ &, this can be accomplished by singling out 
a particular form of the equations of the paths, or, in other words, by a suitable 
determination of the affine connection of the continuum. 

8%. Riemannian form of the equations of paths. If equation (7.16) 


pert dat : : ’ 
be multiplied by ~;. where w! = — and summed for +. we obtain 
“is 
due. Pes Us | : 

(8.1) ui | - os i lee BI rg agi = . (Sig? nu, ut 0 
Since we have identically 

du, ‘ dis | | 
(RP) a’ = (it! yi) 7] + Z n@ we ul ge 

ds das ¥ ide Vel’ 


d 
(8.3) (a ity) (? yi" : u%) 2, 1 Vs. 
Hence it wu; = OV at a point of a path, it is zero along the path, and conse- 


quently the path is a path of light. 


*L.c., p. 220; cf. also, Einstein. |. ¢.. p. 35. 
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e 


If we write the equations of the paths in terms of I’,5 and s, given by (5.3) 
; 


and (5.4), the 7’s assume a form analogous to (7.12), if we put 
(8.4) uj um; —-— Qu, Vv; Vem th, 


From these results it follows that if we take 
(8.5) wy, (295+ par, 


then 2»7+ wu" 0, and the right-hand member of the equation similar 
to (8.3) vanishes. Dropping the bars, we find that the equations of the paths 
may be taken in such a form that for paths other than light we have 


da® da 


ais ds 


(8.6) Yas 


We say that in this case the form of the equations of paths is Rvemannian. 
This is equivalent to taking* in (7.8) 


(8.7) 24 = — Mi 
Now (7.12) becomes 


h A k 
[2 aj fe —d; uj; — 0; f;]. 


A jc | 
&.S : wae es 
(8.8) Vi; ua ts 


The equations of paths other than light are 


(8.9) Py! zz | dv? da j : 
Ses a a — = - fo” Me tt, 
ds le Bl ds ds f , 
and the paths of light are given by (7.17). 
“If in (8.4) we take ¢” = v', we get the Weyl form, and ¢) = f+ % leads to the 


Einstein form. It should be remarked that if gi satisfies (7.6), it is possible to choose s so 
that (8.6) holds for all paths other than light. Solutions of these equations other than (7.8). 
with (8.7) holding, will be given in another paper. 

























326 lL. P. ELSENHART. 


From (7.13) we have 


(8.10) r 5 9 My; 
The expression (7.19) for 4, reduces to 
] 3 a“ 3 “ 
h w. iti 4 \M,, i ft.) 4 ft, fe Ps Y,,, (y0" ) it Ha) 
(S.11) 
1 l l 
, — = $ = a a 
(7, 4 (My), (fe, I n Mo IG » Gy) [fu “u aur al. 


Where («,). denotes* the Riemannian covariant derivative of , with respect 
to the form qj. 
From (8.11) we have 
y 
(8,12) ye h,, (7 r [ey a? — 2 (7),). 


9, Motion of an electron in an electromagnetic field. Maxwell's 
equations of the electromagnetic field. which are the foundation of the electron 
theory of Lorentz, state the relations holding between the electric foree CY, ¥, Z), 
the magnetic torce (L, 1/7, .V), the density 0 of electric charge and the density 
of electric current (¢,, ¢,, 6:), Where 


da d y dz 


J, /. = : 
e df “y e dt _ e dt 


(9,1) Or 
The Maxwell equations can be given a simple and symmetric form by the 
introduction of a covariant vector (J, Is. ky. ky) of which the first three 
components with signs changed are the components of the magnetic vector 
potential in the classical theory and /, is the electric potential. If we take 
the velocity of light as unity, and write 


(9,2) an Ht, . =e. - ‘, 
and 
(9,3) F;. 6] Ki a] k; 

4 I bd Oar’ 


‘This notation will be used hereatter, 








ee 

















x 
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the components of the electric and magnetic forces are given by the table: 


F;; 0 -A V \ 
\ ) i ) 
(G4) J 
-~V / () P 
\ ) z ) 


If we introduce the turther notation 


: df 
(9.9) D Oo - 
“ v0 ds 
and 
dx 
(9.6) y 0 ; 
oe ae 


the Maxwell equations are 


Fi ro. Fy, 6 Fx; 


(7) ¥. 
A ark 7 ia Ard 
OF. 

Q&S ‘a 3 = a” 
(GR) i ee i 
where gi and g’ have the Galilean values 

1) Yess Ys3 —~ i, gu 1. Hj 0 \v + ji. 
(9.9) . 

gy" ge yg” —§, gM lL v=o i? + ji. 


Equations (9.7) and (9.8) determine the electromagnetic field when the 
distribution of currents and charges are known. The laws which govern the 
distribution of currents and charges are not known. However, it will be 
shown that the world-line of a slightly accelerated electron is a path, as 
defined in § 1. 

Consider a slightly accelerated cleetron of stationary mass m and charge e. 
moving with velocity + in the direction of the «'-axis at a point. By means of 
the Lorentz transformation and the resulting relations connecting the com- 
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ponents of the electric and magnetic forces as measured in two coordinate 
systems. Einstein* obtained the following equations 


i ha y ] dla! 
eee aes ox, 3 : i — 
le . ie ae dt 
&'x* : da* 
(9,10) np WR e( Y—a N). aT, (), 
3 dd? Z Vi) da 0 
AZ+eM). 
at lt 
{ 
These equations have been found to agree, to a high degree of accuracy, with 
the results of experiments upon 8-particles, 
Equations (9.10) may be written A 
} 
| d ) d d r* 
(W111) - m Bp — == eX, ip-- = e(¥—rcWN),.... ' 
NAL) Gy (ma dt TAT 
and to them may be added 
(9,12) : (mp) er X, 
dt : 
It we put 
dat dt 
(2 ,%» 4: 
“a ; y It 
equations (9.11) and (9,12) are a particular case ot 
d ‘ ; . 
Gn pit) ek; ty; (2 - 1, 2, 3), 
dt 
(9.13) 
dA 
pn ae ) —eFy; wv, 


where now 


(9.14) Bp: ae 


V dat—dx—dr*—dr” 





* Ann. d. Phys., 





vol. 17 (1905), § 10. 
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If we put # = * and write 
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(W105) Ya (7 , ® 2 


do 


384 


3, 4). 


where ¢ is a general parameter. equations (9.13) can be written in the form 


/ 8 
(9.16) ; a | - 
3 


io. 
da \V == — eg'* Fy; w’, 
Ya3 etn 


the y's having the Galilean values (9.9). 


When the equations are written in the form (9.16), it becomes clear that in 
replacing equations (9.10) by (4.11) and (9.12) we made the tacit assumption 
that the derivatives of the g's are zero. Hence, in transforming (9.16) into 
general codrdinates, we understand that in (9.16) the codrdinates are geodesic. 
In effecting this transformation we make use of equations obtained from (2.2) 


by replacing 7 by the Christoffel symbol ait formed with respect to the g's. 


This gives 


MM dit ge 
—" ot The 
a a do 
Va3 uf uf 


(9.17) 


where « is defined by (9.15), the .’s being any codrdinates whatever, 


d ] ae qjk w div J he | 


(ye at 
lo a. 3 \ doe leat | ; 
OO V qggute (daa ww) 
Since Fj; is skew-symmetric, if we put 
(Q.18 os de” js # Th *) © Fw! 1° 

- “ =" 2. . Pe Say 
sine ZB | do )eg, at Y a) 


a 
Yagi 


equation (9.17) reduces to 


i er " of ’ 48 
Afurgu “ we A ‘ 


Now 








" .. —-s -s. 
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If now we define a parameter s for the track of the particle by 


2 


d? 3 Af ds 
do at | we x do 
and write 
da! 
(9,19) ee (¢ arr | 
ds 
equations (9.18) become 
m du’ a 5p % nyt Ta | 4-eq'* F,.1 0 
oe oe 1 ae \a Bl : “ ; 


Yagi" ue 
When this equation is multiplied by «4, and summed tor +. we obtain 


di! 
mi | 4.3% | nv? | (), 


ds \eBl 


, , , , , , d 
which, because of the identity (8.2), is reducible to 7, (ti u’) 0, and con- 


‘TS 
sequently s can be chosen so that (8.6) holds. Henee the above equation 
becomes 


di’ 17 | 
-- 7] 
ds \ee3| 


4 5 vf 
(4,20) in | ty?) tok, = 0, 


In order that (9.20) be of the form (8.9). it is necessary and suttieient that 


ce - 
(9.21) a Fou taw., 
“ie 


where 4 is indeterminate. From (9.21) follows 
(9,22) wou, Te dh. 


If we take 4 = 0, the vector 4; is proportional to the ponderomotive foree, 
acting on the particle. From (8.10), (3.15) and (3.16) it follows that the 
skew-symmetric tensor 9, appearing in the field is thus proportional to the 
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curl of the ponderomotive force vector and not of the electromagnetic potential 
vector, as has been assumed arbitrarily by Weyl, Eddington and Einstein.” 

10. Energy-momentum tensor of matter. We write the energy- 
momentum tensor of matter in the form 


4 dat da 
(10.1) rm Gy == Gy w’ w, 


ds ds 


where oo is the proper-density of matter at a place as estimated with reference 
to a system of coordinates moving with the matter, if we interpret ds to be 
the proper-time interval. In fact, if we put #’ = 0 (7 = 1, 2, 3), wf = 1, we 
have 7" 6. This interpretation of 7s does not make it necessary that (8.6) 
shall hold: for from (8.3) we have. by choosing a suitable constant multiplier of s. 


‘ op nw \dre 
“8 | "a a 
Ya3 i f 


Hence it is only necessary that in the moving coordinate system +, fy (), 
From (10.1) we have 
(10.2) TY, — lo, u'l, + 6, ww, 


On the assumption that the world-lines are paths, the second term of the 
right-hand member vanishes. If we make the further assumption that 


(10.3) ",; = © 
everywhere, then from (10.2) we have 


(10.4) [Gq a’, (Gy '); — 26) 6 i +2a) = 0. 


where the first term on the right is the sum for of the Riemann covariant 
derivatives of ow’. This is a generalization of the equation of continuity. If 
the vector of components ¥; 4-24; vanishes, that is, the vector whose curl is 
2 yj, by (3.16) and (7.15), this equation reduces to the equation of continuity. 


Weyl, Space, Time and Matter, p. 283; Eddington, Ll. ¢., pp. 201, 223; Einstein, Sitz. 
Preub. Akad. Wiss., 1923, p. 35. See also a note by the author, Proce. Nat. Acad. Scien.. 


vol. 9 (1923). pp. 175-178. 
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previously used in general relativity. By applying the rule of covariant 
differentiation, and making use of (7.15) we ean put (10.3) in the form 


(10.5) ~ (I —~ TT) -) —qg T* 1,—-1 qT (vj +245) 0). 


If we consider a particle in empty space, then +; and “; Vanish except within 
the particle, and equations (10.5) assume the form 


(10.6) — {) —¢ 9) +) —_ 7 BD ae ee 


". lees| 


By means of these equations and on the assumption that the partiele is the 
nucleus of a symmetrical field, Eddington® has shown that the world-line of 
a particle is a geodesic, which is in agreement with the results of planetary 
motion. It may be too much to expect that (10.3), or its equivalent (10.5), 
describes the situation within the partiele. 


L. c., pp. 126, 127. 
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